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A REIFENBERG TYPE CHARACTERIZATION FOR m-DIMENSIONAL
C!-SUBMANIFOLDS OF R™

BASTIAN KAFER

ApstracT. We provide a Reifenberg type characterization for m-dimensional C!-submani-
folds of R™. This characterization is also equivalent to Reifenberg-flatness with vanishing
constant combined with suitably converging approximating m-planes. Moreover, a suffi-
cient condition can be given by the finiteness of the integral of the quotient of 6(r)-numbers
and the scale 7, and examples are presented to show that this last condition is not neces-
sary.

1. Introduction

It is often useful to control local geometric properties of a subset = C R™ to obtain
topological and analytical information about that set. One of these geometric properties
is the local flatness of a set, first introduced and studied by E. R. Reifenberg in [10]
for his solution of the Plateau problem in arbitrary dimensions. The content of his so-
called Topological-Disk Theorem is that 5-Reifenberg-flatness ensures that X is locally a
topological C%*-disk if 5 < &j, where §y = 5o(m,n) is a positive constant, which depends
only on the dimensions of £ and n (see e.g. [10[I, [9]], [5[]).

Definition 1.1. Let n,m € Nwith m <nand £ C R™. For x € £ and r > 0 set

0s(x,7) =~ inf distsc (ZNBr00, (x+ 1) "B (X)),
T LeG(n,m)
where G(n, m) denotes the Grassmannian of all m-dimensional linear subspaces (m-
planes) of R™.
For & > 0, the set Z is called 6-Reifenberg-flat of dimension m if for all compact sets K C =
there exists a radius r¢ > 0 such that

Ok (r) := sup Os(x,7r) <6 forall re (0,ry].
xeXNK

Y is called Reifenberg-flat of dimension m with vanishing constant if ~ is -Reifenberg-flat
of dimension m for all & > 0.

It is easy to see that 5-Reifenberg-flat sets do not have to be Cl-submanifolds. For
example, for each fixed & > 0, a 5-Reifenberg-flat set of dimension 1 can be constructed
as the graph of u: R — R : x > §|x|, which is not a C!-submanifold of R%. Moreover,
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even Reifenberg-flatness with vanishing constant is still not enough to guarantee C!-
regularity. It can be shown that the graph of

> cos(2kx)
wR-R, x— _—
L o

is a Reifenberg-flat set with vanishing constant (see [12]). Nevertheless, although u is
continuous, it is nowhere differentiable. Moreover, T. Toro stated that the graph is not
rectifiable in the sense of geometric measure theory, and therefore not a Cl-submanifold.
We will show in detail with an indirect argument that graph(u) cannot be represented
as a graph of a C!-function in a neighbourhood of (0,1(0)) in Appendix @

There are a couple of variations to the definition of Reifenberg-flat sets with addi-
tional conditions, which guarantee more regularity than Reifenberg’s Topological-Disk
Theorem. If for a Reifenberg-flat set with vanishing constant there exists in addition, an
exponent o € (0, 1] and for each compact set K C X a constant Cx > 0, such that the decay
of the so-called f-numbers introduced by P. Jones in [6] can be estimated as

1
(1) Bglx,1):=- inf sup dist(y,x+1L) | < Ckxr® forall x €K and r<1,
T LeG(n,m) \ yesnB,(x)

then G. David, C. Kenig and T. Toro could show in [2, Prop. 9.1], that X~ is an embedded,
m-dimensional C1--submanifold of R™.
A weaker assumption on £ C R™ was stated by T. Toro in [[11] calling it (5, ¢, R)-Reifenberg-
flat at x € = for 6,¢,R > 0, if and only if

O (x)(r) <& forall e (0,R]

and

dr < e2.

(2)

R

J eBR(X) (r)Z
T

0

In this setting it can be shown that there exist universal positive constants 5y(m, n) and
£o(m,n), depending only on the dimensions m and n, such that all sets Z ¢ R™ that are
(6, ¢, R)-Reifenberg-flat at all of their points with 0 < & < 8y, 0 < ¢ < ¢, can be locally
parameterized, on a scale determined by R, by bi-Lipschitz-homeomorphisms over open
subsets of R™. In particular, such sets X are embedded C%!-submanifolds of R™.

In search of a characterization of Cl-submanifolds one may consider slightly stronger
variants of Toro’s integral condition in (2), which on the other hand, need to be weaker
than the power-decay (1) of the f-numbers. We will present such a characterization in
our main result, Theorem below, but first state a corollary of that result that uses an
integral condition stronger than (2).
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Theorem 1.2. Let = € R™ be closed. If for all x € X there exists a radius Ry > 0 such that
Ry

J eBRX (X) (T)
T

0

dr < oo,

then X is an embedded, m-dimensional Cl-submanifold of R™.

Note that the dimension m is encoded in the definition of the 8-numbers; see Definition
Moreover, X is not explicitly claimed to be Reifenberg-flat in Theorem but the
finite integral will ensure that X is Reifenberg-flat with vanishing constant. Nevertheless,
Theorem does not yet yield a characterization for Cl-submanifolds, since there are
graphs of Cl-functions leading to an infinite integral. For example, let u: (—1/2,1/2) — R

be defined by
[ 2 11
u(x) = J <log(y2)> dy| forall x € <2, 2) ,
0

then u is of class C! on (—1/2,1/2) and can be extended to a function it € C1(R). But
Y := graph(it) C R? does not satisfy the integral condition in Theorem as shown in
detail in Appendix [Bl Moreover, for every fixed «, # > 0 minor modifications of u lead to
a Cl-submanifold with

Ry 4B
OB . () (1)

o

dr = oco.
0

A characterization for Cl-submanifolds using the condition of Reifenberg-flatness needs
to allow 6-numbers and the scale r to decay more independently. Roughly speaking, a
closed £ C R™ is a Cl-submanifold, if and only if there exists a sequence of radii tending
to zero, with controlled decay, such that X satisfies the estimate for Reifenberg-flatness
at these scales and the planes approximating ~ converge to a limit-plane. We call this
condition (RPC) and the precise definition is as follows.

Definition 1.3 (Reifenberg-Plane-Convergence). For 1 < m < n, we say £ C R™" satisfies
the condition (RPC) with dimension m if the following holds:

For all x € X there exist a radius Ry > 0, a sequence (1 i)icn C (0,Ry] and a constant
Cyx > 1 with

Tx,it1 < Txi < Cx7yiy1 forall ie N and lim ry; =0.
1—00

Furthermore, there exist two sequences (8x.i)ien, (éx,i)ien C (0, 1], both converging to
zero, such that for all y € Z N Br (x) there exist planes P(y, 1, 1), Py € G(n, m) with

disty <Z N BTX,i (y)a (y + P(U, rx,i)) N Brxli (y)> < 5x,irx,i
and
<I(P(y7 TX,i)a Py) < Ex,i-

Notice that the Grassmannian G(n, m) equipped with the angle-metric is compact (see
Definition |2.3), so that every sequence of m-planes contains a converging subsequence,
but the relation between the approximating planes P(y, vy i) and the scale v ; is crucial in
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Definition Notice also that (RPC) does not explicitly claim that the set is Reifenberg-
flat, since the approximation of £ is postulated only for a specific sequence of radii. Never-
theless, we show that (RPC) is actually equivalent to Reifenberg-flatness with vanishing
constant and uniformly converging approximating planes.

Here is our main result.

Theorem 1.4. For a closed £ € R™ is equivalent:
(1) Z satisfies (RPC) with dimension m
(2) L is an embedded, m-dimensional Cl-submanifold of R™
(3) L is Reifenberg-flat with vanishing constant, and for all compact subsets K C X~
and all x € K there exists an m-plane L, € G(n, m) such that

sup<(L(x,7),Ly) — 0,
xeK r—0

for all L(x,r) € G(n, m) with

1
sup ~ distyc (£ 0By (x), (x+L(x1) NB(x)) —> 0
x€K T r—0
As one can expect intuitively, in this case Py from condition (RPC) and L, will coincide
with the tangent plane T, X.

