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Abstract

We perform a mathematical analysis of the steady flow of a viscous
liquid, £, past a three-dimensional elastic body, B. We assume that £
fills the whole space exterior to B, and that its motion is governed by
the Navier-Stokes equations corresponding to non-zero velocity at infin-
ity, voo. As for B, we suppose that it is a St.Venant-Kirchoff material,
held in equilibrium either by keeping an interior portion of it attached to
a rigid body, or by means of appropriate control body force and surface
traction. We treat the problem as a coupled steady state fluid-structure
problem with the surface of B as a free boundary. Our main goal is to
show existence and uniqueness for the coupled system liquid-body, for suf-
ficiently small |voo|. This goal is reached by a fixed point approach based
upon a suitable reformulation of the Navier-Stokes equation in the refer-
ence configuration, along with appropriate a priori estimates of solutions
to the corresponding Oseen linearization and to the elasticity equations.

1 Introduction

The rigorous study of the problem of a coupled system constituted by a liquid
interacting with an elastic structure is a relatively new branch of applied math-
ematics. In fact, the first significant contributions, due to ANTMAN AND LANZA
DE CRISTOFORIS, date back only to the early nineties; see [15, 16, 1]. In these
papers the authors establish several properties related to the two-dimensional,
irrotational steady flow of an inviscid liquid past nonlinear elastic bodies of
different types.



Also in view of the central role that the above problem plays in numerous
and diverse engineering [2] and medical [11] applications, more recently mathe-
maticians have begun a systematic study of the interaction of a Navier-Stokes
(viscous) liquid with elastic bodies, in both steady [17, 12, 18] and unsteady
[13, 4, 6, 7] cases. In all these works, the liquid occupies a bounded region of
the three-dimensional space, that surrounds (or is surrounded by) the elastic
structure.

In the present paper we would like to furnish a further contribution to the
subject, by investigating the problem of steady state, three-dimensional flow of
a Navier-Stokes liquid past an elastic body, kept in place by suitable mecha-
nisms. We believe that, among other things, this study will be useful to set
the appropriate function-analytic framework for further investigations, like, for
example, bifurcation problems related to buckling of the elastic body due to the
impingement of the liquid upon its surface. !

We shall now describe our problem in more precise terms.

Let B be an elastic body fully submerged in a Navier-Stokes liquid, £, whose
velocity field tends to a nonzero constant vector, v, at large distance from B5.
In the frame, 7, with respect to which we describe the motion of £, we suppose
that B is in equilibrium. Thus, in order to balance the forces exerted by L
on B, we assume either that B is attached to (and completely sourrounds) a
non-deformable body, R, fixed in Z, or that control forces are being applied to
B. Furthermore, we assume that £ fills the whole space outside B and that the
motion of £ in 7 is steady.

The main objective of this paper is to investigate unique solvability for this
problem, under the assumption that |v.| is sufficiently small.

In the case where B is attached to R, we assume they together occupy a
bounded domain, 2 C R?, when no applied body or surface forces act on them.
We shall denote by w C Q the part occupied by R and by Qp = Q \ @ that
occupied by B. We assume that B completely sourrounds R, so that dwndQ = .
We shall refer to g as the reference domain of the elastic body and suppose
that Qg and w are of class C?. For simplicity, we contemplate the case where w
is a (bounded) domain 2, and will refer to a coordinate system with the origin
at some point 0 € w. We also set Iy := 9 and I'; := dw; see Figure 1.

If we denote by @ : Qg — R? the resulting deformation of B due to the forces
exerted on it by the steady flow (v, p) past it, we find that the motion of the
coupled system liquid-solid is governed by the following equations, in the case

IFor steady bifurcation results of a steady-state flow of a Navier-Stokes liquid
past a rigid body we refer to [10].

2The case where w is the union of more than one domain does not introduce
any conceptual difficulty.
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Figure 1: Flow past an elastic body attached to a non-deformable body.

where the elastic body is attached to w # 0:

—VvAV+ (Vv)v+Vp=0 in R*\ (®(Q) Uw) ,
div(v) =0 in R*\ (®(Q) Uw) ,

(1) v=0  ond(@))\dw,
| l‘im V=V,
—div(TE) =0 in ®(Q) ,
(2) n® TS =n® Tp(v,p) on I(®(Q))\ dw ,
P=1Id on Jw .

Here v denotes the (constant) coefficient of kinematical viscosity of the liquid,
n? the outward normal on 9(®(p)), TE the Cauchy stress tensor of the elastic
material (the constitutive equations for which are determined by the assumption
that the material is of St.Venant-Kirchoff type, see (24)), and Tr(v,p) the
Cauchy stress tensor of the liquid,

Tr(v,p) :=2vD(v) —pI,
D(v) := %(VV+ Vv,

where I is the identity tensor. Recall that for solenoidal velocities
divTr(v,p) =vAv —Vp .

We observe that the boundary condition n‘}Tg = n®Tg(v,p), on the liquid-
structure interface, states that the force exerted by the elastic body on the liquid
is the opposite of the force exerted by the liquid on the body. Furthermore,
the boundary condition ® = Id on dw in (2) describes the attachment of the
elastic body on w. We shall consider the problem where v, is given and the
deformation ® together with the liquid flow (v, p) are the unknowns. Note that
the above model is only meaningful when there is no contact between dw and
0P (), which will, however, be the case if the magnitude of v, is sufficiently
small.
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Figure 2: Flow past an elastic body with control forces f and g.

In the case where the elastic body is kept in place by control forces, f, and
surface tractions, g, we shall use the same notation as above and simply assume
that w = @. In principle, the control parameters f and g can be chosen in an
variety of ways. We shall make the following “simplest” choice

(3) f=c, g=kAn,

where ¢,k € R? and n is the unit outer normal to §g; see Figure 2. Of course,
the vectors ¢ and k are further unknowns of the problem. Note that our choice
of control parameters in (3) are expressed as forces in the reference domain €
and 0. Thus, the equations governing the equilibrium of B in this case are

A —div(Tg) = (det V® 1) c in ®(Q) ,
@) n® TE =n® Tp(v,p) + kA (cof V& 'n®) on d(®(Q)),

while those governing the motion of £ remain the same, and we are led to study
the coupled systems (1) and (4).

For simplicity, in the models above we have assumed that all prescribed body
forces, b, and surface tractions, t, are equal to zero. In fact, our results, suit-
ably restated, continue to hold with non-zero b and t. Also, we have chosen to
consider the no-slip boundary condition v = 0 on the liquid-structure surface,
as this is the most interesting situation from a physical point of view. With-
out further difficulties, however, more general boundary conditions could be
handled.

