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Abstract

We consider an elastic body in a Navier-Stokes liquid occupying the
exterior with respect to the body. We study the unconstrained (free)
motion of the body when a constant body force is applied to it. When
moving freely in a liquid, an elastic body will deform in response to the
forces exerted on it by the fluid flowing past it. Furthermore, the body
may translate and rotate. We shall say that the body can perform a steady
free motion if the time-independent equations of motion in some rotating
frame attached to the body possesses a solution. We prove existence
of such solutions, provided the body force is sufficiently small and the
reference domain of the body satisfies a certain geometric property.
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1 Introduction

Consider an elastic body, B, fully submerged in a Navier-Stokes liquid, i.e.,
in a viscous, incompressible, Newtonian fluid. If a body force is applied to B,
the body will move through the liquid. If no constraints are enforced on the
motion, we shall say that the body moves freely. In particular, the body may
then rotate and translate freely. If the body is elastic, it may furthermore deform
due to the forces exerted on it by the fluid flowing past it. In our mathematical
analysis of the problem, we consider the translation, rotation, deformation, and
the motion of the liquid to be the unknowns. The body force and the stress
free shape of B are known. We shall restrict our analysis to constant body
forces. We will assume that the motion of the liquid is governed by the Navier-
Stokes equations and that the elastic body is a St.Venant-Kirchhoff material.
Consequently, the equations of motion will consist of a Navier-Stokes system
coupled with a nonlinear system of elasticity equations. Since no constraints
are imposed on the motion of B, the boundary values correspond to those of a
so-called free traction problem.

We are interested in steady motions. We define a steady motion to be a time-
independent solution of the equations of motion written in a frame attached to
some point in B and rotating with a constant angular velocity. Our main result
is a proof of existence of such a steady motion, provided the body force is
sufficiently small and the (stress free) shape of B satisfies a certain geometric
condition.

The condition we need to impose on the (stress free) shape of B is that of
an isolated orientation. This condition was originally introduced by Weinberger
in [21] in his study of the steady free fall of a rigid body. A rigid body is said
to perform a steady free fall in a Navier-Stokes liquid if, in a frame attached to
the body, the motion of the body, as prescribed by the action of gravity and
the conservation of linear and angular momentum, and the motion of the liquid,
as prescribed by the Navier-Stokes equations, is time-independent. In [21] the
existence of such steady free falls for rigid bodies was shown for the first time.
One may view our work as an attempt to extend the notion of a steady free
fall to an elastic (deformable) body and investigate the circumstances under
which it can be performed. For further results on the rigid body case, we refer
the reader to [11]. Here, we shall only mention that Serre, in the rigid body
case, proved (in [18]) that it is not necessary for the body to posses an isolated
orientation and that, therefore, any rigid body can perform a steady free fall in
a Navier-Stokes liquid. The proof of Serre exploits the possibility of formulating
the free fall problem in a weak sense. Unfortunately, such a weak formulation
is not directly compatible with the nonlinear elasticity equations, which is the
main reason we are not able to reproduce the result of Serre in the elastic body
case.

The mathematical study of the interaction between a Navier-Stokes liquid
and elastic structures is relatively new. For results in the steady-state case, we
refer the reader to [17, 14, 19]. All of these works are focused on a setting where
the liquid is contained in a (bounded) container with elastic walls. Recently,



the (exterior) flow of a Navier-Stokes liquid past an elastic body, fixed in space,
has been studied in [12]. For results on similar unsteady problems, we refer to
[15, 4, 6, 7]. For applications of the mathematical results, we refer to [13].

2 Notation and Preliminaries

We assume that Q0 C R? is a bounded domain with a connected C2-boundary.
We denote by dS and n the surface measure and the outer normal on 0f,
respectively. We fix Ry > 0 such that Q CC Bg,. We put £ := R*\ Q. By
the assumptions on €2, £ is an exterior domain. We will use the notation By to
denote balls B := {z € R" | |z| < 1} in R". We put g := ENBp for R > Ry.
Moreover, we use the notation Bg, r, := Br, \ Br,.