In Section[2|we will review some basic facts about the Grassmannian and about orthog-
onal projections onto linear as well as onto affine subspaces of R™. Section [3]is dedicated
to the proof of the main theorem and finally, in Section [4] we will prove that the condition
of Theorem [1.2is sufficient to obtain an embedded C!-submanifold. The detailed struc-
ture of the examples mentioned in the introduction is presented in the appendix as well
as the proofs of two technical lemmata

2. Projections and preparations

The aim of this section is to introduce all needed definitions and properties for linear
and affine spaces, as well as for the projections onto those planes.

Definition 2.1. For n,m € N with m < n, the Grassmannian G(n, m) denotes the set of
all m-dimensional linear subspaces of R™.

Definition 2.2. For P € G(n, m), the orthogonal projection of R™ onto P is denoted by 7tp.
Further 7t; := idgn — 7tp shall denote the orthogonal projection onto the linear subspace
perpendicular to P.

Using orthogonal projections it is possible to define a distance between two elements
of G(n, m).

Definition 2.3. For two planes P1,P3 € G(n, m) the included angle is defined by

<(P1,Pg) := [|tp, — Tp, || := sup |7mtp, (x) — 7tp, (X).
XGSTL—I

The angle <(-, ) is a metric on the Grassmannian G(n, m).
Together with this metric, the Grassmannian (G(n, m), <(-,-)) is a compact manifold.

The following lemma allows to use different useful presentations for the angle between
two planes.
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Lemma 2.4 (8.9.3 in [1]). Let P1,Py € G(n, m), then
17tp, — 7tp, || = |75, — 753, || = |75, 0 7p, || = |7, © 713, || = |75, 0 7p, || = [I7ep, © 705, |-
Citing the first part of Lemma 2.2 in [8] we get

Lemma 2.5. Assume P, Ps € G(n, m). If <(Py, P2) < 1, then the projection 1tp |p,: P2 — P1
is a linear isomorphism.

Although we use linear spaces most of the time, it is also necessary to define projections
onto affine spaces and the angles between those.

Definition 2.6. For x € R™ and P € G(n, m), the orthogonal projection onto Q := x + P
and the corresponding perpendicular plane are defined by

nQ(z) =x+mp(z—x)

and

né(z) =z—mQ(z) = (z—x) —7p(z —X) :7T]J5(Z—X).
Moreover, for x1,xg € R™ and P1,Py € G(n,m) the angle between Q; := x; + P; and
Qg := xg + Py is defined as

<(Q1,Q2) == <(Py, Pa).

For a smooth function’s graph, [1, 8.9.5] leads to an estimate for the angle between
tangent spaces.

Lemma 2.7. Let « > 0, P € G(n, m) and assume f ¢ C1(P,P') satisfies ||f'| < « and
f’(0) = 0. Let g(x) := x + f(x) and £ := ¢(P) be the graph of f, then for all x,y € P the
following estimates hold:

177y 2 = Tl < /() = F (Yl < o)~ Tzl

Lastly there is an estimate for angles between planes, in a more generel setting.

Lemma 2.8 (Prop. 2.5 in [7]). Let P1,Py € G(n, m) and let (eq,...,em) be some orthonor-
mal basis of P1. Assume that for each i = 1,..., m we have the estimate dist(e;, U) < 0 for
some 0 € (0,1/v/2). Then there exists a constant C; = C1(m) such that

<(P1,P2) < C10.
3. Equivalence of (RPC) and Cl-regularity

In this section we prove the main theorem. First we will show that (RPC) is equivalent
to Reifenberg-flatness with vanishing constant and a uniform convergence of approxi-
mating planes. This allows us to use (RPC) and Reifenberg-flatness to prove that every
set, which satisfies (RPC) is an embedded C!-submanifold. We will approach this by us-
ing a different characterization, namely writing I locally as the graph of a C!-function.
It turns out ,that for an element x € X the radius r providing ZNB;.(x) can be represented
as a graph, can be given depending on the ratio of decay of 6, i, ex,i and 1 ;.

Lastly we will show the other implication, using that the representation as a graph of a
smooth function already provides Reifenberg-flatness.

Notice that we will fix the dimension m of a subset £ € R™ and say that X is a 6-
Reifenberg-flat set or satisfies (RPC) without mentioning the dimension.
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Lemma 3.1. Assume X~ C R"™ satisfies (RPC), then for all x € X we get
dist(z,y + Py) <wyxl(lz—yl) - lz—yl forall ye ZNBgr, (x) and zc I N Brx’l(y),
where the function wy: R — R is given by
Wy (1) = ex i + Cxdx,i forall v e (ryit1,Txil-

Note that w, is a piecewise constant function with lim,_,o wy(r) = 0. It is possible for
wy to be not monotonically decreasing, because (RPC) require this neither for 5 ; nor for

Ex,i-

Proof. Let x € £ andy € £ N Bg (x) be fixed. For z € £ N B, , (y) there exists ani € N
with |z —y| € (vy i+1,7x,i). This yields

dist(z,y + Py) = |7[#y (z—y)|
(TEIJD_H B Tt#’_(y,rx,i)) (Z_y)’ + |T[]J5(y,rx,i)(z’_y)|

<|
< 5x,i|z - y| + 5x,irx,i
< 5x,i|Z_y| + 5x,iCx|Z_y|-

The idea of Lemma [2.8| will frequently be used for Reifenberg-flat sets ~ while P; and
Py are the approximating planes of Definition for either different or the same radii
and points of X. The following lemma uses Lemma [2.8|to get an estimate in this setting.

Lemma 3.2. Let x1,x0 € Z CR™, 0 <11 <19, 61,09 € (0, %) and P1,Py € G(n, m) be given

such that
Ix1 — xo| < n
1— X2 B
and
dist (Z N Br]. (Xj), (Xj + Pj) N Brj (Xj)) < 5)'1”]' for j=1,2.
If
2 T9 1
o1 +2-25 —
125, ( T 2) S V2
then we get
(P Py) < Cr—2 (5, + 2725
1, P2) < 11_261 1 r12 .
Proof. Let (eq,...,em) be an orthonormal basis of P;. Define
Yo ‘= X1
and
Yi=x1+ — lrlei for i=1,...,m.

For alli=1,..., m there exists a z; € ¥ N B, (x1) with

|zi —yil < 1187.
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Note that for zy := yo = xo, the point z is also an element of X "B, (x1) N B+, (x2). Further
we get

1-2% T )
2 =1l <l il Hlys =3l Smiby bt = o forall i=1,...,m.
This leads to
lzi — xol <z —x1| + [x1 — %2l
<T L + 1
12" 2
=11 <719 forall i=1,...,m.
Therefore for every i = 0, ..., m there exists a w; € (xg + P2) N By, (x2) with
wi — zi| < 1282.
Define §j; := yi —yo and Wi :=w; —wg for i = 1,..., m. Then §j; /[(ji| = e; is obviously an
orthonormal basis of P; and W;/[{j;| is an element of Py. The previous estimates yield
Ui Wy 1
— 7 = = = |Yi — — Wi +Ww
il Gl Gl JiTHo WL
2
T —25)m; Yi—2Zi+20 —Yo+Zi — Wit Wo—2

2
<2 (11814 0+ Tgby + T9d
(1_251)r1(1”1 1+ 0+ 1202 + T282)

2
<
1—25,

This is assumed to be strictly less than 1/v/2 and therefore Lemma leads to

<51 +2:252> forall i=1,...,m.
1

2 T
(P, P2) < C1(m)1 T <51 +2§62) )

a

Now we will show that every set satisfying (RPC) is indeed Reifenberg-flat with van-
ishing constant. Moreover, we will see that (RPC) is an even stronger assumption and
allows to approximate the set for a fixed point with the same plane at each scale. In fact,
we will show the estimation for Reifenberg-flatness only for a ball around x € . By a
covering argument, we later see, that the estimate holds true for all compact subsets of
L.

Lemma 3.3. Assume X~ C R™ satisfies (RPC), then for all x € £ and k > ky, where ky € N
denotes the index with

1 ~
Ok < — forall k > ky,
’ CX

we get

1.
sup = distoc (0B (y), (y+Py) N Br(y) ) < suplexi +2Cxdx,i)
yeBr, (x)NZ T ik

= Sx,r forall v <rvyk.
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Note that the existence of ky is an immidiate result of dx x tending to zero. The value
of k, and therefore the scale of the approximation depends highly on the point x € X.