Our main result is a proof of existence and uniqueness of solutions for the
coupled systems (1), (2) and for the coupled systems (1), (4). More precisely,
we show that if |vy| is below a certain quantity, depending on £ and on the
material constants characterizing £ and B, there is one and only one solution
lying in a ball, centered at the origin of a suitable Banach space, whose radius
continuously depends on |va|.

The above result is obtained by a fixed point contraction argument based on
a priori estimates for proper linearizations of the governing equations. Being
Voo # 0, the “natural” linearization of the Navier-Stokes equations is provided



by the Oseen equations. Actually, the basic challenge of our approach resides
in finding the appropriate function space, &, where the estimates to the fully
non-homogeneous, exterior Oseen boundary-value problem need to be proved.
It turns out that & can be chosen as the intersection of suitable Lebesgue and
homogeneous Sobolev spaces; see Lemma 4.1.

Without loss of generality, we shall take v, directed along the unit vector
e1 and write Voo = ve€1 with v > 0.

Remark 1.1. The arbitrary constant up to which the pressure p is defined in
(1) is fized by requiring that p(x) — 0 as |x| — co. In other words, we fix the
constant equal to zero. We could fiz the constant to be any non-zero number, pg,
if we adjust our assumptions on the reference configuration accordingly. More
precisely, since pg determines the force exerted by the liquid on the elastic body
when the liquid is at rest, the reference configuration must be assumed to be the
domain occupied by the elastic body when the force determined by po is exerted
on it.

Remark 1.2. Ifw = 0, that is, if the body does not have a clamped portion of its
boundary, and we were not to introduce any control forces, the liquid-structure
problem would not have a solution. Actually, if w = 0 it follows that

0= / div(TEe;)dy = / n? TTe, dS

P(Q0) 0% (Q0)

= / Ilq) TF (v,p)e1 ds .
0®(Q0)

This relation shows that the component of the force exerted by the liquid on the
body in the direction of v, (the drag) is zero, a condition that can not be verified
(see [9, Theorem IX.5.1]).

The plan of the paper is the following. In Section 2 we introduce the ba-
sic notation and prove some preparatory results. Successively, in Section 3, we
reformulate the liquid-body problem in the reference configuration. In Section
4 we prove existence, uniqueness, and fundamental estimates for the exterior
Oseen boundary-value problem in proper function spaces. With the aid of these
results, we prove similar ones for the fully non-linear exterior Navier-Stokes
boundary-value problem. In Section 5, we recall a well-known well-posedness
theorem for the elasticity equations in Sobolev spaces and prove further esti-
mates for corresponding solutions. Finally, in Section 6, we combine the results
of the previous two sections and use the fixed point contraction lemma to show
existence and (local) uniqueness of solutions to the stated liquid-solid problems.



2 Notation and Preliminary Considerations.

We begin to recall some classical notation and differential identities. If A, B
denote second-order tensors in R3, we set 3

AB= AilBljei ®Ke;,

where Ay, and Byj, 4,7,1,k = 1,2,3, are the components of A and B in the
canonical base, {e1, e, e3}, of R?, and ® denotes dyadic product. Moreover, if
a is a vector with components a;, i = 1,2, 3, in that base, we set A a = A;rare;
and a A = A;ra;e,. We also define
divA = —2e;, Va=—e;®ey.
ox; 7’ Org Lok

We shall use boldface letters to denote vectors and tensors as well as vector-
and tensor-valued functions in R3.

Let x : x € R® — y = x(x) € R3 be a diffeomorphism of class C! from R3
onto itself. Thus, setting

F:=Vyx, J:=detF

we have (see for example [3])

(5) div(JF ' A) = J div,A ,
(6) div(JF'a) = Jdivya,
(7) (Va)F ' =V,a.

If, in (5), we choose A = I, with I denoting the identity tensor, we obtain the
Piola identity
div(JF 1) =0.

We shall denote by W™4(Q)) the classical non-homogeneous Sobolev spaces
and by ||-|lm,q.0 the associated norm. By D™9(Q) we denote the homogeneous

Sobolev spaces defined by
1
/|D°‘u|qu> f < oo} .
Q

We use Dy?(€2) to denote the completion of C2°(2) with respect to the norm
|-]1.4- Moreover, we use D~14(Q) to denote the dual of the space Dy? () with
1= % + %. Finally, we shall denote by C'5(2) the subspace of C'(€2) of bounded
functions. _

Next consider u € C1(Q; R3) and define

Dm’q(Q) = {U S Llloc<Q) | |u|qu = ( Z

laj=m

d,:xcQ—x+ulx) cR?.

3Throughout this paper, we shall use the summation convention over re-
peated indexes.



We shall usually denote by u a displacement vector-field of 2, in which case we
refer to ®,, as the corresponding deformation of 2. We now seek to construct,
based on u, a mapping deforming the exterior domain £ := R3 \ Q accordingly.
To this end, set

Sq.(Q) = {u e W>9(Q) | ||ul

2,q,92 < M} .
The following lemma holds.

Lemma 2.1. Let ¢ > 3 and let Q C R3 be a bounded, Lipschitz domain.
Moreover, let B D 2 and set § := dist(0Bgr, ). Then, there is a Ky =
Ko(g,9,8) > 0% such that for any u € Sy () with 0 < M < Ko we can find
a function 1 € W24(R3) N CL(R?) satisfying

(8) a=u inQ,

9) a(x) =0 forallx € R®\ By,

(10)  Jall2,qrs < Colull2q0  with Co = Co(q,2,0) ,

(11) Xu(X) :=x + 1 is a C*-diffeomorphism from & onto R?\ ®,(9).

Proof. For any given u € Sg a(€2), we construct the extension u as follows. Let
U be an extension of u to R? with U € W24(R?). By classical results, we know
that U exists and that

(12) [Ull2.q.2s < co[ull2,q,0

with co = co(q, Q) > 0. Let us next choose r < R such that Q C B, C Bg, with
R —r =4§/2, and let ¢ = 9(x) be a smooth cut-off function that is equal to 1
for x € B, and is zero for x € B%. This function can be chosen in such a way
that |Dy(x)| < 1671, |D?9(x)| < 2672, where ¢;, i = 1,2, are independent
of §, R and r. The desired extension is then given by @ := ¢)U. In fact, (8)
and (9) are obviously satisfied, whereas (10) is a consequence of (12) and of the
properties of the function 1. Consider now the map

Yu:Xx€eER —y=x+ucR?.
By the Sobolev embedding theorem we have W24(R3) — C!(R3), and that
[al[cres) < csllullz,qrs »

with c3 = c3(q) > 0. From this, it follows, in particular, that y, € C1(R3).
Furthermore, from (10) and from the fact that u € S, 2/(€0), we obtain

(13) lallcrmrsy <ca M,
and so, since

(14) Vyu = I+ Vi,

4Ky —0asd — 0.



we have

3 3
det(Vxu(x)) = [T +0;a)+ > [[A+ V)00
j=1 oeS3\{Id} j=1
1+ > M;(Va)
jeEA

with M;(Va) a mononomial with respect to the entries of Va and |A| = 12.
Thus, if the constant Ky is chosen as small as to satisfy the condition

1 K

(15) 0 124,

then

(16) det(Vxu(x)) >1—-12¢c4 Ky >0 .

