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Abstract

Using a blow-up construction due to E. Kuwert and R. Schéitzle, we
investigate the Willmore flow of radially symmetric immersions of the
sphere. It will be shown that in this situation the blow-up limit is a
surface of revolution as well and is either a round sphere or consists of
planes and catenoids. Furthermore, we give an estimate for the number of
these planes and catenoids in terms of the Willmore energy of the initial
surface. This will enable us to show that there are immersions of the
sphere with a Willmore energy arbitrarily close to 87 that do not converge
to a round sphere under the Willmore flow. Either a small quantum of
the curvature concentrates or the diameter of the surface does not stay
bounded under the Willmore flow.

2000 AMS Subject Classification: 53A05, 53C44, 47J99

1 Introduction

In this paper we consider the Willmore flow in three space dimensions. Let M
be a two-dimensional C*>° manifold without boundary. We call a function

f:Mx[0,T) — R

of class C* a Willmore flow if for every time ¢ € [0,T) the mapping f(-,t) is
an immersion and

Oef(5t) = ApyHp(y + 2Hgy (1Hpnll” = Kpip) - (1.1)

Here, Ay (. 4y, Hy(. 1), and Ky 4 stand for the Laplace-Beltrami operator on the
normal bundle, the mean curvature vector, and the Gaufl curvature of f(-,¢)
respectively.

*partially supported by DFG project “Geometric curvature energies”



The Willmore flow is the L2-gradient flow of the Willmore energy [KS01].
For an immersed surface h : M — R"™ this energy is given by

W = [ (1.2)

where dujp is the surface measure induced by h. Every critical point of the
Willmore energy, i.e. every immersion h € C°°(M,R3) that satisfies

ApHy, + 2H,y, (|[Hp|? — Kp) = 0,

is called Willmore immersion. If M = S?, Willmore immersions are referred to
as Willmore spheres.

It is well-known that for every immersed surface fo € C°°(M,R3) there is
a unique non-extendable smooth solution f: M x [0,T) — R3, T > 0, of (1.1)
with f(-,0) = fo (cf. [HP99, Chapter 7] for a self-contained proof). In this case,
we call f the maximal Willmore flow with initial data fy, and the maximal time
of existence T' € (0, 0] the lifespan of the flow.

There are global existence results due to G. Simonett [Sim01] and E. Kuwert
and R. Schétzle [KS01, KS02, KS04] for the Willmore flow of spheres. Kuwert
and Schétzle showed that there is a lower bound on the lifespan of f which
only depends on the concentration of the curvature at time ¢ = 0 [KS02]. More
sophisticated estimates enabled them in [KS02] and [KS04] to perform a blow-
up for the Willmore flow of spheres. The limit of this blow-up process is a
compact or noncompact Willmore immersion. Discussing the removability of
point singularities of Willmore immersions, they succeeded in showing that the
Willmore flow with initial surface fy : S? — R3 satisfying

W(fo) < 8 (1.3)

is immortal, i.e. T = oo, and converges to a round sphere [KS04, Theorem
5.2]. In [KS07] Kuwert and Schétzle continued the study of point singularities
of Willmore immersions.

It is an open problem whether or not the Willmore flow can develop singu-
larities in finite time. Nevertheless, numerical experiments due to U. Mayer and
G. Simonett [MS03] indicate that some surfaces of revolution might develop sin-
gularities after finite time. In the present paper we will show that these surfaces
indeed develop singularities after finite or infinite time under the Willmore flow.
Furthermore, we will determine the blow-up limit obtained in [KS04] for these
surfaces. To the best of our knowledge this is the only analytic result concerning
the existence of singularities for the Willmore flow.

We consider an immersion of the submanifold S? of R? into R? that commutes
with rotations around the x'-axis and maps the intersection of the unit sphere
with the (331, x2)-plane to points of the (331, x2)-plane. Then the restriction of
such an immersion to the set S? N [z® = 0] is a curve in the (z',2?)-plane.
Thus, we can define its Gaufl map. We assume that the winding number of this
Gaufl map around the origin is not equal to that of a circle. If we take such



an immersion as initial data of the Willmore flow, Theorem 4.1 tells that either
a small quantum of the curvature concentrates or the diameter of the surface
does not stay bounded under the Willmore flow.