Proof. Let x € X be fixed, y € ZNBg (x) and z € 2N B;(y) for a radius r € (0, rx,f(x]. Then
for y # z there exists an i € N with v, 1,1 < [z —y| < ry;; and Lemma 3.1]1eads to

%dist (z, (Y+Pyln Br(y))

Let k € N such that vy 1 <1 < 14, then this implies

1
sup —dist (z, (Y+Pyln Br(y)) < sup(ex i+ Cxdx,i)-
ze€XNB,(y) T ik

Moreover, we have k > k. Using the definition of k. we have
T—TxkOxk =T —1C8x > 0.
For z € (y + Py) N By —r 5, (y) defining

Z:=Y+Tp(y,r,) (2—Y),
leads to
Z—yl=Imp(yr0(z— Y <lz—yl <7 =Ty dxx <T < Txke
Hence there exists aw € LN B, | (y) with
1Z — W[ < 1x 1 0x k-

Moreover

W=yl <W—Z+Z—y| <Txkdxx +T—TxkOxk =T
and therefore w € Z N B.(y). Using z—y € Py and Lemma we get

dist (z,£ N Br(y)) <lz—wl
<lz—zZl+ 12 —w|
= |7T]J5(y,rx,k) (z— U)| + 12 —w|
< exklz =yl + Ty by
<1 ek + Cidx i) -
Now let z € (y+Py)N(Br(y)\Br—r, 5., (y)), then there exists az’ € (y+Py)NB: 1 5, (y)
such that

Iz —z] < Ty kBx k-

with

<w—z'|+ 2" —Z]

ST (ex,k + Cxdx k) + T kOx ke
<1 (Exk +2Cx0xk) -
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Finally

1.
- distq (Z NBr(y),(y+Py)N Br(y)> < max {sgg(ex,i + Cx0x,i)s Exk + 2Cx5x,k}
>

< sup(ex,i +2Cxdx.1),
i>k

which is independent of y € Bg (x) and implies the postulated statement. O

Remark 3.4. Note that 5, is monotonically decreasing and using the convergence of
dx,i and ey ; we get Sx,k — 0 as k — oo. Lemmathen implies that X is a 5-Reifenberg-
flat set for all 6 > 0, i.e. it is Reifenberg-flat with vanishing constant. Moreover, the plane
which approximates X at the point y € X with respect to the 5-Reifenberg-flatness can be
fixed as y + Py for all small radii.

For aset L C R™ which satisfies (RPC) andy € X the plane Py arises as a limit of planes
P(y,Tx,i). Up to this point, we did not mention that these planes might also depend on x
and that we should have writen Py but in fact, we are now ready to show, that the Py
are the same for all x € X withy € ZNBg_(x). Moreover, we get an estimate for the angle
between two planes P, and P,, whenever z is an element of Z N Bg_(x) with [y — z| small
enough.

Lemma 3.5. Assume L C R™ satisfies (RPC).
(1) For x,% € £ we get
Pij = P;‘ forall y e XNBg, (x) NBg,(X).

(2) Forxc X k>kcandy,ze LN B, (x) with [z —y| < sz’k and Sx,k < 1—11 we get

22 - -
gcl (M)dx,k =t Co(m)dy k.

Proof. (1) Let x,Xx € Y andy € X N Bg (x) N Bg,(X). The sequences ¢\ and ¢x x converge
to zero and hence for all ¢ > 0 there exist an N7 € N such that

<I(Py, PZ) <

£
Ex,ks Ex,k S 3 for all k > Nj.

Moreover, there exists an Ny € N with Ng > N; and

I3 1 I3
) i _— = d &% ——— forall k> No.
X,k<m1n{24cl,4} an X’k<48C1CX or a 2
Define
_ N2 for 15N, < TNy
B min{l € N | Tx,1 < TX,NZ} for T%,Ng = Tx,Ng»
and

ir=min{l e N| 141 <151}

Then we have k,i > Ny and
Txi STk S Txi—1-
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Let ¢ be sufficiently small, i.e. 3C < f Then

2 T3
<6x,i Bk 6i,k> <404, +2Cx0%,x)

1-— 26x,i Tx,i
£ 13
<4 toc,—°
<24c1 + 48C1CX>

3Cy
o1
7
Using Lemma 3.2 we get
2 Tx
<(P(y,7x1), Py, Txk)) < Cro—pn— <5x L+ 2K ,k>
1- 267(,1 X,1i
13
< 5.
3
Finally
< (Py,PY) < <(PY, Py, i) + <<(P(Y, mxi), Py, Tx0)) + <(P(y, Tx.k), PY)
<€
The limit ¢ — 0 implies
=P
~ y.
(2) Fory,ze€ ZNBg (x), k> kg and r < rx,k Lemma leads to
distsc (I 0By (y), (y+Py) N1 Br(y)) < 8e
and
distqc (Z N By (z),(z+P,) N Br(z)> < TSX’k.
If|z—y| < 2%* and SX,k < 1—11, then
2 22 . 1
— (dxx + 25 6 —
T 26x,k( X xk) < f
and for ry ;=19 ;=7 x and &1 1= 89 := Sx,k Lemmayields
22

<I(Py>Pz) ?CI( )6x k>

which completes the proof.
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Lemma 3.6. For closed £ C R™, the following statements are equivalent:
(1) X satisfies (RPC)
(2) L is Reifenberg-flat with vanishing constant and, for all compact subsets K C X~
and all x € K there exists a plane Ly € G(n, m) such that

sup<(L(x,7),Lx) — 0,
xeK r—0

for all L(x,r) € G(n, m) with

1.,
)56161112 = dist g (Z NBr(x), (x +L(x,1)) N Br(x)) — 0

Note that the existence of planes L(x,r), which approximate X with respect to the
Reifenberg-flatness such that their distances to £ converges uniformly to zero is already
guaranteed by the Reifenberg-flatness with vanishing constant. Only the existence of a
limit-plane is an additional condition to the Reifenberg-flatness in (2). Obviously, Ly
and P, will coincide.

Proof. ”(1) = (2)”: For fixed x € X using Lemmayields for k > ky
1 -
sup — distqgc (Z NBr(y), (y+Py)N Br(y)) <Ok forall r<ryx.
YEINBR, (x) T
For a compact set K C £ we have
Kc | Br.(x)
xeK
and the compactness provides x1,...,xn € K with

N
K C U Bin (Xi).
i=1
Let k € N be defined by k := max{k,,,...,kx,}. For given 6 > 0 and i € {1,...,N} the
convergence of 0., \ to zero guarantees that there is a j(x,8) > k such that 6, j(x,s) < 9.
This implies

1 -
sup — distq¢ (Z N Br(y), (y+Py)N Br(y)) <Oy j(x,5) SO forall T<my 5(x,5)-
YEXNBg,, (xi) T
Now define 1o = 19(8) := min{ry_ ;j(x;,5)> - +» Txn,j(xn,5))- Lhen we get

1
sup — distg¢ (Z NBr(y), (y+Py)N Br(g))
yek T

1
< max sup — distg¢ (ZﬂBr(y),(y+Py)ﬂBr(y))
i=1,...,N yEZmBRXi (x) T

< b forall r <.

This holds true for every arbitrary 6 > 0 implying that X is a Reifenberg-flat set with
vanishing constant and fixed approximating plane.
Now let x € K and L(x,r) € G(n, m) be a plane, depending on x and r, such that

%diStg{ (Z N By (x), (x + L(X,T)) N Br(X)) = 8(x,1) ——= 0.

r—0
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We have to show that L(x, r) converges to a limit plane L, € G(n, m) and in fact we will
show Ly = Py. .