From [5, Theorem 5.5-1(b)] and (13)-(14), we then find that x is injective. In
fact, it is easy to show that yy is surjective which, in turn, since x, = ®, on
Q, implies that x, is a diffeomorphism of class C' of £ onto R3 \ ®,(Q). To
show surjectivity, for any fixed y € R?, consider the map

P:xcR¥—y—i(x) € R®.
We have, by (13), that P € C*(R3) and moreover, by (15), that
sup |[VP(x)| < 1.

x€R3
Therefore, by well-known results (see for example [14, Theorem 1.XVII]) it
follows that P has a fixed point. This proves that y, is surjective, and the
proof of the lemma is thereby completed. O

Throughout this paper we shall use small letters (co,c1,...) to denote con-
stants in scope of a single proof, and capital letters (Cy, C1,...) to denote con-
stants in scope of the whole paper.

For any exterior domain O we set Or := O N Br(0) and OF := O\ Bg(0).
Similarly, for any Banach space X we put Xp := {x € X' | ||z|| < R}.

We shall from now on fix Q, g, and w to be the C?-domains from the
introduction. Moreover, we set £ := R3\ Q and fix R > 0 such that Br(0) D Q
and put ¢ := dist(0Br(0),00Q).

We shall make use of the Landau symbols (Big-O and Little-o notation) in

the sense that f € O(t) iff |f| < C|t| ast — 0 and f € o(t) iff% —0ast—0.

3 Reformulation of the Problem in the Refer-

ence Configuration.

In order to solve (1) coupled with either (2) or (4), we first transform the systems
into equivalent systems over the reference domain. For this purpose we use the



mapping constructed in Lemma 2.1. Writing the deformation as the identity
plus a displacement field, ® = Id +u, the corresponding mapping X, from
Lemma 2.1, maps the reference exterior domain & := R3\ (€ Uw) onto the
deformed exterior domain R? \ (®(Qp) Uw). Set y = yu(x),

w=w(x):=v(xux), ¢=4q(x):=pkux)),
and
Fuo:=Vxu, Ju:=detF,.
With the help of (5)-(7) we then find
(17)  (Vyv)v=

) D) = 5[(Vw) Pyt + BT (V)] = Dy(w)
(19)  div, T(v,q) = J3" div 20, F ' Dy(w)] — Jg' div(JuFy'ql),
)

(20 div(JuFy ' VWF, ') = JuV, div, v .

)
Vw)F,'w |

e

(18

Using (5), (6), (17), (19), and (20) we now obtain that the Navier-Stokes equa-
tions (1) can be written over the reference domain as

—vdiv(ALF; 'Vw ') + div(Augl) + (VW)Auw =0 in &,
div(Ayw) =0 in &,
(21) w =20 on Iy,

| llim W=V ,
whereby
Ay = JuFyl = (cof Fy)T.

When ¢ > 3, Wh4(€) is a Banach algebra. In this case the equations in (21)
become well-defined in a Sobolev space setting for u € W2:9(Q) since the entries
of Fy, and thereby also the those of Ay, then belong to I/Vlicq(g) by Lemma 2.1.
Also note that the asymptotic limits at infinity of w and v are identical since
Xu(x) =1 for large |x]|.

Introducing the first Piola-Kirchhoff stress tensor o(u), and using the Piola
Identity, we can write the elasticity equation (2) over the reference domain as

—div(e(u)) =0 in Qp ,
(22) no(u)=nTk(w,q) onTly,
u=20 on I,

where n is the outward normal on 9€ and
T%(W, q) = Au(2VDu(W) - qI) :
Similarly, we can write (4) over the reference domain as

{ — div(o(u))

=c in Qg ,
no(u)=nTi(w,q) +kAn only.

(23)



We assume the elastic body is a St.Venant-Kirchoff material, for which the
first Piola-Kirchhoff stress tensor takes the form

o(u) = (MTrE(u)I 4 2uE(u)(I 4+ Vu)' | with
(24) 1

E(u) = =(Vu' +Vu+ Vu' Vu)

2 (
and A and p denoting the Lamé constants. We can write the first Piola-Kirchhoff
stress tensor above as a sum of a linear, bi-linear, and tri-linear response func-
tion,

(25) o(u) =or(Vu)+opr(Vu,Vu) +orr(Vu, Vu, Vu) ,

with &z : R3*3 — R3*3 linear, gt : R3*3 x R3*3 — R3*3 bi-linear, and
Trr : R332 x R3*X3 x R3*3 — R3*3 tri-linear. Note that & is the response
function for the classical stress tensor of linear elasticity.

In the following, we show existence of a solution for the coupled systems (1),
(2) and the systems (1), (4) by solving the equivalent systems (21), (22) and
(21), (23), respectively.

4 The Liquid Equations

In this section we shall show that the liquid equations (21) over the reference do-
main have a unique solution (in suitable function class), provided u € Sy a7 (€2)
and v, and M are sufficiently small. We shall also establish some estimates for
the corresponding solutions.

First we rewrite (21) into

—VvAW + Vg + (Vw)w = Fy(w,q) in &,

div(w) = Gu(w) in& ,
(26)

w=20 onTy,
‘ l‘im W=V ,
with
Fa(w,q) = —vdiv(I— A F; )Vw ')+
div(gl — Ayql) + (Vw)(I - Ay)w
and

Gu(w) :=div(I—-Ay)w)=(I—-Ay): Vw.

The last equality above is due to the Piola Identity.

The purpose of rewriting the equations (21) into (26) is to have the Navier
Stokes equations on the left hand side and a perturbation term on the right-
hand side. When the displacement, u, is sufficiently small, the perturbation
term is small and we can hope to solve the equations using a fixpoint argument.

10



For this, we shall need a priori estimates of the operator on the left-hand side.
In order to obtain these, we shall further reformulate the equations such that
we have the Oseen linearization of the Navier Stokes equations on the left-hand
side. More specifically, we put (in accordance with the assumption that v, is
directed along eq)

Z:=W—Veoo, T:i=¢, Voo =7Us€]
and obtain
—VAZ + V55012 + V1 = =(V2)z + Fu(z2 + Voo, ™) in €,
div(z) = Gu(2) in &,
(27) Z = —Veo on Iy,
| llim z=0.

We have the following lemma on existence and a priori estimates of the Oseen
equations in exterior domains.