To make this precise let fy € C°°(S?,R?) be an immersion satisfying

Ryofo=fooRy Vo€ER
and
fo([e® =0]) C [ =0].
Here, the function R4 : R* — R3 denotes the rotation of R* around the z'-axis

by an angle of ¢ which is given by

1 0 0
Ry(z):=| 0 cos¢ —sing |-z VreR
0 sing coso

For such fy we consider the closed curve

v:[0,27] — [2° = 0],

1 cos s
~v(s) := ( }082 ) sigs

Let vy : [0,27] — S! be a unit normal field along v and let w,, be the winding
number of v, around 0. Furthermore, for an immersion h : M — R? we need the

second fundamental form A, := (DQh)J' and the trace free part of the second
fundamental form A% := Ap — Hp ® gn,. One of the main results of this article is

Theorem 4.1. If wy # £1, then the mazimal Willmore flow f with initial
surface fy develops singularities in the sense that there is an € > 0 such that for
all v > 0 either

sup{t € [0,T): k(r,t) <e} <T

where

2
Ay b,

k(r,t) := sup / HA(}(, )
w€R3 J f=1(B(x)x{t}) ’

sup diam(f(S? t)) = co.
te[0,T)

or

We do not claim that these singularities occur after finite time.

For a maximal Willmore flow of topological spheres f : S? x [0,T), Kuwert
and Schiitzle showed the existence of so called blow-up limits [KS04, p. 347].
A blow-up limit is basically a Willmore immersions fT : ¥ — R3 of a two-
dimensional complete manifold ¥, to which suitable translations and rescalings
of the immersions f(-,¢) subconverge. To prove Theorem 4.1, we have to deter-
mine the blow-up limit of rotational symmetric Willmore flows. We will show
that the blow-up limit consists of catenoids and planes if f(-,¢) does not converge
to a round sphere as t — T



Corollary 3.6. Let f :S? x [0,T) — R? be a mazimal Willmore flow such that
f(-,0) is a surface of revolution. Then every blow-up limit of this Willmore flow
is either a single round sphere or consists of catenoids and planes.

Furthermore, one can estimate the number of catenoids and planes that
occur in the blowup limit:

Corollary 3.7. Let f : S?2x[0,T) — R? be a mazimal Willmore flow of surfaces
of revolution that does not converge to a round sphere and let fT : Y — R3 be
a blow-up limit of this flow. Then fr is not a round sphere and if nc is the
number of connected components of X that parametrize a catenoid, and np is
the number of connected components of 3 that parametrize a plane we have

n021

and
8mnc +4rnp < W(f(-,0)).

In particular, fr consists of a single catenoid if
W(f(-,0)) < 127

Keeping in mind that the Willmore energy of planes and catenoids is 0,
it is surprising that one can estimate the number of these components by the
Willmore energy of the initial energy. To show this estimate we will invert the
blow-up limit on a sphere whose center does not belong to the blow-up limit and
use the fact that the sphere has Willmore energy 47 and the inverted catenoid
has Willmore energy 8.

Finally, for every € > 0 we are going to construct a surface of revolution f
with

W(fo) <8r+¢

which satisfies the assumption of Theorem 4.1. This shows that the constant
8 in the global existence result of Kuwert and Schétzle [KS04, Theorem 5.2]
mentioned above is sharp as these surfaces do not converge to a round sphere.
If ¢ < 4m. Corollary 3.7 tells us that the blow-up limit is a simple catenoid.

To prove Theorem 4.1 as well as to determine the blow-up limits, we have
to specify the surfaces of revolution which are Willmore immersions. Theo-
rem 3.4 shows that except from tori these are only the catenoids, planes and
round spheres. This will be shown using results about free elastica in spaces of
constant curvature due to J. Langer and D. Singer [L.S84a] and the tight con-
nection between free elastica in the hyperbolic space and Willmore immersions
of revolution [BG86, LS84b, Pin85] .

R. Bryant classified all Willmore spheres fy : S2 — R? and proved in par-
ticular that the only Willmore immersions with Willmore energy W(fy) < 167
are round spheres [Bry84]. As a simple corollary to Theorem 3.4 we will get

Corollary 3.5. The only Willmore spheres that are surfaces of revolution are
the round spheres.



2 The Blow-Up Limit For Surfaces of Revolu-
tion

The next theorem gathers some facts of the blow-up construction for the Will-
more flow of spheres in [KS01, p. 432-434] and [KS04, p. 348-349]. There is
a constant C' < oo such that for all sufficient small £ > 0, all Willmore flows
f:$2%x[0,T) — R3 and all t € [0,T) there are r; > 0 such that

e < k(ry,t) < Ce
(cf. [KS04, p. 347]).