For x; =xg =x, 71 =79 =7, P1 = L(x,7), Po = Py, 61 = 8(x,7) and g = 0 i (), Where k(r)
is defined such that 1 y(v) 11 < T < Ty i (r), We have 81,09 < % for r small enough, as well
as

2 ~ 1
m (5( ,T) + 20, k(r]) < ﬁ,
Lemma [3.2]1eads to
9 .
. < . - — .
lim <(L{x,7), Py) < lim Cy(m)— G (8(r) + 285 k(r)) =0

”(2) = (1)” : For x € L define R := 1, Cx > 1 arbitrary and a sequence r,; C (0, 1] with

Txitl S Txi < Cyrygiprand vy —— 0.
1— 00

The compactness of (G(n, m), <(+,-)) implies that for y € £ N Bg, (x) there exists a mini-
mizer of
1 ..
L~ distac (2N By, (y), (y + 1) N Br,, (v).
Tx,k
Let P(y, v k) denote this minimizer. Define

1
dx,k = sup
YEINBR, (x) 16K

distac (X N1Br, . (u), (y+ P(Y, k) N Br, (v)).

The Reifenberg-flatness with vanishing constant guarantees 0y x k—) 0. Finally, the-
—00

made assumptions imply that for all y € £ N Bg (x) there exists a Py := Ly € G(n,m)
with
sup  <(P(y,Txx),Py) =t exx —— 0.
YEZNBg, (x) k—00
O

Y being a Cl-submanifold, is equivalent to I locally being a graph of a Cl-function.
Therefore it is a necessary condition, that for each x € X there exists a plane P € G(n, m)
such that the orthogonal projection 7, , p|5 is locally bijective onto an open subset of x4-P.
Both, the injectivity and surjectivity will be results of the Reifenberg-flatness of . (RPC)
guarantees for X to be Reifenberg-flat with vanishing constant, which allows us to use
Lemma [3.8] stated for codimension 1 in [2] and ensuring the surjectivity. Although the
main argument of [2] does not depend on the dimension, we will present the proof of
Lemma 3.8/and which is also part of [2], in appendix[C]to make sure, that this result
still holds for higher codimension.

Lemma yields a parameterization for Reifenberg-flat sets, which is often used to
achieve more results for Reifenberg-flat sets. Here we will need this parameterization
only to prove Lemma

Lemma 3.7. There exists a g > 0 such that for every closed, m-dimensional 5-Reifenberg-
flat set ¥ C R™ with 6 < 8y and x € X there is a Ry = Ry(x,8,L) > 0 such that for all
L € G(n, m) with

dist (z A By (x), (x+ L) N Br(x)> <18 for T <Ry
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exists a continuous function

T:(x+L)NBs_(x) > ZNBr(x)

6T

=

with

T(y) —yl < Crd < %r forall y € (x+1L)NB(x).
The constants 5, and Ry can be set as §y < (48(3C;(m)+2))~! and Ry(x, 5, Z) > 0 small
enough, such that
1

1 . < .
. Leér(lrf;m)dlstg{ (Zﬂ B:(y),(y+L)N Br(y)> < b forall ye XNBg,(x)

Such an Ry(x, §, L) exists, because of the Reifenberg-flatness.

Lemma 3.8. For all closed, 6-Reifenberg-flat sets * C R™ with 6 < 8¢, all x € £ and
L € G(n, m) with
%distg{ (Z NBr(x),(x+L)N Br(x)> <6 for r <Ry,
we get
(x+1)NB;(x) € mepr (ZNBy (X)),
where §y and Ry are as stated in Lemma [3.7)

We are now ready to prove Theorem|[1.4]in two steps. First we will see that if T satisfies
(RPC), it is locally a graph of a C! function, i.e. it is an embedded C!-submanifold. Finally
we prove that every embedded Cl-submanifold satisfies the (RPC) condition.

Lemma 3.9. Assume £ C R"™ is closed and satisfies (RPC) with dimension m, then for all
x € I there exist a radius v and a function u, € C1(Py, Pi) with
(XN By, (x)) —x = graph(uy) N By (0),
i.e. L is an embedded, m-dimensional C'-submanifold of R™.
Note that the radius rx can be given explicitly by 375 for k € N~ 1 such that §, 1 <
min{(48(3C;(m)+2))~ L, (6Cg(m)+2C, )~ 1}. Therefore, the radius for the neighbourhood,

where X can be represented as a Cl-graph depends only on the dimension of £ and the
ratio of decay between the sequences b i, €x i and 7y ;.

Proof. Let x be fixed and k € N be sufficiently large, such that

5.1 < min {89, (6Co(m) +2C<) '}

Note that Sx,k,l < min{y, (6Cg(m) + 2Cx) "1} already implies 5, ; < Sx,k,l < C¢! for
all i > k, i.e. k > ky. The §; stated in the remark after Lemma already guarantees
8o < 3. Moreover, we have for all v € (0, 1y i]

1 - _
~ distc (ZNBry), (y+Py) NBr(y)) < B 1 <8 forall yeINBy, CINBy, ().
This implies vy x < Ro(x, Sx,k_l, 2). Therefore we have

- . - 1
k > kx, Txk <Ro(x,0xx—1,Z) and 0, x_1 < min {11, 89, (6Ca(m) + zcx)l} :



14 BASTIAN KAFER

Lemma [3.8]implies
Tx,k

(x+Px)N B%(x) C Ty4p, (XN Br(x)) forall r< 7

< 1 . T'X’
Because of o 1 < 17, Lemmaylelds for r < 5~

<Py, Py) < Cg(m)dy forall y e B,(x).
For y #y’ € X N B;(x), there exist an i > k with r, ;11 < [y’ —yl < r«,; and therefore
y € ZNB. , (x) N B, (y). This implies
I (y — y')| < <(Px, Py)ly — v/l + I7p, (y =y
Ca(m)dxkly —y'l+8ximxi
(Co(m)dxx + Cxdxi) ly — 'l

<iy—y

Here we have used Sx,i < Sx,k < (6Ca(m) 4+ 2Cx) 1 < (2Co(m) + 2Cx) L. Then for £; :=

ZNB.(x)N ﬂ;ipx (B% (x)), the projection 7tp |5, is injenctive and

TPz, 21— (X +Px)N B%(x)

is bijective. We move x to zero and let £; := (X —x) N B+(0) N7} (Bz(0)), then the

Py Z—x'P3
projection ~
Tp |5, 21— PN B%(O)
is also a bijection and invertible. Especially, for all y € £, there exists exactly one z =
z(y) € Px N B%(O) with
mp (Y —x) =z.
Moreover, we have
y=x+7p,(y—x) + 75 (y —x)
=x+z+ 7 (y —x).
Defining
1. 1 -1
f: PxNB:r(0) = Py5 z—mp o (ﬂpx|i1>|meB£(O) (z),
then we get
Ttéx (y—x) ="f(z) and f(0) =0,
because z(x) = 0.
For z,z' € Py N B:(0) define
~1 -1, .
(nPX|>~:1> (z) =y and <7[le521> (z") =y".

Now we have

(meas) @ (ms) &)=’

<lmp (y —y')l + I, (y —y”)]

1
<lz—z/|+ §Iy —y'l.
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This leads to

ly — yl 2z —2/|,
which implies the continuity of (7tp 5 )™ 1 and therefore also of f.
For z € P, N B: (0) the definition of f and Lemma lead to

[f(2)] = I, (y(2) — )|

= dist(y(z),x + Px)

< wx(ly(z) —x[) - ly(z) — x|,
where y(z) denotes the unique element of £; with 7p_(y(z) —x) = z. We further get

y(z) — x| =Ix+z+ f(z) — x|

= [z + f(z)]
lz| + [f(2)]
|zl + wx(ly(z) = xI) - ly(z) —xI.