Lemma 4.1. Let O be an exterior domain of class C? and R > 0. Assume
that

(28) fe L"(0)nDy ""*7(0),
(29) g e W (0N L'2T(0) D51712/7((9) . and
(30) v, € W271/r,r(80) n W5/12’12/7(8(’))

for some r € (1,00). Then, the problem

—Av+ROV+Vp=Ff inO,
divv=g inO,
(31) v=v, ondO,
‘ l‘im v=0
has one and only one solution (v,p) such that
(32) (v,p) € D*"(0) N DM¥7(0) N LY(O) N L*(O) x D"(0) N L'*7(0) .

Moreover, for any arbitrarily fized Ry > 0, there exists Co = Co(O,Ro,7) >0
such that for any 0 < R < Rg the corresponding solution of (31) satisfies

2 H|VILa2s7 + [IVIla+ RYH Vs + [plrr + [Iplliz/7 <
(33) Co (Ifllr + 1€ =1,12/7 + lgllrr + llglliz/7 + 19l -1,12/7

+ [IValla=1/rr00 + IVill5/12,12/7,00) -

|v

Proof. Uniqueness in the class (32) follows from standard results (see [8, The-
orem VIL.6.2] and [8, Exercise VII.6.2]). Existence of a solution in a larger

11



class than (32) also follows from standard results (see for example [8, Theorem
VIL.7.2]). Thus we only need to verify that (33) holds. Consider first a solution
of the whole space problem

—Aw +ROw+Vg=Ff inR?,
divw=g¢ inR3,
lim w=0,

|z]—o0

with data satisfying (28) with R3 as underlying domain instead of O. From [8,
Theorem VII.4.1] we obtain the estimate

(34) W2 rs + [al1nrs < co(Ro) (IIF]

res 119l Rs)

and from [8, Theorem VII.4.2] the estimate

(35) RYY|wlls + [wli 127 + llall2/7 <
c1 ([f]2102/7 + Rlgl-1,12/7 + lglliz/7) -
Using the same technique (using cut-off functions) as in the proof of [8, Theorem

VII.7.1] and [8, Theorem VII.7.2], we obtain from (34) and (35) that the solution
of the exterior domain problem (31) satisfies the estimates

(36)  [Vls,r002 + [Pl 0002 <
c2(Ro) (Il + llgllvr + IVI1r0, + [IPllr0,)

and

731/4||V||3,0p/2 + [V]1,12/7,002 + [IPll12/7,0072 <
(37) s ([f]—102/7 + [VI-112/7,0, +|VVI_112/7,0, + [Pl-1,12/7,0,
+RIV|_112/7,0, + RIgl-1,12/7 + [ Vli2/7,0, + lgll12/7) 5

whereby the constant p > 0 is chosen such that 0° ¢ B,/3. Using now the

embedding L'2/11(0,) — Dy "'*/7(0,) and the fact that 12/11 < 12/7, it
follows that |v|_112/7.0, < ca[V|i2/7,0,- Hence we can reduce (37) to

R1/4||V||3,OP/2 +[Vl112/7,002 + Pll12/7,0072 <
(38) cs(Ro) (Ifl=1,12/7 + |gl=1,12/7 + llgl
+[pl-1,12/7,0, + lVll12/7,0,) -

12/7

Now we seek similar estimates over O,. By ellipticity of the Stokes operator
(see [8, Theorem IV.6.1] and [8, Exercise IV.6.2]) we have

Ivll2,r.0,+Pll1,r0, < c6 ([Ellro, + glliro, + IVell2—1/rr00

(39)
+Vll2-1/r.r08, + IVlro, + RlO1VIr0, + [Pllr0,)

12



and

Ivli112/7,0, + IPlli2/7,0, <

(40) c1(Ro) (f|-1,12/7,0, + lglli2/7,0, + [Vills/12,12/7,00
+Ivlls/12,12/7.08, + [VIh2/7.0, + 1Pl -1,12/7,0,)-

By [8, Theorem I1.3.4] we have

(41) Ivll2-1/rrom, < cs(|Vl2ro0e2 +IVIro,)

and

(42) 1Vlls/12,12/7,08, < co ([Vl112/7,002 + [[Vli2/7,0,) -

By the embedding W'2/7(0,) < L*(0,) we furthermore have

(43) Ivlls.0,,, < co0llvlii2/70,, -

Finally, from the embedding D*'?/7(0) < L*(©) we obtain

(44) Ivlla < ern[viLaz7 -

Combining now (36), (38), and (39)-(44) yields

Vlor + [VILa2s7 + [[VIla + RYA Vs + ol + P27 <
c12(Ro) (Il + [£]—1,12/7 + lgllrr + llglli2/7 + 9] -1,12/7

+ [Villa=1/r,r00 + | Vill5/12,12/7,00
+Ivl1r0, + 20, + IVl2/7.0, + [Pl-112/7.0,) -

(45)

We will now show that
Ivl1ro, +plro, + [IVli2/7,0, + |Pl-1,12/7,0, <
(46) C(Ro) (Il + €] -1,12/7 + Igll1,r + Igll12/7 + 19| -1,12/7
+ [Villa—1/rr00 + 1Vells/12,12/7,00)

which together with (45) implies (33). Assume there exists no constant C(Ry)
such that (46) holds for all solutions of (31). This would imply the existence of
sequences

{fe}, {gr} C C(0), {va} C WM (00) nWH/12127T(90)
and
{Ra} < (0, Ro]
such that, denoting by {(vg,px)} the solutions of the Oseen problems
—Avy + RO v + Vpp =1 in O,
divvy = gg in O,
(47) Vi = Vs on 00 |
lim vy =0,

|z|— 00
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(k=1,2,...), the following conditions hold

W€l +1fk| —1,02/7 + gkl + lgrlliz/r + gkl -1,12/7
+ IVarll2—=1/rr00 + [ Varlls/12,12/7,00 < 1/k
(49) Ivilliro, + IVelliz/7.0, + [Pk

(48)

ro, +|Pkl-112/70, = 1,
and there is R € [0, Rg] such that

Since (vi,pk) are solutions of (47), they satisfy (45). By (48) and (49) this
implies that (vi,px) are bounded in the norms on the left hand side of (45).
Thus we can find subsequences, still denoted by {(vk,px)}, and functions (v, p)
in the class (32) such that, as k — oo,

D*v, — D?>v and Vpp — Vp weakly in L"(0),
(50) vi — v weakly in L*(0), and

Vv — Vv and pr —p weakly in L12/7((9) .
By standard compact embeddings of Sobolev spaces we further obtain
(51) vi — v strongly in W"(0,) and L'?/7(0,), and
pr — p strongly in L"(O,) and W*1712/7(Op) .
From (47)-(51) we conclude that (v, p) and R satisfy the conditions