Theorem 2.1 (cf. [KS04, p.347]). There is an g9 > 0 such that for all 0 <
e < g9, every mazimal Willmore flow of spheres f : S? x [0,T), every ry > 0
with € < K(ry,t) < Ce, and every t; T T there is a subsequence (which we also
denote by t;), x; € R3, and a smooth, complete, and proper Willmore immersion

fr: 3 — R3 such that the immersions

converge to fr in the sense that there are vector fields u; € C”(f;l(Bj (0)),R3)
which are normal along fr and diffeomorphisms Py f;l (B;j(0)) — U; C S?
with

fiow; = fr+u; on f7'(B;(0)),

U; o f;1(Br(0)) for j > j(R),

IV, will e (772, o) = O for j = oco.
Furthermore,

e < /E HAfT||2d'ufT < 00.

In this situation, we call fT blow-up limit of the Willmore flow f.

Let us define the term “surface of revolution”. We denote by 7" the subman-
ifold
cos(s)
T:= cos(¢) (sin(s) +2) | : ¢, s eR ) C R
sin(¢) (sin(s) + 2)

Definition 2.2 (surface of revolution). We call an immersion h : ¥ — R3
an surface of revolution if for each connected component . C X there is a
diffeomorphism ¢ : M — Y., M € {SQ, [:c3 = 0] ,R x SI,T} , such that

Ryo(hoty)=(hoy)oR, VopeR

and
(hoy)([z® =0]) C [2* = 0].



In this case we call the curve

o , Bl sin(s) ' ,
g+ (*57§> — R, y(s) == ( |h2‘ > cos(s) if M =87,
0
ht 0
0 0.00) = B ()= (g )| 5 i M = [z = 0],
0
h! y
7y : R — R% ’yg(s)::(|h2| ) 1 if M =R x §%
0
Bl cos(s)
Yg 1 R/27Z — R?, 7,(s) == ( 12| ) 2 + sin(s) fM=T
0

the profile curve of the component .

One can easily see that surfaces of revolution remain being surfaces of revo-
lution under the Willmore flow as follows. Assume that f: M x [0,7) — R3 is
a Willmore flow and f(-,0) is a surface of revolution. Since R, is an isometry,
we get that

(z,t) = Ry (f(R-g(2),1))
is still a Willmore flow with

Ry (f(R—4(x),1)) = Ry (f(R—g(2),0)) = f(x,0).

By uniqueness of the solution to the Willmore initial problem we thus derive

f(z,t) = Ry (f(R-¢(2),1)) .
In this section we want to prove

Proposition 2.3. Let f : ¥ x [0,T) — R3 be a maximal Willmore flow such
that f(-,0) is a surface of revolution. Then for every blow-up limit fr of this
Willmore flow there is a y € R? such that fr — vy is a surfaces of revolution as
well.

Let us first deal with the convergence

Lemma 2.4. Assume that f; : £; — R3 are surfaces of revolution that converge
to a proper immersion fo : Yoo — R> in the sense that there are normal vector
fields uj € C=(f1(B;(0)),R3) and diffeomorphisms ; : f! (B;(0)) — X; C
S? such that

Jiov; = foo +uy on fo_o1 (Bj(o))7 (2.1)
U > 17 (Br(0) for j > J(R), (22)
||V’}muj|\Lm(f;1(Bj(O))) — 0 for j — oo. (2.3)

Then fs is a surface of revolution as well.



We will use the following

Lemma 2.5. An immersion f : M — R? of a two-dimensional manifold without
boundary is a surface of revolution in the sense of Definition 2.2 if and only if
for ever p € M there is a 21 periodic continuous curve ¢, : R — M satisfying

cp(0)=p

and

(foep)(¢) = Ro(f(p) Vo eR.

Using this characterization of surfaces of revolution, the prove of Lemma 2.4
is basically an application of Arzela-Ascoli’s Lemma.