NN

Note that wy (ly(z) — x|) < 0k < 111 and therefore

ly(z) M\l&d

Finally, this leads to

f(2)1 < Tgwallylz) —x) -1zl = o(ll),

because y(z) —0> x and wy (1) —> 0. This yields the existence of Df(0) and Df(0) = 0.
Letz € PxNB; (0) and F be deﬁned as F(z) = x+z+ f(z), as well as

-1
L:= <7TPX|PF(z)> : Px — PF(Z)
Note that F(z) € B;.(x) and

< (Px, Pr(z)) < Ca(m)dxx < % <1,
then Lemma implies, that L is well-defined. For z,z + h € P, N B: (0), we get
F(z+h) —F(z) =L(h) + F(z+h) — F(z) — L(h).
Using e := F(z + h) — F(z) — L(h) leads to
nip, () =7mp, (x +z+h+f(z+h) —x—z—f(z) — L(h))
=p, (h+f(z+h) —f(z) —L(h))
=h—mp (f(z+h)) —mp (f(z)) — 7p (L(R))
—h—h
—0,
since f(-) € Py and mp_ o L = idp,. This implies
Id:hikﬂ
< (Pas Priz)) lel + I, (€]

<cxmxﬂaﬂmmyn
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Transforming this inequality and using Ca(m)d, x < % yield

(e)l

61
le] < 5|7'[PF(Z

_6
~5

= ik, , (Flz+ ) — F(z)

)

75, (F(z +h) = F(z) = L(W)|

= g dist(F(z + h), F(z) + Pg(2))
< SwlIFiz+ 1)~ F(z)) - F(z + h) — Fiz)l

For the last inequality we used Lemma [3.1) and the fact that F(z),F(z + h) € B, (x), as
well as F(z +h) € By, , (F(z)) for all h € Py such that z +h € P, N B(0).
To estimate |F(z + h) — F(z)| note

L(h) = h| = ey, (L(h)) — 7ep, (L(R))]
< < (PE(z), Px) IL(N)]
1
=|L(h)|.
< g/t
Therefore we get
5 7
Sl < [l < ZIL (L.
Using these estimates yields

[F(z+h) —F(z)| = |L(h) + e
< |L(h)| + e

< oI+ pwal(F(z + 1) — Fl2)) - [F(z + h) — Flz)l.

(9}

The fact that F(z + h) € B, (F(z)) for z+h € Py N B: (0) leads to
= 1
Wx(|F(Z+h) - F(Z)D < 6x,k < ﬁ

This implies
[F(z+h) —F(z)| < %Ihl.
Finally we get with the continuity of F
[F(z+h) —F(z) — L(h)| = le]
O ([Flz +h) = F(2)]) - [Flz+ 1) — f(z)
2wx([F(z+h) = F(z)]) - [h|
0
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This is the differentiability of F with DF(z) = (T[px‘pF[z))_l and, equivalent to this, the
differentiability of f with Df(z) = DF(z) —id.
To see that z — Df(z) is continuous, let a € P, NS™ ! and w, z € P, N B,(0), then

|(Df(z) — Df(w))al = |(DF(z) — DF(w))al
= |rtp,,, (DF(z)a) — 7tp,,, (DF(w)a)
< Imtpy,, (DF(z)a) — mp , (DF(z)a)| + |7tp,,, (DF(z)a — DF(w)a))
< < (Pr(2), PF(w)) IDF(z)al + |7tp, , (DF(z)a — DF(w)a).

First we get
< (PE(2)> PF(w)) IDF(z)al < 2C2(m)dx k[Df(z)a + af

and since Df(-)a € Py
I7tp, () (DF(z)a — DF(w)a)| = [mtp,,, (Df(z)a — Df(w)a)
= |(7TPF(W] — mp, ) (Df(z)a — Df(w)al|
< Ca(m)dy k|/Df(z)a — Df(w)al.
In the case w = 0 we get Df(0) = 0 which leads to
IDf(z)al < 2Co(m)8 kIDf(z)a + af + Co(m)dy kIDf(2)al
< 8C2(m)dx k[Df(z)al + 2Co(m)dy k.
Using 3C2(m)SX,k < % yields
IDf(z)al < 1 and |DF(z)al < 2.

Let ¢ > 0 be arbitrary. There exists an i € N such that 5, ; < 12C TE- Using the conti-

nuity of F yields the existence of an r’ > 0, such that for w € P, N B (O) with [z —w| < 1/,
we get
[F(z) — F(w)| < ;r“, for i e Nyy.
This allows to improve the estimate of the angle, using Lemma [3.5yields
< (Pr(2), PR(w)) < Ca(m)dys
Then the previous estimates imply

IDf(z)a — Df(w)al < Ca(m)dy, i|DF( )a| + Co(m)dx k|Df(z)a — Df(w)al
< 2Cq(m)dy IDf( Ja — Df(w)a.
Finally this gives
IDf(z)a — Df(w)a| < %Cg(m)sx,i <&

Since we can choose ¢ > 0 arbitrary, this is the continuity of z — Df(z).
To finish the proof let ¢ € C{°(Px N B%(O) be a cut-off function with 0 < ¢ < 1 and
(p|meB§(0) =1. Deﬁne

e(z)f(z) for z¢€ PXHB%(O),

fiPy > Pyr:ze
x x {0 otherwise.
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Then for all z € P, N B: we have f(z) = f(z). Moreover, fory € £ N Br (x) we have

roTr
1Tt py (Y) —x[ =[x +7p, (y —x) —x[ < 3 < 9
which implies

ZﬂBg(x):x—l—

(graph(f) N Bg(O))
—x+ (graph(?) N 35(0)) :

a

To prove that every Cl-submanifold satisfies (RPC) we will first state, that every graph
of a function with bounded Lipschitz-constant can be locally approximated by planes,
with respect to the Hausdorff-distance, i.e. it is Reifenberg-flat. The quality of this ap-
proximation is given by the Lipschitz-constant.

Lemma 3.10. Let X~ C R™. Assume for x € L exist a plane P € G(n, m), a radius R > 0
and a function u,: P — P+ with u,(0) =0, Lip(uy By (x)) < o, such that

(2N Br(x)) —x = graph(uy) N Bg(x),
then forally € ¥ N B% (x) we have

distqgc (Z NB:ry),(y+P)N Br(y)) <rx forall re (0,R/2].

Proof. For ally € ZNB,(x) and z(y) = 7tp(y — x) we have
Y = x+ 7y — X) + 7 (y — %)
=x+z{y) +ux (z(y)).
Let r € (O, %] be fixed. For y € ZﬂBg(x) and § € ZN B.(y) we get with tp(§ —y) +y €
(y+P)NB(y)

dist (g, (y+P)N Br(y)) <

:’7‘[

Note that
Y+ P =x+z(y) +ux(z(y)) + P =x+ux(z(y)) + P.

Using P N (By(y) —y) € PN Bgr(0) we can write £ N B, (y) = x + graph(ux) N By (y). For
z(y))

X+ Z+ux(z(y)) e (y+P)NB 11“2(9),i.e.26PﬂB 1r+a2(z(y))wehave

x4 2+ ul2) Yl = 2 un(2) + 2(y) + ux(z(y))
=V 2Y)R + hux(2) — ux(2(y))2

<V1+oa?-[Z—z(y)

<T.
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This implies
dist <x+2+ux(z(y)),2 N Br(y)> x4+ 2 4+ we(2(y)) — x — 2 — ux (2)]
= [ux(z(y)) —ux(2)l

9T
T V1itaZ
For z' € PN (B (z(y)) \B%(z(y)) there existsaZ ¢ PN Bﬁ(z(y)) with
1+ 1+

1
4 < <1_>r.
| | V1+ o2
This leads to

' / 1 2 o 2
dist (x—i—z +ux(z(y)),ZﬂBT(y)> < \/<1— m) + (\/W) r<ar.

Finally this guarantees

distsc (£ B (y), (y+P) By (y)) < ar.

a

Lemma 3.11. An embedded Cl-submanifold X of R™ satisfiest (RPC). Moreover, we get
Py = T 2.
Proof. For all x € £ and « > 0 there is a radius Ry(«) > 0 such that (£ N Bﬁx(a)(x)) —x

is the graph of a Cl-function u, : TyX — Ty X+ with 1, (0) = 0 and Duy(0) = 0 as well as
\|Dux||C0(BRX(“)(O)) < . Especially Lip(ux|3ﬁxm) < .

Define Ry :=1, 1 := %ﬁx(oc). Fory € X N Bg, (x) let the plane P(y, 1y 1) be defined by
P(yyrx,l) = sz.
Lemma implies for ally € X N Bg, (x)

distoc (£ 1B (y), (y+ Py, 71)) NBs(y)) < ar forall T<res.