We let e;, i = 1,2, 3 denote the standard basis vectors in R3. For z,y € R?
we use the notation x A y to denote the vector product in R?. The product
of a second order tensor A € R3*3 and first order tensor a € R3 is defined as
(Aa); = Z?=1 Ajjaj, i =1,2,3. The scalar product A : B of two second order
tensors A, B € R3*3 is defined as A : B = > i j=1.23AijBij. In connection
with tensor products, we shall typically make use of the Einstein summation
convention and implicitly sum over all repeated indices. By cof(A) we denote
the co-factor matrix of A € R3*3. Recall that

cof (A) = det(A) A=T

whenever A is invertible.
For a differentiable vector field ® : R? — R3 we define V& as the second
order tensor field
(Vq))ij = 8j<I>i, 7,,] = 1, 2, 3.

For a differentiable second order tensor field A : R? — R3*3 we denote by
div(A) : R? — R? the vector field
3
le(A)Z = Zainﬁ 1= 1, 2, 3.
j=1

We recall the Piola identity

(2.1) div(cof V®) =0

for any differentiable vector field ® : R?® — R3. As a consequence,
div(U 0 ® cof V&) = det VO div(U) o &

holds for any differentiable U : R — R3*3. Moreover, we have the relation

1

(22) ne ° b = m

(cof V®) - n

between the outer normal ng on 9P(2) and n.



We denote by L4(G) and W™1(G) the usual Lebesgue and Sobolev spaces,
respectively, for m € Ny and ¢ > 1 and any domain G C R3. The associated
norms are denoted by ||-||q,¢ and ||-||m,q,c, respectively. When no confusion can
arise, we shall simply write ||-||; and |||, q- Depending on the context, function
spaces may consist of tensor- and vector-valued functions.

For a bounded domain G, we set

LI(G) :=={u e LYG) | /udx = 0}.
G

For an exterior domain &, we introduce the homogeneous Sobolev spaces
D™4(&) :={u € L}, ()| D'u e LYE), |I| =m}

and associated semi-norms

[l g 1= ( >/ |Dlu|Q>1/q.

[l]l=m ¢

We use C§°(€) to denote the space of all smooth functions with compact sup-
port, and define

m ——llm.q
Dy(€) = C§°(€)

and
DYYE) == {u € DYU(E) | div(u) = 0}.

Furthermore, we set

W E) :={uec L, () |[VR>0: uec W™ (ER)}.

loc

We recall (see for example [9, Chapter I1.5]) that
D™UE)y c WIHA(E).

loc

For1<t< %, we introduce the spaces
D?!(€) = fu € D*() | llull sy, +uly s < oo},
DU(€) = {u e DY(E) | lull s, < o0 }.
Finally, we need the space
W2P(Q) := {u € (Wz’p(Q))3 | /udx =0 and /(Vu — vu') dz = 0}
Q Q

of proper deformation vector fields of €2.
For general properties of the homogeneous Sobolev spaces we refer the reader
to [9]. We shall here just recall the Sobolev inequality:

2
(2.3) Yu € Dy (E) : |ulls < 75 ul1.2.



Concerning classical Sobolev spaces, we recall that the trace operator
(2.4) Trp : WHP(ER) — WITYPP(9Q), p> 1

is bounded with the norm independent of R. Moreover, when p > 3 the Sobolev
space W1P(Q) is an algebra (see [1, Chapter V]) and we have

(2.5) Yu,v € WHP(Q) w1, < C lul

1,p ||U||17p-

One can further show that for 1 < s < p and p > 3 there holds
(2.6)  V(u,v) € WHP(ER) x WH*(ER) : |luvllisen < Cllullipen 1v]15,6n:

with C' = C(R).

We shall make use of the Landau symbol (Big-O notation) in the sense that
f = O(al) iff |f] < Cla] as [2] — oc.

From now on we fix p > 3 and a > Rj.

Throughout the paper, we shall use small letters (co,c1,...) to denote con-
stants appearing only within a single proof, and capital letters (Co,Cy,...) to
denote constants appearing globally.