Proof of Lemma 2.4. Let p € ¥ and j > j(|| foo(p)|| + 1). Then (2.2) implies
Ui 2 ;" (Bifaiy41(0)) (2:4)
and hence p; := wj_l(p) is well defined. Using (2.3), we get
fi(pi) = foo(ps)-
Hence, if we choose j big enough we can guarantee
i) € By )+ (0)- (2.5)

Since f; is a surface of revolution, there is a 27 periodic curve ¢; € C(R, X) such
that ¢;(0) = p and

(fj 0 ¢j) (@) = Ry (f5(p;))- (2.6)
Using (2.4) again, we see that the curve
¢j = w]'_l(cpj)
is well defined. These curves satisfy
¢;(0) = p.

We now want to show that after taking a suitable subsequence these curves
converge uniformly to a continuous curve cuo.
From the definition of the curve é; and (2.4) one deduces

foo0&j = fjoc; —u;(&))

and hence

|25 U= o @) < | oer @+ |55 e @)



Decomposing the vector % (uj(é;)) (¢) into its tangential and normal part with
respect to the immersion f.,, we get the estimate

|45 @) @) < |72t
A7 N s DI | 15 (o) )
and hence
|45 o @)] < |52 50 @] + 19wl | 15 (1 o) )

)

+ 1A (&5 (D) Hlug (& (@)

d R
L eoe) @
Using (2.3), (2.5), and (2.6) we derive from the last estimate

3

e (foo 0 ¢5) . < 2m || f;(ps)ll
+ HVujIILm(B”fm(MH(O)) Hd(fﬁ (foo 0€5)
Le(R)
+ HAf""||L°°(Bufoo<p)u+1(0)) 24511 o (By g 12 0D ’dcib (foo © &)
L (R)

Since is a proper immersion, ||A is finite and hence we
foe prop ol f°°”L°°(BH.foo(p)||+1(0))

get for j large enough together with (2.3)

d R
|5 o)

< dmsup || f;(p;)| < oo
LOO(R) jeN

Using Arzela-Ascoli’s theorem and the fact that the immersion f, is proper, we
get that there is a curve ¢ € C(R, X ) such that

¢; — ¢ uniformly.
Equation (2.3) tells us
Foolel6)) = lim fuo(25(8)) = lim £5(cs(8)) = u;(&5(9))
= lim £,(e;(6)) = Ro(lim_£,(c;(0)))
= Ry(c(0)).
Thus, for every p € Y there is a curve ¢ € C(R, ¥) with

c(0)=p



and

(foo 0 €)(9) = Ro(foo (P))-

Lemma 2.5 tells us that fo is a surface of revolution.
O

Proof of Proposition 2.3. Let f : ¥ x [0,T) — R? be a maximal Willmore flow
of surfaces of revolution and let fT ;Y - R3bea blow-up limit of this Willmore
flow. More precisely, let r, > 0 with € < k(ry,t) < Ce, t; 1 T and z; € R3 be
such that the immersions

converge to fr in the sense that there are vector fields uj € C‘”(f;l (B;(0)),R?)
which are normal along fr and diffeomorphisms Yj qu Y(B;(0)) — U; C §?
with

fiow; = fr+u on fz! (B;(0)),
U; O f; 1 (Br(0)) for j > j(R),
k .
va}ujHL“’(f;l(Bj(O))) —0 for J — 00,
and
2
e < /E 14z, Pdu;, < .
We set
0
Yj = xz
Zj
and want to show that
sup Iyl < 00. (2.7)
jeN Tj
To this end, we firstly observe that fj = ﬁ f(-,t;) is a surface of revolution
which satisfies ’
1A |Pdps, > .
/Bl(,’%”t) I i
We set
s
Gy(z) = 0 | +7 Ro(z):10] <¢,r>0,s€R
0
and

w(a) = vlll) =nt o> 0: 8 (£) < ot}

t



It is easy to see that ¥(||y||) — 0 as ||y|| — co and that due to the symmetry

2w
4 Pang, = o [ 4y, Pduy,
/i: f] fj w(”yH) fj-_l(Gw<Hy||)(I)) f] fj
27

1A Pdp; > 2T
w<||y||>/,g.1(31<r>> BI04, 2 & 5T

These two facts imply (2.5).
Hence, after choosing a suitable subsequence we can assume that

Y — Y

and conclude that the surfaces of revolution fj converge to fT — y in the sense

of Lemma 2.4. Thus, fT — gy is a surface of revolution.
O

3 Willmore Immersions

In this section we will determine the surfaces of revolution we may get with the
blow-up construction from Section 2. We will use the observation due to Bryant
and Pinkall that the profile curves of such Willmore immersions are free elastica
in the hyperbolic space, and the characterization of free elastica in manifolds of
constant curvature of Langer and Singer [LS84a).