/ ‘Sx 1 x
6X,i = Sads =

21—1 2i—1 :

For all i € N.; we have

L NBg,(x) C U Biyesr o (U)-

yeINBgry (x)

Then there exists an N € N and yi,...,yn € Z N Bg, (x) with

N
ZNBg(x) C U szw(zzs;’.l) (Uj)-
j=1
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Define r/ ; := 141 and recursively

r! . :=min min ﬁyj(é;’i) Mol
b jell,.,N(i)} 2 ) ’

as well as P(y,r;,i) := Ty, X for an arbitrary j € {1,...,N(i)} with y € Bﬁyj(éii) (y5).
Ox.

Using Lemma [3.10|for R = R,,. (5” ), we get for all y € B,_,(y;)
Yj\Px,1 x )

distec (ZNB:(y), (y +P(y,r2:)) NBr(y)) < 8L ;v forall r <1l ;.
x,i x,i x,i

The Bﬁy (5! ,)(y)-) cover ~ N Bg, (x) and therefore we have
j x,1

distgc (ZNB:(y), (y+P(y,r24)) NBr(y)) < 6. ;r forall r<r,; and y € ZNBg (x).
x,1i x,1 x,i x

This holds for all i € N. Moreover, for all 5 > 0 there exists an i € N with 8 ; < 8, which
implies that ¥ is Reifenberg-flat with vanishing constant. Note that it is important, that
the | ; are independent of y € £ N By, (x).

It remains to show that we can define a sequence of radii r, ; which is controlled by a

constant Cy, as well as the convergence of the planes P(y,ry i) to Py = Ty L.
To see this, note that Lemma [2.7] implies

< (TyZ,Ply,1y3)) =< (TyZ,Tij) < 8y forall ye ZNBg, (x).

This yields
sup < (TyZ,Ply,1y;)) < 8% —— 0.

YEBRr, (x) troo
Now let Cx > 1 be fixed. For all i € N, there exists an 1 = 1(i) € Ny with

1.7 / 1+1..7
erx,i—b—l < Tx,i < Cx T‘x,i—i—l'

Ifrys =71, ; and dx,s = 0. ; are defined, set recursively

1 .
Tx,s4k ‘= §rx,s for ke{l,...,1(1)}
X

Tx,s+1+1 = T;,Hl’
P(Y,Tx,s1k) = Py, Tx,s) = Ply, 1 4) for ke {l,...,1(i)}
and
dx,s+k =0y for ke {l,...,1(1)},
Ox,s+1(1)+1 7= Oy i41-
These definitions lead to

sup distg (Z NBr.,(y), (y + P(y,rx,s)) NBr,, (y)) < Ox,sTx,s forall s e N
YEBR, (x)

with lims_,, 8x,s = 0 and

sup < (TyL,P(y,71xs)) < éx,i = Oxs-
YEBR, (x)
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Moreover, if s € N such that v, s = r;,i, then the definition of ry  leads to

Destk ¢, for k€{0,...,max{0,1(1) — 1)}
Tx,s+k+1
ro 1 ;
TxjHli) ot cl < ot c
T, j+1(1)+1 s - ool i
Finally these are all conditions required for X~ to satisfy (RPC). O

4. Proof of Theorem 1.2

Unlikely Toro’s condition in (2), the integral condition postulated in Theorem does
not need a small bound but only to be finite. Note that the important part of this condition
is the decay of Op, (x) near zero, i.e. if for x € I there exists an Ry > 0 with

T R
JGBRX(X)(T) drgjeBR*mm &
T T
0 0
Top. ) [ 8Os (o)
T
- J BRX:‘) dr+J R0 gy
0 Ry
Top o . [1
T
< J BRX(X) dT+ J ; dT'
0 Ry
< 00.

On the other hand, we can not expect Ry to contain any information about the size of the
graph patches for Z.

We will prove Theorem by showing that each Z, which has an finite integral already
satisfies (RPC).

Proof of Theorem[1.2] Let C > 1 be arbitrary. For every k € N there exist an 1y €
k+1

(Ry/C 5" ,R,/C%) with

R/CH
OBr, 0Tk J B3, (1) 1
) r Rx (C*% - cf"%l) ’

Tx,k
k+1
Ry/C 2
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otherwise we would get

Ry/C o ) Ry/C Ry/C (')
T 1 T
J B I g > J - — J BR"(T) dr’ dr
r Ry (cff - cf%> r
kil kil kel
Ryx/C 2 Rx/C 2 Rx/C 2
k
Rx/C2
— J’ BRx (X) (T/) dT/,
-r/
k+1
Ry, /C 2
which is a contradiction. Therefore, we have
Txktl < Txk < Cryxsr and lim 1y = 0.
’ ’ ’ k=00
Moreover
Rx/C2 (r)
-
GBR (X)(rx,k) < :X’k k+1 J BRXT(‘X) dr
Rx (C*f — C*T) it
Rx/C 2
Ry/CH
_ R,C~% J Bg, (x)(T) i
= _k _1
R.CE (1-C ) LT
Rx/C 2
R,/CH
1 X
3 0 T
— 1C2 J BRX(X)( ) dr.
Cz2—1 T
kil
Rx/C 2
Therefore
2 B X( ) T
Z OBe. (x) (Tx k) € = . Z J R TX dr
k=0 C:—1 15 w1
Rx/C 2
b s (™
2 T
< 1C2 J Brx O gy
Cz—1 T
0
< oo.
For & x := OBRX(X)(rX,k), this implies
6x,k — 0.
k—o00
Then we get for all sufficiently large k € N
2 ~ 1
m(éx,kﬂ +2C8 k) < C(dxk+1 +2C0 1) < ﬁ
X,
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Let P(y,r«x) denote a plane which approximates ~ at y € Z N Bg (x) and scale ry ,
corresponding to 5 x. Then Lemma [3.2|1eads to

<(P(YsTxk)s P(Ys Tx k1)) < CC1(m) (81 + 2C8x k).
For i € N we get

i—1
<[(P(y> TX,k)7 P(U, Tx’k+i)) < Z < (P(U, rX,kJrl), P(ya TX,k+l+1))
1=0
i—1
< CC1(m) ) (Bxjerts1+2Co k1)
1=0
— 0,
k—o0

o
since ) 0y x < co. This yields the existence of a plane P, € G(n, m) such that
k=1

<I(P(9:Tx,k)7 Py) —> 0.

— 00

In particular, for all ¢ > 0 there exist a ] € N such that
<I(P(y,rx,k),Py) < ¢ forall k > Jy.
For i € N and k > max({i, ]} we get
<(P(y,Tx,1)s Py) < <(P(Y,Tx,1), Py, Tx k) + <<(P(y, Tx k), Py)

k—i—1
Z < y Tx 1+1) P(UyTx,i+l+1)) + €

[e¢]

Z <(P(Ys Txir1)s P(Ys Txig11)) + e
1=0

The limit ¢ — 0 yields

o0

<I(Py, P(Uﬂ"x,i)) < Z <(P(U>Tx,i+l)> P(U,rx,i+l+1))
1=0

< CC(TTL (6X,l+1 + 2C6x,1)’

M

=i
ifi > N and N € N such that
2

~ 1
S (Bxks1+2C8yx) < ClBxks1 +2Cyx) < — forall k>N
1- 26x,k+1

V2
Then

CC(m) Y ok (dx 141 +2Coy 1)  for k=N,
Ex,k = .
1 otherwise,
is independent of y € By, (x) with

<(Pyap(y71‘x,k)) < €x,k m 0.
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This is the condition of (RPC) for C = Cx and Lemma [3.9]finishes the proof. O

Remark 4.1. An immediat result of the proof is that if there exist a constant C > 0 and
a monotonically decreasing sequence (ry i)k C (0, R.] with

Txk < Cryky1 and lim v =0
) 9 k b
such that

o0
Z BBy, (x) (Tx, k) < 00,
k=1

then I is an embedded, m-dimensional Cl-submanifold of R™. Moreover, the finiteness of
the integral in Theorem [1.2]implies this condition.