We shall frequently use a mapping that extends the deformation of an elastic
body to the exterior of the body. More precisely, we will make use of the
following lemma.

Lemma 2.1. There exists a Ko > 0 such that for any u € W*P(Q) with
llull2,p < Ko there ezists a function U € W2P(R3) N CH(R3) satisfying

(27 U=u inQ,

(2.8)  U(x)=0 forallz € R®\Bg,,

(2.9) U

(2.10)  xu(x) := 2+ U maps & C'-diffeomorphically onto R? \ (Id +u)(Q).

2p k2 < Co llull2p.0,

Proof. See [12, Lemma 1]. O

3 Steady Free Motion: Definition and Formula-
tion of the Problem

In this section we will give the definition of a steady free motion of an elastic
body B in a liquid £, and derive the corresponding relevant equations.

We assume that the body B in a stress free configuration occupies the closure
of the domain Q C R3, and, without loss of generality, that the center of mass
of B is at the point 0 € 2. Furthermore, we assume that the density of B in a
stress free configuration is constant. Finally, we assume that € has a connected
boundary. We shall refer to €2 as the reference configuration of B.



3.1 Equations of Motion of the Elastic Body
We describe the motion of B by

d:Qx[0,T] — R3,

which maps the reference configuration into the current configuration, with
respect to an inertial frame of reference Z, at time ¢t € [0,7]. When the body
moves freely under the action of a constant body force b € R3, the equations of
motion of B are

(3.1) p50f® =divTg o ® + phb  in Q x [0,7),

where Tg denotes the Cauchy stress tensor of the elastic material and p%, the
density of the body in the current configuration. We assume the material is of
St.Venant-Kirchhoff type (see Remark 3.2), whence, introducing the displace-
ment vector field
u(x,t) := ®(x,t) — x,

the first Piola-Kirchhoff stress tensor,
(3.2) op :=(Tgo®)cof VO,
is given by
(3:3) op(u*) =T +Vu" YA TrE(u")] +2upE(u")), with

' E(u*) = 4(Vu* + V" + V" Vu*)

and Ag, up denoting the Lamé constants. Using the Piola identity, we can write
the equations of motions (3.1) as

(3.4) P 0f® =divop(u*) + pib in Q x[0,T],
where we have used the relation
py =det VO p%

between the densities p%, and p% in the reference and current configuration,
respectively. Note that, by assumption, p; is a constant.

3.2 Equations of Motion of the Liquid

The motion of £ is described by the Navier-Stokes equations. We assume
that no body forces are acting on the liquid (see Remark 3.3). Consequently,
the equations governing the Eulerian velocity v* and pressure p* of the liquid
are

(3.5) pr (O™ +v* - Vo*) =divTr(v*,p*) in E*(t) x [0,T],
' div(v*) =0 in £*(t) x [0,T].
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Figure 1: Free motion of an elastic body in a liquid

Here Tr denotes the stress tensor of a Newtonian viscous fluid,
Tr(v*,p*) :=2uD(w") — p*I, with
D(v*) = 3(Vo* + vor?),

i the (constant) coefficient of viscosity, and ppr the (constant) density of the
liquid. Furthermore, £%(t) denotes the exterior domain

EX(t) :=R>\ ®(Q,1).

For sufficiently regular deformations of the body, the fluid-structure bound-
ary satisfies
O(®(1)) = (09, t).

We impose on 8(@(9, t)) the no-slip boundary condition

(3.6) v* (D(x,1),t) = 0, (x,t) for (z,t) € O x [0,T7,
and continuity of the stress vector

(3.7) Tp-n=Tg-n ond(®(Q,t) x[0,7T].
Finally, we assume the fluid is at rest at infinity,

(3.8) lim »* =0.

ly|—o0



3.3 Definition of a Steady Free Motion

The complete set of equations describing the free motion (under the action
of a constant body force) of B in £, with respect to the the inertial frame Z, is
given by (3.4), (3.5), (3.6), (3.7), and (3.8). The motion ® of B and (v,p) of
L are the unknowns in our setting. Recall that by a free motion we mean an
unconstrained motion of the body. We will study the steady free motions of B.
More precisely, we define a steady free motion in the following way:.