Let H := {x eER?: 22 > O} and consider the euclidean metric

Jeucl ‘= de! @ dot + d? @ da?

as well as the hyperbolic metric

on this space and set

||U||eucl = \/-M7
||U||hyp =/ Gnyp(v, ),

for v € R2. We denote by V(€% and V{P) the Levi-Civita connection on
(H, geuer) and (H, gryp) respectively and define signed curvatures for regular
curves ¢ € C*(J,H) by setting

1
kgeucl) s) = — det (é(s 7v(~SUCZ)é s
)= Joes 2o (40 76" 00)
and

k(hp) (5) = det (é(s), vg’“”’)c'(s)) .

1¢(5) | nyp

10



We say that ¢ is parametrized by the euclidean arc length if ||¢|leuet = 1 and ¢
is parametrized by hyperbolic arc length if ||¢[/ny, = 1.

Following the standard prove of the fundamental theorem of curve theory,
one gets that for every differentiable function k: J — R, J C R open, ty € J,
so € H, and vy € R? there is exactly one curve ¢ : J — H parametrized by
hyperbolic arc length that satisfies

’Y(to) = S0, W(to) = Vo and kghyp) = k

Furthermore, for an immersion h : M — R3 of a two-dimensional manifold
M we set

~ 1
W)= [ 143,

and for measurable S C M
~ 1
Wah) i= 3 [ 142 o
S

It contrast to || Ap|*dpus, the term || A9 ||?dpy, is invariant under conformal trans-
formations [Tho23, Bla29, Whi73]. Using Gaufl-Bonnet’s theorem and

1
1w ]1? = SIARN® + Ko (3.1)

one gets that for immersions h : M — R3 of compact two-dimensional manifolds
without boundary the two energies W and W are related via

W(h) = W(h) + 2nx(M). (3.2)
Given a regular curve ¢ € C° (R, H), we define by
fy i Rx S — R3,
cl(s)

(s,w) — | A(s)wt
A (s)w?

a surface of revolution.
The main theorem of this section is

Theorem 3.1. Let v € C®(R,H) be a curve parametrized by hyperbolic arc
length with

W(f,) < oo. (3.3)
Furthermore, let us assume that
lim sup ’k,(fud)(s) <oo if lim v(s) € OH (3.4)
and
lim sup ’k,(f“d)(s)‘ <oo if lim ~(s) € OH. (3.5)

Then fy is a Willmore immersion if and only if v is the profile curve of a round
sphere, a plane, or a catenoid.

11



For a regular curve v € C*° (R, H) and an open interval J C R we define the
elastic energy by

Ey(y) = /J (K)2(5) - 113 (5) g ds.

According to the Theorem on page 532 in [L.S84b], we have
T ~
§EJ(V) = Wyxst(fy). (3.6)

Definition 3.2. We call a regular curve ¢ € C*°(R,H) free elasticum if for all
open intervals J CC R and all curves 1 € C°° (R, R?) with spt1 C J we have

d
—F =0.
e g(c+ey) s:O

The following observation goes basically back to Bryant [BG86] and Pinkall
[Pin85] and establishes a connection between Willmore immersions of revolution
and free elastica in the hyperbolic space.

Lemma 3.3. If f, is a Willmore immersion, then v € C*(R,H) is a free
elasticum.

Proof. Let J C R be an open interval and ¢ € C*°(R, H) be such that spt ¢ C J.
We set

If € > 0 is small enough, f + €V is an immersion and hence we get using 3.1
and Gauf}-Bonnet’s theorem

Wit (f +€V) =Wyysi (f +eV) + ) Kpievdpgicv
JxS

=Wss (f +eV) +/ Kydpg..
J xSt

Since f is a Willmore immersion and (3.6), we get

d d /.~
S Ba ety = 2 a7 +20)|_
d
= 22 Woan (f +V))]ocp =0,

12



Proof of Theorem 3.1. By Lemma 3.3, v is a free elasticum in the hyperbolic
space. According to Langer and Singer [LS84b, Table (2.7), (c)], we have the
following possibilities!:

1. The curve 7 is a geodesic of (H, gnyp), 1.e. 7y is either a circle or a straight
line that is orthogonal to the z'-axis.