—Av+RAHV+Vp=0 inO,
divv=0 in O,

(52) v=0 ondO,
| llim v=0,
(53) v e DY), pe L'¥7(0),
and
(54) Ivl1ro, +IVI2/m0, +Plmo, + IPl-112/70, =1 -

However, by classical uniqueness theorems for the Oseen (if R > 0) and Stokes
(if R = 0) exterior problems (see [8, Theorem VII.6.2, Exercise VII.6.2 and
Theorem V.5.1]), (52) and (53) implies v = 0 and p = 0, which contradicts
(54). The proof of the lemma is thus completed. O

In order to formulate the next results, we find it convenient to define a
number of Banach spaces. For any given vy, > 0, we set

Z9E) == {2 € Ljoe(€) | llz] 20 < o0},
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whereby
(55) zl| 2o o= |2l2.q + |2l1,12/7 + [|Z]l4 + 024|125 -

It is obvious that (55) defines a norm in Z9(€) and that Z%(€), equipped with
this norm, becomes a Banach space. Likewise, set

'pq(g) = {p € Llloc(g) | HPHP‘I < OO} )
whereby

(56) 1pllPa == [Phg + lIpll2/7 -

The space P4(E) equipped with the norm (56) becomes a Banach space. We
also set

X&) = 29(&) x PUE), (2, p)l|lxa := |zl za + [Ipllpa -
Furthermore, we define

YUE) = A{f € Lige(€) | [Ifllye < 00},

whereby
(€llye == 1£]—112/7 + Ifllq »
and
QU(E) :=1{9 € Li(&) | llgllgn < o0}
whereby

llgllgs := |9|—1,12/7 + ||9H12/7 +1lgll,q -

In order to solve (27), we need to estimate all the terms on the right hand
side. We start with the convective term.

Lemma 4.2. Let ¢ > 3 and 21,22 € Z9(E). Then, there are constants C7 =
C1(E,q9) > 0 and Cy = C5(E) > 0 such that

(57) 1(Vz1)z2lq < Ch |21 z4]| 22| 24

(58) (VZ1)22| 112/7 < Co v |21 24|22 24

Proof. We recall the property that, if h € L™(£) N DY4(&), for some r > 1, then
h € L*(€) and the following inequality holds

(59) [Plloe < er (IAllr + Pl1q)

where ¢; = ¢1(€,7,q) > 0 (see for example [8, Remark I1.7.2]). Let z € Z9(&).
From (59), with » = 12/7, it easily follows that

12/7 _

. 2l < 2l | V235 12/
12/7 _

< o |2y Yy o (2l 112/7 + [2l2.0) 7 < csla 2,
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with ¢; = ¢;(€,9) > 0, i = 2,3. Using again (59), with » = 4, and (60) we also
deduce

(61) 12llco < ca(llzlla + |2]1,4) < 52 20,

where ¢; = ¢;(€,q) > 0, i = 4,5. Thus, by (60) and (61), we find, for some
Ce = cﬁ(qu) > 07

1(Vz1)z2llq < l|22]|ccl21]1,4 < c6 21| 24]|22] 24 ,

which proves (57).
Consider now 9 € Dé’12/5(5). By the Hoélder inequality and by (55), we
obtain

|((Vz1)z2, V)| < [|Z2]|3]Z1]1,12/7 /¥l 12
< v 4|z || zal|Z2 ) zall2 ] 12

Therefore, (58) follows from the latter and from the continuity of the embedding
DY) = L12(E). O

Having estimated the convective term on the right-hand side of (27), we move
on to the perturbation terms. To this end we need the following estimates.

Lemma 4.3. Let ¢ > 3 and Ko be as in Lemma 2.1. For ui,uz € Sq (o)
with M < My := min{ Ky, 1} the following properties hold:

1. The entries of 3! and Ay, are in WH4(B,) for all p>0 (i =1,2).
2. There exists a constant C3 = C3(q, Qo, Ko, R, ) > 0 such that

(62) IT—= Ay, ll1qe + 11— Aul-Fl_uT

1.6 < Cslluill2,.9, , i =1,2.
3. There exists a constant Cy = C4(q, Qo, Ko, R,0) > 0 such that

(63) [AwFy — AwFy l1ge + [Au — Aullige

< Cyflur —uzfl2,4,0, -

Proof. Put u = u;, i = 1,2. By definition, F, = I+ Vua and 1 € W24(R3).
Since ¢ > 3, Wh4(B,) is a Banach algebra, from which it follows that the
entries of cof(Fy) and hence of A, are in W4(B,). Moreover, by Lemma 2.1
the entries of Fy are continuous, and from (16) we have the pointwise estimate

(64) det(Fu) > CQ(KO) > 0.
Since

L
(65) Fu - det(Fu) (COf(FU))T ’
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it follows that the entries of F;! are in L9(B,). Denoting by inv : GL3 3(R) —
M 3(R) the inversion mapping inv(4) = A~! and using that (dinv(A), H) =
—A"'HA™', we find that

0i[F;] = 0;[inv(Fy))

u

(66)

= —F 1 (0;F,)F;" S (cof Fy) " (0iFy)(cof Fy) "

B 1
~ det(Fy)

Using (64) and the fact that the entries of cof Fy, are in Cy(B,) (due to the
embedding W14(B,) < Cy(B,)) we obtain that also the entries of 9;[F ;'] are
in LY(B,). Thus we conclude that the entries of Fg! are in W4(B,).

We now estimate

IT— Aullf, = [16;; — cof (T + V)l ,
= [[1 = cof T+ Vi) ||, + > _llcof (T + Vi) il ,

i#£]
(67) = |1 = det(T+ Va)"||3 , + > [l det(T+ Va)”||} ,
i#£]
3
=Y =1+ M(Va)T, + DMy (V)3
i=1 i#j

with M(V11) being a mononomial with respect to the entries of Vai. Using that
a2, < ec1llull2,q,0, and the fact that, by assumption, ||ul2,4,0, < 1, we obtain

(68) 1= Aullf ;< e2[ull3 4.0,
For the second term in (62) we have the estimate

”I - AuiF;iT

g = [(Fy —T+T— Aw)F Tl
<c3 (”Fu - IHLq +[T— Ay Lq) ”F;l”l,q .
Since ||Fu —1I||1.4 = [[V]l1.4 < ¢4 [Jul2.4.00, We just need to show that [|[Fgt|1 4

is bounded. From (64), (65), and (66) we obtain, using the Sobolev embedding
Wl’q(BR) — CB(BR), that

(69)

IF 1y < es M1+ [ Vi]1,) < (0,6, R, Ko, q)

which together with (69) and (68) implies (62).
The last inequality, (63), can be proved in completely similar fashion. [

We can now estimate the perturbation terms in (27). More specifically, we
have the following lemma.