AprreEnDIX A. A Reifenberg-flat set with vanishing constant without

Cl-regularity
Let
2 cos(2kz)
uw:R—-R, u(z):=
(2) k; TV
and

U: R — R2, U(z) ::( z )
u(z)

Then X := graph(u) = U(R) is Reifenberg-flat with vanishing constant as stated in [12].
Assume I is a Cl-submanifold of R2. Then for all x € I and all x > 0 there exists a radius
r =1(x,a) > 0 and a C!-function f,: TyX — T, L such that

LN By(x) = (x + graph(fx)) N By (x)
and

Il corr,snB, (0) Tty < &
Due to the symmetry of u, i.e. u(z) = u(—z) for all z € R, we have for xo = U(0)

Ty, X # {0} x R.
This implies that there exists an r’ > 0 with
(R % {0}) 1 By(0) C M0} (Txy Z N B+ (0)).

Without loss of generality let v’ be small enough such that U(z) € B, (xqg) for all z € B,/ (0).
The representation as a graph of f,, yields the injectivity of

g: (R {0}) B/ (0) = R x {0}, t = 7nc(0) (7m,, = (U() — U(0)))

Together with the continuity of g this implies that g is monotonic. Then for —% =ty <
< <t = % and t{ == WTXOZ(U(ti) —U(0)) fori=0,...,k we get either

T (0) (to) < Trx (o) (t1) < -+ < Trx(o) (tk)
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or

T (0 (to) > w0y (t1) > -+ > Trx oy (ti) -

Therefore we have Z]le lt{ —t{ 4l =t} —t;l and

(reitn) (et )
ro(t)) (1)

k
<D Vita? -t
i=1

VI (u (=) ) =g (u ()

which is independent of the partition of the intervall [—r’/2,r’/2]. This implies U €
BV([—r'/2,v'/2],R?) and u € BV([—1'/2,1/2]). Then u has to be differentiable for almost
all z € [—r//2,r’/2] which is a contradiction to u being not differentiable for all z € R.

k

K
D IU(t) —Ultig)l =)
-1

i=1

ArreEnDIix B. Counterexample for integral condition

The finiteness of the integral as well as of the sum in Theorem [1.2) respectively remark
imply that X is a C!-submanifold, but the following example will show, that these
conditions are not equivalent. Moreover, one can ask if C1-submanifolds are characterized
by

1 9(5
JBRXMM dr< oo forall x e X
T(X
0

for any o, p > 0. Note that as in Theorem the upper bound of the integral can be
replaced by any R > 0 and the case « = p = 1 leads to the situation of Theorem
Using 0, (1) < 1for all x € £ and r > 0 leads

1

05 (1) f 1
kadrgjdr<oo forall 0 < x <1,
T T

0 0

which does not depend on Z. Therefore, if such a condition exists, « has to be greater or
equal to one.

Moreover, the finiteness of the integral with « > 1 and < 1 implies the finiteness for
o, p = 1. For « = 1 and fixed > 1, the following example will provide a set £  R?, which
is a one-dimensional C!-submanifold, but yields neither a finite integral nor a finite sum
of its 6-numbers.

Example B.1. Let > 1 and

2
fp: (—é,é) -R,y— (_ log(y2)) for y € R\ {0},
0 for y=0,

=
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and
0 X+ 1
f fB(U) dy - 21 for ye (—OO,—Q),
1 log(2) P
02
[ fs(y) dy for y € [—%,0),
gp:R—=R, x+—= <%
I fe(y) dy for y € [0, 31,
[ fB(y) dy + T for y e (%,oo).
0 log(2) P

Then fg is a continuous function and g is C!, but g ¢ C1° for every o > 0. The set
T := graph(gp) is a C!-submanifold of R™.

For all r < 2e~ ! < 1 we get
log (=
— || = 2.
o« ()
1

2 1 1
06 (5 J( )ﬁ el (2 ) <&
’ J \[logly 2 \log()1) 2

N ) € £NB,(0) for all 1 < 2e~ L. Due to the symmetry of gg, the planes,
2
which realise 0(0, r) have to be equal to ToZ = R x {0}. For all small r we get

Therefore,

and hence (g

,—\NH

0(0,r) > 9812
1% 2 \?
ZTJ <_log(yz)) du
0
13 2 \#
> = _
/rK 1og(y2)) dy
1
1
S r (1 ¢
“r 4 log(})
4 ()
4 log(i)

For all R > 0 and monotonically decreasing sequences (vi)icy C (0, max{R,2e"1}] and
C > 1 with

i < Criyq forall ieN
and therefore

1 < Clry,
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we get
1 -1
B . .
%0 ") > 35 " Tog(7)

> L -1

- 46 10g(4crilfl)

_1 —1

4P log(}) —log(Ci1))
Finally

1 & 1
>
~ 4B ; —log() + (i—1)log(C)

Using the same argument of remark [4.1] this implies that also

R B
JGBR(O)(T)

T

dr =00 for R > 0.
0

ArprenDIX C. Proof of 3.7 and 3.8

Proof of Lemma 3.7} (1) Notation:
Define

So:= (x+L)NB,(x),

Xy =X NB(x),

To: So — So; z+> z,

8o < (48(3Cy(m) +2)) !
and Ry > 0 small enough, that for all r € (0, Rg] we get

1 -
— i i XNB L)NB < O fi 11 >NB .
meé?,f,mdlstﬂf( NBr(y), (y+ 1) NB,(y)) <8 forall ye InBg,(x)

Forj € Ny let

124
For all j > 0 we get
. c |J Byl2)
zE€EX
The compactness of Ly implies the existence of a k; € N and a set Z; := {z; 1,...,zjx}
with
I C [ Byl2).

ZEZ]'
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Moreover, there exists a partition of unity {¢.},cz, with
0< ¢.(y)<1forall yeR™ and z € Z;,
¢-(y) =0 forall yeR™ and z € Z; with [y—z| > 31,

D @z(y)=1forall yeVj:=={yeR"| dist(y, L) < 1y
ZEZJ'

Note that V; C |, z; By, (z). Then the existence of this partition is an immidiate result
of e.g. [13, p. 52].
For z € Z; let L(z,12r;) € G(n, m) denote a plane with

dist (z N Biar, (2), (2 + Lz, 121})) N Buay, (z)) < 1255
The 5-Reifenberg-flatness of £ and the fact that
12T‘j < T < RO

guarantees the existence of L(z, 12r;).
Now define

_H_Z(Pz WLzlzrj)(U_Z)
z€Z;

and

Ti(y) := (o5 0 tj_1)(y).

(2) Fory e VN Br,ZTj(H%)(X) we get
dist (0j(y), Zx) < (36Cy1(m) + 24)r;6
and

dist(y, Zx) + (36C1(m) + 24)750
(1+36C1(m)d + 245)r;.

o (y) —yl <
<
Note that

1 1
T—275(1+60) > 2Tt (1+16) > 0 for all j € Ny.

Lety € V; N Br,er(Hﬁé (x) and Z;(y) :={z € Z; | |z—y| < 3r;}. Then we get

Z ¢z(y T[L z12r)(U*Z)-

z€Z;(y)
For z,z' € Z;(y), we have [z — z/| < 61j = 122Tj . The definition of §; further yields
6 1
— 0 <126 < —.
1-25° ~ "~

Lemmaimplies for X1 = 2Z,X9 = Z/, 01 =09=0,11 =79 = 121‘] and P1 = L(Z, ]_21‘]'), Py =
L(z’,12r;) that
<a(L(z,12r),L(z’,12rj)) < 12C1(m)s.
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For fixed zy € Z;(y) such that |zg —y| < 2r; define

yi=y— ﬂi_(zo,l%‘j)(y - ZO)

and we get

50 =3l =] Y (0:0) Miazr) W = 2)) = W00, (Y — 20)
z€Z;(y)

1 1
= Z Pz(y) - (HL(Z,121~]-)(U —z)— T[L(Zo,lzrj)(y - ZO))
zeZ;(y)

1 1 1
= Z ¢z(y) - (T[L(z,12'rj (Y —=2) = 0190y (Y = 2) = T2 190 (2 — Zo))
z€Z;(y)