2. The quantity k3 is not identical to 0 but periodic.
3. There is an s € R such that
ki(s) = 4sech®(s — s9).

In the first case, f is either a plane or a round sphere. In the second case, let T’
2
be the period of (ks,hyp)) . Then

2 (i+1)T ) T ,
/R (kfyhyp)(s)> ds = iEZZ /iT (k,(yhyl’)(s)> ds = iezz/o (kghyp)(s)) ds
=00

which contradicts Equation (3.3).
We will conclude the proof by showing that in the third case  is a catenary.

2
Let there be an s € R, such that (k:ghyp) (s)) = 4sech?(s—sg). Since sech > 0,

there is a k € {—1,1} such that kghyp)(s) = 2k sech(s — sg). First we simplify
the situation by looking at the curve

316 = i (2t = (757

This curve has the properties k%hyp )(s) = 2sech(s) and

0 =(1).

A standard calculation shows that the curve

CK:RHH

5= (ot )

is parametrized according to hyperbolic arc length and that

key () = 2sech(s).

n the notation of Langer and Singer, we have G = —1. The only nonperiodic case, is
contained in the forth row of [LS84b, Table (2.7), (c)],. In this case p = ¢ = 1 and thus from
the third equation of (2.5) on page 6 in [LS84b] we get r = 1 since a3 = a = —4G = 4.

13



The fundamental theorem of curve theory hence tells us that there is an orien-
tation preserving isometry i of the hyperbolic space such that

5= o cxl(s).

But these isometries are either the identity or of the form

fo: H—H,
az —1
Z ,
z+a

with a € R, where we use the multiplication and addition in C D H. We will
show that 4 = f, o ¢, leads to a contradiction and hence ¥ is a catenary.
Let us assume that there is an a € R such that

7= (faocn) = (f% O(fOOCH)) .
A straight forward calculation leads

lim (fooc,) =0

5§— 00

and
(eucl)

foock (S)‘ = 0C.

lim ‘k
Since f1 defines a diffeomorphism on R?\ {(—é, 0) }7 we get
. (eucl) _
Jim [0 = oc
and

lim (s) = a € OH.

§—00

This contradicts (3.4) and (3.5).
O

Theorem 3.4. Each component of a proper Willmore immersion that is a sur-
faces of revolution and that is not a torus is either a plane, a round sphere, or
a catenoid.

Proof. Let f € C°°(S?,R?) be a proper Willmore immersion that satisfies
Ryof=foRy VpeR

and
f([z* =0]) C [+* = 0]

and let vy : (=%, %) — H be the profile curve. We know that

liTIQ vf(s) € OH
sha

14



and
lilnwl vr(s) € OH.
Sz

Since (H, gpyp) is a complete manifold, this implies

lhyp(7f|(71,0]) = lhyp(Vf\[o,l)) =0

so that we get a curve 4 € C°(R,H) if we reparametrize y; by its hyperbolic
arc length. Using Lemma 3.3, we obtain that 7¢ is the profile curve of a round
sphere.

Let f : [#! = 0] — R? be a proper Willmore immersion that satisfies

Rdsof:fORds V¢ € R
and
f(la® =0]) € [2% = 0]
and let vy : (0, 00] — H be its profile curve. We then know that

li H
lim s (s) € OH,

which implies lpy,(7vf|(0,1]) = 00 as above. Since f is proper and [z' = 0] is
not compact, there is a sequence t; — oo such that ||v¢(¢;)|leucs — 0. Since
(H, ghyp) is a complete manifold, we obtain that lny,(vf|[1,00)) = o0. Hence, if
we reparametrize vy by its hyperbolic arc length we get a curve ¥ € C*°(R, H)
that satisfies the assumptions of Lemma 3.3. This implies that f parametrizes
a plane.

Let f : R x S — R? be a proper Willmore immersion that satisfies

R¢Of:fOR¢ queR

and
f([z* =0]) C [2* = 0]

and let 75 : R — H be its profile curve. Since f is proper but (—oo,0] x S*
and [0,00) x S are not compact, there are a sequence tji — =00 such that
[lv¢(t;)]] = oo. Since (H, gnyp) is a complete manifold, this implies

Uhyp (V1 (=00,0) = lhyp(V£1[0,00)) = 00

Hence, if we reparametrize vy by its hyperbolic arc length we get a curve 7 €
C>(R,H) that satisfies the assumptions of Lemma 3.3. This implies that f
parametrizes a plane.