Lemma 4.4. Let ¢ > 3 and My be as in Lemma 4.3. For u; € Sg p () with
0 <M < My and (z;,7;) € X9(&) (i = 1,2), the following inequalities hold:

Hfui(zi + Voovﬂi)”yq <

70
(70 Cs M ((1 + |voe|) (21, mi) | va + [[(2i, i) [3ea)
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(71) G, (zi)[|@s < Cs M ||(zi, mi)|| x4,

| Fuy (21 + Voo, 1) — Fup (22 + Voo, m2) ||y <
Cs ( M (1+ |vsol) [[(z1 — 22,71 — m2) || ot

(72)
[(zi, i) | xa (1 + [veo]) M1 — v2]|2,4,0,+
M ||| za |21 — 22|l za + [|2i]| %0 (01 — v2]l2,4,00 ) 5
gu1 z _gu VA e <
(73) [Gu, (z1) ,(z2)]lo

Cs (M||z1 — 22 za + [|zi]| za||u1 — v2|2,9,00) ,

where Cs = Cs(q,Q0, R, 6, My).
Proof. We will only show (72). The other estimates can be shown in a com-
pletely similar fashion. First we use the algebraic structure of W14(€), Lemma
2.1, and Lemma 4.3 to estimate
[div((I — Au, Fy, V2] — (1 - AwFy, )Vz; )[ge
< ¢ (”AuzFl:zT - AlllFl_llTHl»qf”vzlHL%ER+
IT— AwFy el Va1 — Vaz|ligen)

2.0.9 |21/l 20 + M||z1 — 22| za) .

<1 (Jlug — ug|
By similar arguments, and using (59), we furthermore obtain

[div((m1I—=Ay, m1I) — (m2l — Ay, mI))|[ge <
ca ([[ur —wz|l2,q.00l|m1llpa + M|[(21 — 22,71 — T2)| x4) -

Next we use the embedding W'4(Br) < Cg(Bg), the fact that the support of
(I—A,,) is in By, and Lemma 4.2 to obtain

[(V21)(T-Au, ) (21 + Voo) — (V22)(T = Ay, )(22 + Voo ) [lg.e <
c3 (Mllz1 — 22| za (|21 ]| 20 + voo)+

[ — u2]l2,q,00 |21 ]| 20+

a1 — w2ll2,0,0, |21 20 Voot

Mz 2l — z2]1z1 )
We now need similar estimates as above in the norm |- |_; 15/7. However, since
all the terms on the right-hand side above have bounded support in Bp, these
estimates follow from the ones above since for any f with supp f C Br we have

10i fl—1,12/7 < || flli2)7 < C(R)]|| fllg- Thus, combining all of the above estimates
we have shown (72). O

With the help of the above lemmas, we are now able to furnish the following
existence and uniqueness result for problem (27).
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Theorem 4.5. Let ¢ > 3 and My be as in Lemma 4.3. There are constants
Ji = Ji(q, Qo, Mo, 0, R,v) >0 (i =1,2), such that when 0 < M < J1, 0 < v <
Ja, and u € Sy (Qo), then problem (27) has a unique solution (z,m) € X(E)
with

(74) (2, )l xa < do(voo, J1)

whereby do(Veo, J1) € O(vs). Furthermore, for ui,ug € S (o) the corre-
sponding solutions (z1,m1), (z2,72) of (27) satisfy

(75) (21, 1) = (22, 72) || 0 < €(voo, J1) [lur — 02]]2,6,0
with e(Vso, J1) € O(Vso).-

Proof. The proof will be achieved by means of the Caccioppoli-Banach contrac-
tion mapping theorem. For d > 0, set

(€)= {(z,m) € XUE) : [|(z, ™) || ea <},
and consider the map
N (Z,1I) € X](€) — (z,m) € X](E)
where (z,7) is a solution to the problem

—VAZ+ 50012+ V1 = —(VZ)Z + Fu(Z 4+ v, II) in &,

div(z) = Gu(Z) in &,
(76) Z = —Veo only,
| llim z=0.

From Lemma 4.1, Lemma 4.2, and Lemma 4.4 we find that problem (76) has a
unique solution (z,7) € X4(&), whence N is well-defined. Moreover, by (33),
(57), (58), (70), and (71) this solution satisfies the estimate

1z, ™)l xa < Co([(VZ)Z]ys + [ Fu(Z + voo, IT) | ya
+19u(Z)ll @0 + coveo)
(77) < Co( (C1+ Cav )1 Z|Z

+ C5M((1+ vs)[(Z, 1) aea + [(Z, D)%)
+ Cs M||(Z, )| xa + coveo ) -

Choosing Jy, Jo < 1 we have both M < 1 and v < 1. Thus, putting

k1 (veo) := Co((C1 4+ Cov/*) + C5)
k‘Q = 30@05
k3 = C@Co
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we obtain, by (77),
(2, 7) |00 < k1 (voo) d? + o J1d + k3voo -
It follows that A maps X7 (€) into itself if d satisfies
(78) E1(veo) d* + (koJy — 1)d + k3vee <0 .
In order for this inequality to have positive solutions d, we must have
(79) kodi —1 <0 and (koJy —1)% > 4k (veo) k3 Voo -

This is clearly satisfied for J; and v, sufficiently small. Now fix such a J;.
Then for v, sufficiently small

(1 — k‘ng) — (1 — ’UOO)\/(]CQJ1 — 1)2 — 4k1(voo)k3voo
2k1(voo)

do(Veo, J1) 1=

satisfies (78) and consequently ' maps X (€) into itself. Clearly dy € O(veo).
We now prove that N is also a contraction with the above choice of dg. For
(Z;,11;) € Xgo (&), 1 =1,2 we use Lemma 4.1, Lemma 4.2, and Lemma 4.4 to
obtain
N (Zy,T01) — N (Zo, TT2) || a0 <
Co ((VZ1)Zy — (VZ2)Zs| y-
+ | Fu(Zy + voo, II1) — Fu(Za + voo, a)|| ya

(80) +11Gu(Z1) — Gu(Z2) @ )

< Co (2(C1 + Cov* + Cs) do(vec) [[(Z1, 1) = (22, Iz) | s

+3C51((Z1,10y) — (Z2, 112) [ )
< (2k1 (Vo) do(Voo) + k2 J1) ||(Z1,T11) — (Za, 112) || 2 -

By (79), we have koJ; < 1. Since furthermore k1 (voo )do (Voo ) — 0 as voo — 0, we
see that N becomes a contraction when vy, is sufficiently small. The existence
of a unique fixpoint for N in Xc‘fo (&) now follows from the Caccioppoli-Banach
Theorem.