Definition 3.1. We shall say that B can perform a steady free motion in L if
there exists a frame of reference, F, with origin at some point in B and rotating
with a constant angular velocity, w, with respect to an inertial frame, I, such
that the equations of motion of the coupled system body/liquid expressed in F
possess a time-independent solution.

The objective of this paper is to show that, under certain conditions, such a
frame F exists. More precisely, we will show that I can perform a steady free
motion in £ under the action of a constant body force.

In order to obtain this result, it will be convenient to write the equations of
motion in such a frame. Consider therefore a frame F with the origin at some
point x%(t) = ®(x,,t) in B and rotating with constant angular velocity w € R3
with respect to Z. We take, without loss of generality, x. to be the center of
mass of ), which, as previously mentioned, we assume to be the origin, i.e.,
z. = 0.

If we describe the motion of B in F by

U:Qx[0,T] — R,

we have A
U=e“(®—2z) inQx][0,T],

C

where @ denotes the skew symmetric matrix

0 —Wws3 w2
W= w3 0 —Ww1
—W2 w1 0

We introduce the displacement vector field with respect to F,
u(z, t) := ¥(x,t) — x,

and define )
Ei=e il

The equations of motion of B, i.e., (3.4), expressed in terms of ¥ and u then
become

Pp(WAWA T + 2w A Oy + 02T)+

(3.9) : ) . _
PrwAE+E) =diveor(u) + pre b in Qx[0,7)].



In our context, &, w, and ¥ are the unknowns of this problem. Consequently,
finding a stationary solution to (3.9) amounts to finding a time-independent
function ¥ : Q — R? and constants &,w € R3 satisfying

(3.10) PrWAwATY +wAg)=divog(u) + pkb in Q.
Note that time independence of the term e~“* b implies
(3.11) bAw=0.

If we assume that det fQ VW¥dx > 0 — the solutions we find will have this
property — we can always find, by polar decomposition of fQ VWV dz, a unique
Q@ € SO(3) such that U, := QU satisfies

(3.12) /V\I/dda: = /Wg dz.
Q Q

If we now multiply (3.10) by @ we obtain

P ((Qw) A (Qw) A Wq + (Qw) A (QF)) = divop(ug) + pp(Qb) in €,

where uq(x) := Uy4(x) — 2. Thus, introducing

wy = Qu, &g = QE, and bg == Qb,
we obtain a solution to (3.10)—(3.11) by solving

Prwa Awi AVq +wq A&q) =divop(uad) + pgpba  in Q,
(313) bg Nwg =0,
|ba| = [b],

with respect to unknowns wg,&4,bq € R3, and ¥y : Q — R3 satisfying (3.12),
and recover the original quantities w,& € R® and ¥ by determining a rotation
Q € SO(3) such that by = Qb (recall that b is a known quantity) *.

Note that the choice of rotation @ is only unique up to a rotation leaving b
unchanged, but that two different choices of admissible rotations correspond to
the same steady state solution only written in different frames of reference F;
and Fy, with 77 differing only from F> by superposition of a rotation leaving b
invariant. In physical terms, ) determines how to reorientate the body between
the reference configuration and the steady state in the current configuration.

We summerize that finding a stationary solution to the equations of motion
of B in the frame F amounts to solving (3.13) with respect to wq,&q,bq € R3,
and ¥, : Q — R3 satisfying (3.12).

ILet @ € R denote the angle between b and by. If b A by # 0 then one can choose
Q = exp(6R) with R being the skew symmetric matrix representation of the vector bAbg

[6Abg] "
In the trivial case where b A by = 0 one may choose Q = I if b=0b45 and Q = —1I if b = —by.

10



We shall next express the motion of £ in F in terms of the velocity field v
and pressure term p defined as

(3.14) v(y,t) = e “to* (et y + 2k, t) in V() x [0,T] and
(3.15) p(y.t) = p" (e y + 2l 1) in Y(t) x (0,7,

where Y(t) := R3\ ¥(Q,t). The equations of motions, (3.5), written in terms
of v and p are

pr (0w + Vo — (wAy+£) +wAv) =divTe(v,p) in Y(t) x [0,T],
div(v) = 0 in V(1) x [0,T].