O

An immediate consequence of Theorem 3.4 is
Corollary 3.5. The only Willmore spheres that are surfaces of revolution are

the round spheres.
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Now we are able to determine the blow-up limit in the case of surfaces of
revolutions.

Corollary 3.6. Let f:S? x [0,T) — R? be a mazimal Willmore flow such that
f(-,0) is a surface of revolution. Then every blow-up limit fr of this Willmore
flow is either a single round sphere or consists of embedded catenoids and planes.

Proof. Due to Lemma 2.3 and Lemma 3.4 each connected component of the
blow-up limit fr : ¥ — R3 is either a plane, a round sphere, a cantenoid, or
some immersed Willmore torus.

Let there be one compact connected component ¥, C X. Kuwert and Schét-
zle have shown that then ¥ = ¥, and that ¥ is diffeomorphic to a sphere. Thus,
no connected component of ¥ can be a torus and f parametrizes a single round
sphere if any connected component 3 and hence all of ¥ parametrizes a round
sphere.

O

Corollary 3.7. Let f : S2x[0,T) — R? be a mazimal Willmore flow of surfaces
of revolution that does not converge to a round sphere and let fr : ¥ — R3 be a
blow-up limit of f. Then fr is not a round sphere and if nc is the number of
connected components of ¥ that parametrize a catenoid, and np is the number
of connected components of ¥ that parametrize a plane we have

8mne + dmnp < W(f(-,0)).
In particular, fr consists of a single catenoid if
W (-,0)) < 12.

Proof. Let the f; be as in Theorem 2.1.

Since the blow-up limit fr is not a sphere, we know that f(-,0) is not a
sphere and hence by Corollary 3.5 f(-,0) is not a Willmore immersion. This
implies

W(fr) <W(f(-,0)).
Since ¥ is a two-dimensional manifold, there exists an x € R? — f7(X) and a jo
such that

x ¢ fi(S?) V= jo.

We set
I, :R® — {z} - R3,
-z
Y= yig + z,
|y — |l
and

fi=1ILofi,Yi>jo fr=1Io0fr.

Since the energy W is invariant under Mébius transfomations and by (3.2),

W(fr) < W(f;) = W(f;) + 4 = W(f;) + 4m = W(f;) < W(f(-,0)).
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Combining this with the fact that the inverted catenoid has Willmore energy
8m and that round spheres have Willmore energy 4m, we finally derive

8mnc + dmnp < W(f(-,0)).

4 Singularities After Finite or Infinite Time

Theorem 4.1. Let fy : S? — R3 be a surface of revolution with

wy, & {1, -1}

Let f :S?x[0,T) — R3 be the maximal Willmore flow with initial data f(-,0) =
fo. Then either
sup diam(f(S?,t)) = oo
t€[0,T)
or there is an € > 0 such that for all v >0
sup{t € [0,T) : w(r,t) > e} < T.

In particular, the Willmore flow does not converge to a round sphere.
Remark 4.2. In the case that there is some € > 0 such that for all r > 0
sup{t € [0,T): (r,t) > e} < T,
we get by Theorem 1.2 in [KS02] that in fact
sup{t € [0,T) : k(r,t) > e} < T,
for all 0 < e < &g, where gy is the constant from Theorem 1.2 in [KS02].
Proof. Assume that

sup diam(f(S? 1)) < oo
te[0,T)

and that there is an r > 0 such that
sup{t € [0,T): k(r,t) > e} =T.
Hence, there is a sequence t; — T such that
k(r tj) > €.

By Theorem 2.1 there are z; € R® and a smooth, complete, and proper
Willmore immersion fr : ¥ — R? such that the immersions
1
fi=—(f(.t5) — ;)

th
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converge to fr in the sense that there are vector fields u; € Coo(ffl (B;(0)),R?)
which are normal along fr and diffeomorphisms 1; : f=' (B;(0)) — U; C S?
with

fiot; = fr+u; on £ (B;(0)),
U; o f;71(BR(0)) for j > j(R),
k .
vaT“jHLOO(f”;I(BJ(o))) —0 for j — oo.
Furthermore,

e < /2 HAfTHQd“fT < oo.

From Lemma 2.4 we get that there is a y € R3 such that fT — y is a surface
of revolution. Since the diameters of the f; are bounded and fT is a proper
immersion, we deduce that ¥ is a compact Willmore immersion. By Corol-
lary 3.5 this implies that fr is a round sphere. This contradicts the fact that
wy(.0) ¢ {1, -1} since this would imply wg, ¢ {-1,1}.