We end the proof by showing (75). Consider uy, us € Sy a(€0) and corre-
sponding solutions (z1, p1), (z2, p2) of (27). Estimating as above we obtain

IN(z1,m1) — N (22, T2)| 20 <

< (2k1 (Voo )do (Vo) + k2 J1)||(21, T1) — (22, 72) || va+
CoCs5(do(vs0)® + 2do(veo) + do(vs0)) U1 — U2ll2,4.0

which completes the proof, since N'(z1,m1) — N (z2,m2) = (21,71 ) — (22, 72) and
Uso Was chosen above such that 2k1 (veo)d(veo ) + ka2 J1 < 1. O
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5 The Elasticity Equations

The objective of this section is to show existence and uniqueness of the elasticity
equations. We shall use a fixpoint approach which enables us to easily couple
the elasticity equations with the liquid equations.

Consider first the elasticity equations in the case where the elastic body,
Qp, is attached to a nondeformable body w. In this case the deformation of
the elastic body is governed by the traction displacement problem of non-linear
elasticity, which we in this section shall treat in the following generality:

—div(o(u)) =F(A\,u) in Qo ,
(81) no(u) =G(\u) only,
u=20 onl’ .

We will impose the following conditions on F and G. We assume that for e, M >

0 sufficiently small we can find constants Cr (M), Ca(M), Dp(M), Dg(M) > 0,
TF, VG S O(M)a and /8F7 BG S O(M) such that

(82)  F:(0,¢) x Sqm(0) — LU(Q) ,

83)  [[FA\u)llqg < Cpr(M)A+yr(M) ,

(84)  [ITF(\,u1) = F(\u2)llg < (Dp(M) A+ Br(M))[lur — uz|l2,4 ,

(85) G :(0,€) x Syar(Q) — WEL/a9(Ty) |

(86) [IG(A\u)lli—1/q,q < Ca(M)X+a(M)

(87)  IG(M\u1) — G\ u2)ll1-1/g,q < (Da(M) X+ Ba(M))[ug — uz|l2q -

We have the following theorem of existence and uniqueness of solutions for (81).

Theorem 5.1. Let ¢ > 3 and assume that F and G satisfy (82)-(87). There
exists an My > 0 such that for all 0 < M < My we can find \o(M) such that for
all 0 < X < Xo(M) there exists a unique solution u € Sy (o) of (81) which
furthermore satisfies

(83) [ull2,q < Co ([[FX w)llg + G w)l[1-1/q.4) -
where C(; = C@(Ml)
Proof. Recalling (25), we can write (81) as

—div(er) =div(epr +orr) + F(\u in Qq ,
(89) noy =-—-n (EBL + ETL) + G()\,u) on Iy,

u=0 onl'y .
From the theory of linear elasticity it is well known that the operator

(90) L= (— diV(EL),IlEL)

21



maps the space
(91) XE(Q) = {ue W?9(Qg) [u=0o0nT,}
homeomorphic onto
(92) VE(Qo) == LI(Qo) x W=Voq(Dy) .
Now put
T(u) = L' (div(epr +orr) + F(\,u) , —n (s +orL) + G(\,u)) .

Clearly, a fixpoint of 7}, is a solution of (81). We now show that for M sufficiently
small we can find \o(M) such that, whenever 0 < A < A\g(M), the mapping
T\ maps XL = XF N By (0) into itself and is contractive. The existence of
a unique fixpoint will then follow from the Caccioppoli-Banach Theorem. To
verify that 7 becomes a self-mapping we estimate, using the algebraic structure
of W14(Q)g) and the properties (83) and (86),

[7A()]l2,q <
£ (|div(e L (Vu, Vu) + &7 (Vu, Vu, Vu))|l,
+|n (@ (Vu,Vu) + &rr(Vu, Vu,Vu))|li-1/4,q
+[[F\ uw)lq + ”G()‘au)Hl—l/q,q)
<L (1 M? + c2MP 4 (Cr + Ca)A +vF +7a)
< e3(M) Ao(M) + o(M) .

We conclude that 7, becomes a self-mapping on X% for M sufficiently small
and \g(M) < ?ﬂ% Similarly, using now (84) and (87), we estimate
94)  [17a(u1) = Ta(u2)ll2.q < (ca(M) Mo(M) + O(M)) [[ur — uzll2,q

and conclude that 7, becomes a contraction when M is sufficiently small and
Ao(M) < % Having established the existence of a unique fixpoint, u, we

obtain (88) by an estimate similar to (93). O

We now treat the case where the elastic body {2y has no non-deformable
core, but is held in place by control forces. We then have w = () and 9Qy = I'y.
In this case we have to solve a free traction problem of the type

—div(e(u)) = F(A\,u) in Qq,
(95) { no'(u) = G()\, U.) on T .

Since we here dealing with a problem with a pure Neumann boundary condition,
the problem becomes more delicate than (81) as we have to ensure that the data
on the right hand side satisfies compatibility conditions. We thus need to impose
additional conditions on F and G. We again split the first Piola Kirchhoff stress
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tensor, as in (25), into a linear, bi-linear, and tri-linear part, and furthermore
put

(96) Ng(u) :=7pL(Vu,Vu) + orr(Vu,Vu, Vu) .

We need the following additional assumptions on F and G:

(97) /F()\,u) dz +/G(/\,u) S =0,
I

Qo

(98) /X/\F(A,u)dx—&-/x/\(} u)ds = /NE — Np(w)’ da .

QO 1—‘O

Here AV € R3? denotes the adjoint of a skew-symmetric A € R3*3 (AVY is
also called the axial vector of A, see [3]). Problem (95) is invariant under
infinitesimal ridgid displacements. We shall therefore need the space

Syar(Q0) == {u € S, () | /udzfo /Vudxf/Vqux}
Qo

We can now state the following theorem of existence and uniqueness of solutions
for (95).

Theorem 5.2. Let ¢ > 3 and assume that F and G satisfy (82)-(87) and (97)-
(98). There exists an My > 0 such that for all 0 < M < My we can find \o(M)
such that for all 0 < X\ < \o(M) there exists a unique solution u € Sy 1(Q) of
(95) which furthermore satisfies

(99) [ull2,q < C7 ([FX w)llg + [[GA, w)[l1-1/4,4)
where C7 = Cr(M3).
Proof. Put

XF(Qp) := {u e W2(Q) | /udx:O, /Vudac:/VuT dz}

Qo Qo Qo
and

YE(Qo) :={(f,g) € LU(Q) x W'1/9(Ty) |

/fd:z:+/gd570 /x/\fder/X/\gdS:O}.

o

From the linear theory of elasticity it is well known that £, see (90), maps
XF(Qp) homeomorphic onto YF(€). We can now replace X¥ with XF and
VE with YF in the proof of Theorem 81 and repeat the proof. Note that
assumptions (97)-(98) are necessary in order for 7, to be well defined in the
case where £ is considered as an operator from X onto Y~. O
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6 Unique Solvability of the Liquid-Structure
Problem

In this section we shall prove the main result of this paper, namely, that the
liquid-structure problem, described by the coupled systems (1) and, depending
on the model under consideration for the elastic body, (2) or (4), have a locally
unique solution if the magnitude of the datum, v, is suitably restricted. We
shall do so by solving the equivalent systems (27) and (22) or (23), respectively.
We shall obtain our result as simple consequence of the theorems in the previous
section.