L 1
< Z (pZ (‘TEL(Z 121‘ )(U - Z) - T[L(Zo,lzrj)(y - Z)’ + ‘T[L(Z(),12T]')(Z’_ ZO)‘)
z€Z(y)

Y ey (12C1(m)5 . 31y + dist (z, 2o + L(zo, 12rj)))
z€Z;(y)
< (36C1(m) + 12) T‘j&.
In the last inequalities we used z € Z N Bior (zo) and therefore dist(z,zy + L(zg, 1215)) <

12755, as well as the fact that Zzezj (y) @2(y) = 1 for y € Vj several times.
7 € L(zo, 1215) N Biar, (z¢) implies that there existsaw € Z N Bior, (z0) C Zx with

N

g —w| < 12r50.
Using |[§ — x| < |y — x|+ [y — zol, we get
w—x| <w—J|+ 1§ —x|
< 121‘)5 +71— ZT)(l +65) + 21‘)'
=T.
This implies w € L, and
dist (0(y), Zx) <loj(y) =Gl + 1§ —w|
< (836C1(m) +24) Tjé.
Due to the definition of V; and the fact that Z is closed,for all y € V; we get aw’ € L,
with
dist (y,Zx) =y —w'[ <1j.
This yields
zg —W'| < 3r;
and therefore

9 —yl= ‘ﬂi_(zo,lzr]—)(y - ZO)‘
L L
< ‘TEL(ZO,erj)(y —w')|+ ’”L(zo,urj)(w/—lo)
<y —w'[+ 12158
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Finally we get
loj(y) —yl < dist (y, Zx) + (36C1(m) + 24) 155.
(3) Fory € Sy N By/(x) with v/ ;=1 — (2 4+ 36C1(m)d + 248) > 7 we get
k=1
Ti(y) € Vju1 N BT_(2+36C1(m)6+245) E rk(x) for all j € Ny.
k=j+1

Note that

e 3 _r 1, L 15

=1 (2+36C1(m)6+246)kzlrk > 15 3(2+ 4) = 16T

and

v/ <r—2rj(1+63).
For j =0 and y € Sy N B,/(x) we have t9(y) = y and the Reifenberg-flatness yields

. T
dist (y,Zy) <10 < i T1.

This implies t9(y) =y € V1 N B/(x).
Now we assume that the statement holds for j — 1 € Ny and let y € So N B,/(x). We have
ijl(y) GVjﬂg (x)

Tk
j

T—(2+36C1(m)5+245)

™8

C V5N By rj(2436C; (m)s+245) (X)
C V; N By gy (1465) (%)
Therefore step (2) implies
dist (75(y), Zx) = dist (o5(75-1(y)), Zx)
< (36Cy(m) 4 24)156
<Tj+1,
which is 1 (y) € Vj1. Moreover, step (2) leads to
75 (y) — x| < loj(Tj—1(y)) = T5—1(y) + ITj—1(y) — I

(e ¢]

< (1+86C;(m)5 + 248)r) + 1 — (2 + 36C1 (M) +2458) ¥ 7y
k=j

<T—(2436C1(m)5+248) ) .
k=j+1
This is the postulated statement for j and inductively it holds for all j € Nj.

(4) T converges on Sy N B,/ (x) uniformly to a continuous function T.
Fory € Sy N B,/(x) and i € N we get

ITi(y) — tic1 ()l = loi(Tim1(y)) — Ti—1(y)l
< dist (1;_1(y), Ze) + (36C1(m) + 24)7:5.

If i =1 then
dist (to(y), Xx) < 10 < (36C1 (M) + 24)100
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and for 1 > 1 we get
dist (tj_1(y), Zx) = dist (03_1(Ti—2(y)), Zx) < (36C1(m) + 24)r;_15,

because of T;_5(y) € V;_1. Using 1y = 31;_1 yields

Iti(y) — Ti_1(y)] < § (36C1(m) +24)r;_16 for all i€ N.

4
Let k,j € Ny then
|T)+k Z |T)+1 Tj+i—1(y)|
5 k
< 4 (36C1(m) +24)8 ) 7iiig
i=1
5 k—1 .
4 (36C1(m) +24)6r } 47"
i=0
j—00

This is independent of y € Sy N B,/(x) and implies the uniform convergence of t; to a
function t. All T; are continuous as compositions of continuous functions and therefore ©
is as well.

(5) |T(y) —y| < Crd and (S N By(x)) C Zy.

We have t(y) = lim;_,, 7j(y) for all y € So N B,/(x). Therefore, for all ¢ > 0 there exists a
] =]J(e) € N with

It(y) —T5(y)l < e forall j>] and y € SN B(x).
For k € Ny there is a j > max{k, J} with

() — Ticly |<s+Z|n+1 ()l

£+ZITI+1 —Ti(y)l.

The limit ¢ — 0 yields

M2

tly) — oWl < ) Itialy) — Taly)l

k

,a.
I

(86C1(m) +24) oy - » 47
i=0

(36C1( ) + 24) 5Tk.

CAD\CJ‘I n-lk\CJ‘l

Especially for k = 0 we get

5
(36C1( ) + 24) 61"() < mT

oo\cn

IT(y) —yl <
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We have Tj(y) € Vj41 for all j € Ny and therefore there is a w; € £ with
IT5(y) — wjl < 7j41 forall j € No.
This leads to

dist (t(y), Zx) < It(y) — 75(y)l + |75 (y) —
< g (36C1(m) +24) 075 + 71541
—0,
j—00
which implies T(So N B,/(x)) C Z« and finishes the proof.
0

Proof of Lemma Assume there exists a £ € (x+L)NBr (x) such that 7,1 (y) # & for

allye In B: (x). Using Lemmaleads to a continuous function t: (x + L) N B%gr(x) —
~ N By (x) with

tly) =yl < —=r
YmUS T4
Thenforallze(x—kL)ﬂB%(x) we get
(z) = x| < Jt(@) — 2l +lz — x| < -1+ 2r< X
T\Z X X |TIZ z z X\144T 3T 2T.

Therefore,

Tixir (T(z)) #E& forall ze (x+L)N Bg(x).
Let h: (x + L)\ {&} — (x+L)N aBﬁ(E,) be defined by
L
12 |z—§
h is a continuous projection of (x + L) \ {£} onto (x + L) N aBﬁ (). Define

h(z) =&+

@:=ho7, | oT: (x+L)ﬂBﬁ(£) — (X—i-L)ﬂaBﬁ(&)-

Note that B (&) C B: (x), then we have & & 7, oT((x+ L) N B (&) and @ is continuous
and well-defined.
Forze (x+L)Nn aBﬁ(a) we get

ITtx 11 (T(2)) — 2| = Ity 1 (T(2) — 2]
< t(z) — 2
<2
144
Moreover,

I (1 (x(2))) = o (x(2)] = dist (s (1(2)), 0B 4 (2))

12
< g (t(2)) — 2
5

< =
S 144"
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which implies

10
— < — T
lp(z) —z| < 144r forall ze (x+L)N aBE(E).

Define @: LN B1(0) — LN 3B{(0) by

Lo 12 T

o(z)i= = (o (52 +8) — &)
The continuity of ¢ implies that @ is also continuous and for z € L N B1(0) we get Z :=
z+&ex+0L)N aBﬁ(a), which leads to

12 12 10 10
T Y - ) — 5 < L == .
|¢(z) —z| . lo(Z) —z| < 144 T 19 <1 forall zeLNoB{(0)

But this implies that

H: LN3B1(0) x [0,1] =S™ 1 x[0,1] - LNdB(0) =S™ 1,
(1—=t)pgm-1(z) +tz
(1 —t)Pgm-1(z) + tz]

is a homotopy between idgm-1 and @gm-1. The homotopy equivalence of the degree of a
map (see [4}, 5.1.6 a]) leads to

H(z,t) :=

deg((b‘gmfl) = deg(idgmfl) =1.

This is a contradiction to the continuous extension @ of @gm-1 on BJ*(0), because this
would by [4} 5.1.6 b] imply

deg((f)‘gmfl ) = 0.

Therefore, the assumed £ can not exist. O
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