O

5 Construction of Initial Surfaces

We want to prove

Theorem 5.1. For every € > 0 there is a surface of revolution f : S — R3
with
W(f) < 8r +e,
wy = 3.
In order to construct these surfaces of revolution, we will put together pieces
of two spheres and a catenoid as indicated in Figure 5.1. Firstly we will get

a profile curve which is merely C1!. Using standard smoothing techniques we
will derive a smooth profile curve with the desired properties.

Proof. For 6 > 0 we set

¢s = arccos ( 5

<\/1 + 52>
8§ := arcosh | ———

1)
V1+ 62) ’
and consider the three curves

cs,s 1 [0,m/2 4+ ¢s] — R?,

_4m(coss>+(§— 2o >

. cosh ss
cs.6(8) : ) sin s

18



Figure 5.1: The picture illustrates how to construct the initial surface. It shows
the rotational axis, the profile curve of the surface, and half of the surface.
The surface is build out of two round spheres painted in blue and a piece of a
catenoid, painted in red. The yellow part is used to connect theses pieces.

eps:[-1,1] — R?,

0 (2 25
9 —1) — )
cps(s) = ( L ) ;

3—s
and

cos t [—85,0] — R?,

Let Is s, lps, and lc,s be the lengths of cs 5, cps, and cc s respectively and let
us reparametrize the curves above by euclidean arc length to get the mappings

¢s,5 1 [0,1s] — R?,
éps: [0,ls] — R?,

Cc,s - [0,ls] — R2.
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We now compose these curves by setting

- s
és 2 [0, 5] — R?
5375(%1) if % IS [0,[5’5],
¢s(s) =1 éps(22l) if 22 € [lss,ls5 +lps),
cos(2l) if 2 € lgs +1pslss +1ps+lcs]

where [ := lgs + lps + lc,s and see from the definition of cg s, cps, ccs and
€s,8, Cps, Co,5 that

&(0) =0,

5(m/2) =0,

and -
Cs € 01’1([075))-

We extend &5 to a 27-periodic function cs : R — R? with the properties
cy(m/2 4 5) = —c}(n/2 — ),
c3(m/2+s) = cj(n/2 — 5),
c5(m+s) = cj(m — ),
c3(m+5) = —c3(m —s),
which is C! and get
c3(s) =0+= s € 2.
Furthermore, ¢; € C°((mn — o, mn + o)) for all n € Z where
o = min {(71’15’5)/(21)7 (ch’(;)/(Ql)} .
Thus there are smooth 27-periodic functions cs,, : R — R? with
C3n(s) >0, Vse(0,7),
csm — c5 in CH(R)

Csn = Cs, on (—0/2,0/2)+ 7L,
csm — cs in C1(R) and WH2(R).

We define
1 -1
fsm:S*— o1, o —R3
0 0
by
cos(s) csn(s)
fﬁ,n R(b sin(s) = R¢ C&,n(s) ) Vs € (Oa ﬂ-)a d) cR.
0 0
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This is a smooth immersion which can be extended to a smooth surface of
revolution f5,, : S? — R? with profile curve ¢sm.. For a smooth regular curve
c:R— H and s € R we set

(c1)'(s) - (€2)"(s) = (c)"(5) - (¢*)'(5)
' ()12

s

One computes
W(fc)z/lc(s)ds,
R

where f. is the surface of revolution with profile curve c. Since ¢s5, — ¢5 in
C*(R) and in WH2(R), ||cf]| = %l, and infye (5 /2 7—0/2) €3(s) > 0, we obtain

c/2 T—0o/2 T
W(fsn) = / L, (s)ds + / L, . (s)ds + / L, . (s)ds
0

o/2 T—0/2
/2 T—0o/2 T
:/ ICJ(S)ds—&—/ ICS,,,L(s)ds—F/ I.(s)ds
c/2 T—0o/2

0
w/2
— I.;(s)ds.
0

The contribution of the two spheres to this integral is less or equal to 87. Since
the connecting piece cp s converges smoothly to an plane annulus and since the
mean curvature of the catenoid is 0, we get

/2
/ I (s)ds — 8w
0
as § — 0. Hence, if we choose dy > 0 small enough we get
W(féo,n) < 8w+ g,

for large n. Since wy, , € Z and wy, , — wy, = 3 we finally deduce

s
W, =3
for n sufficiently large. O
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