In the case where elastic body is attached to a non-deformable body, we
have the following theorem.

Theorem 6.1. Let ¢ > 3 and My be the constant from Lemma 4.3. There
exists K1 = K1(q,Q0,0, R, Mo, A\, i, v) > 0 such that, if 0 < veo < Ki, then
the coupled system (27), (22) has a solution (u,(z,7)) € W2(Qy) x X(E)
satisfying the inequality

(100) [all2.9.00 + (2, m)[[xa < B,

where h = h(veo,q,Q0,0, R, Mo, A\, pt,v) > 0 and h € O(vs). Moreover, the
solution is unique in Sqa(Qo) X XI(E) C WU(Qq) x XIU(E) for sufficiently
small M >0 and d > 0.

Proof. Let J; and Jy be as in Theorem 4.5. For 0 < M < J; we can, by this
theorem, associate to any 0 < vy < Jo and u € S, r(£20) a unique solution
(z,m) € X9(&) of (27) satistying (74). Thus we can construct a mapping

G : (0,.J2) x Sga(Q0) — WH2UTy)
G(Vso,u) :=nTE(z,7) .

We now verify that G satisfies (86)-(87). Using the boundedness of the trace
operator
Trg : Wl,q(gR) — Wl_l/q’q(ro) s

the algebraic structure of W14(€), Lemma 4.3, and property (59), we obtain

InTE(z, m)|[1-1/4,4,00 = [N Au(2vDu(z) — 71)[[1-1/4,4,7
< ¢o [|Au(2vDu(z) — m1)[|1,q.e,
<1 (1+CsM) ([|7l1,q.6n + (14 CsM)||2l2,4,65)
< c2(M) [|(z, )| x4 -

(101)

Since (z, ) satisfies (74), we conclude that G satisfies (86). Similarly, we esti-
mate

InT% (21, 71) — 0Ty (22, 72)|l1-1/q,q,0%

102
Q027 (M) (s m) — (22 m2) e + 1 — Wt |20, 7))
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and conclude by (74) and (75) that G satisfies (87). We now apply Theorem
5.1 with G as above and F := 0 and obtain a unique solution u € Sy 7(£) of
(81) for sufficiently small M and vs,. Clearly this solution together with the
corresponding solution of (27) is a solution of the coupled systems (27), (22).
Moreover, by (88), (101), and (74) it satisfies (100). Finally, we note that any
other solution of (27), (22) also solves (81) with the same choice of F and G as
above. Hence local uniqueness follows from Theorem 5.1 and Theorem 4.5. [

We now move on to the case where the elastic body is held in place by a
control forces. We have following theorem.

Theorem 6.2. Let g > 3 and My be the constant from Lemma 4.3. There exists
Ky = Ko(q,Q0,0, R, Mo, A, 1, v) > 0 such that, if 0 < veo < Ko, then the coupled
system (27), (23) has a solution (c,k,u, (z,7)) € R3 x R3 x W29(Qq) x X4(E)
satisfying the inequality

(103) [all2,q.00 + [1(z ™)l xa + c] + k[ <1,

where 1 = (voo, ¢, 0,0, R, Mo, N\, i, v) > 0 and | € O(vs). Moreover, the
solution is unique in R3 x R? x Sq a(Qo) x XJ(E) for sufficiently small M >0
and d > 0.

Proof. Without loss of generality, we assume fQo xdr = 0. Let J; and Js be
as in Theorem 4.5. For 0 < M < J; we can, by this theorem, associate to
any 0 < voe < Jo and u € Sy p (o) a unique solution (z,7) € X(E) of (27)
satisfying (74). Now define

F: (0,J2) x Syar(Q0) — WH4(Qp) ,

-1
F(voo,u) := o] /nT%(z,ﬂ') ds
T'o

and
G : (0,J2) x Sqm(Q) — WTH29(Ty)
G(Vso, 1) 1= ﬁk(u, Voo) A +nTw(z,7)
with

k(u,v5) = /(./\/E(u)T —NE(u))vdx—/x/\ (nT%(z,7))dsS .

Q(] FO

We now verify that F and G satisfy the conditions (82)-(87) and (97)-(98). By
estimates similar to (101) and (102), we easily verify that F meets conditions
(83)-(84). In a similar manner we can also deduce

1G (1, v00)[[1-1/4,¢ < o k(1 v00)] + €1(M) voc
<o (M? 4+ M?) + c3(M) voo
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and
[G(u1,v00) — G(uz,vo0)[l1-1/4,
< ca|k(ur,ve0) — k(U2 v00)| 4 €5 (M) veo [[u1 — 12[[2,4

< o (M? + M)|luy — uz|l2,q + ¢5(M) vog |11 — 1y

|2,q

and thus verify that G satisfies (86)-(87). Finally, we note that, by construction,
F and G satisfy (97)-(98). This follows from the identity

1 3
am/x/\(a/\n)dS, VaeR
To

and the assumption that fQo xdzr = 0. We can now apply Theorem 5.2, with
F and G as above, and obtain a solution, u, of (95). Let (z,7) denote the
corresponding solution of (27) and put

1 Y

(104) c:= o] nT%(z,7)dS

and

(105) k:=k(u,ve) = /(/\fE(u)T —J\/E(u))vdx — /X/\ (nT%(z,7))dS .
Qo To

Clearly (c, k,u, (z,7)) is a solution of the coupled system (27), (23). The bound
(103) follows as in the proof of Theorem 6.1. Finally, we note that any other
solution of (27), (23) satisfies (95) with the above choice of F and G. This
can easily be seen by computing the compatibility conditions of (23). Local
uniqueness is therefore a consequence of Theorem 5.2 and Theorem 4.5. O

Remark 6.3. The solutions of the Navier-Stokes equations found in Theorem
6.1 and Theorem 6.2 are physically reasonable in the sense of Finn. This follows
from the fact that the solutions, by construction, belong to D%? and hence are
so-called D-solutions.

Remark 6.4. We could also treat other types of control forces in Theorem 6.2
than the ones chosen in (23). For example, instead of looking for a control
surface force acting tangential to the normal of the reference domain surface,
we could set out to find a control surface force acting tangential to the normal
in the deformed domain. Such a force would be of type

g=kA (Al n) on 99 .

Since Ay is close to the identity for small u, our method of proof for Theorem
6.2 would yield the same result of existence and local uniqueness in this case.
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