Thus, the time-independent equations of motion of £ in F become

{pF(Vv(v —(WAy+8)) +wAv) =divTe(v,p) in ),

(3.16) div(v) =0 in Y,

with ) := R3\ ¥(Q). The no-slip boundary condition, (3.6), expressed in terms
of v is

(3.17) v(iy) =&+wAy on 9.

In order to couple these equations with (3.13), we rewrite them over the
domain Yy := R3\ ¥,(Q). Introducing

(3.18) va(ya) = Qu(Q"ya) in Y,
(3.19) pa(ya) == p(QTya)  in Va,
we can write (3.16) and (3.17) as

pr(Vva(va — (wa A ya + €a)) + wa Avg) = div Te(vg, pa)  in Va,
(3.20) div(vg) = 0 in Y,
Vd :§d+wd/\yd on 8yd,

which is the form of the steady-state equations of motion of £ in the frame F
we shall be using.

In the following, we will focus only on the systems (3.13) and (3.20), and we
therefore omit the subscript d.

We now write the steady-state equations of motion as equations over the
reference domains €2 and £. For this purpose, we need a diffeomorphism of &
onto R3\ ¥(Q). Lemma 2.1 ensures the existence of such a mapping, X, when
u is sufficiently small. We set

W:i=VO Xuy, q:=DPO Xu,
and
A, = (cof Vxu)!, Fy, = qujl, Jy = det Vi, and

(3.21) N - -
T%(w,q) = (M(VwVXu vy, Tve™) - qI) cof Vxy.

11



Using the Piola identity (see (2.1)—(2.2)), the complete set of steady-state equa-
tions of motion including boundary conditions, namely (3.12), (3.13), (3.20),
(3.7), and (3.17), can be expressed as

(3.22) PrwAwA Xy +wAE) =divog(u) + pid in €,
' op(u) -n="Tyw,q) n on 0f,

pr(VwAy(w — & —wAxy) + JywAw) =divTh(w,q) iné&,

div(A,w) =0 in &,
(3.23) w=&+wA Xy on 092,
| l‘im w =0,

beb= b2,

(325) { /(VU — V’U,T) dz = 0.

Q

{ bAw =0,
(3.24)

We conclude that B can perform a steady free motion in £ if the coupled
system (3.22)-(3.25) possesses a solution (u,w,q,&,w,b).

Remark 3.2. We have chosen to consider a St.Venant-Kirchhoff material, as it is
the most widely used model in nonlinear elasticity. However, our mathematical
analysis can, without significant changes, be carried out with the same results for
more general constitutive equations for the Cauchy stress tensor of the elastic
material. In fact, all constitutive equations that linearize as the St.Venant-
Kirchhoff material, i.e., produce the classical operator of linear elasticity as
linearization, could be included in our analysis.

Remark 3.3. If we introduce gravity as a field force in the fluid, the equations
of motions would be those a freely falling elastic body. A constant field force
such as gravity, g € R3, in the fluid equations does not cause any additional
difficulties in the mathematical treatment, as one can simply modify the pressure
term with g -y. In this case, however, steady solutions only exist if this term is
disregarded in the fluid-structure coupling condition (3.7), due to the term being
time dependent in any frame attached to the body. Physically, this reflects the
fact that the hydrostatic pressure of the liquid becomes ever larger as a the depth
of the falling body increases. Since our elastic body model is compressible, a
steady free fall as such does not exist. Disregarding the hydrostatic pressure in
the fluid-structure coupling condition, though, is physically reasonable in certain
regimes, for example pr < p';, in which case our result yield the existence of a
steady free fall.

3.4 Non-dimensionlization

We shall show, in our main result, the existence of a solution to (3.22)-
(3.25) under a suitable smallness conditions on the data. In order to properly

12



express this smallness condition, we find it appropriate to write the equations
in a suitable non-dimensional form.

We choose Ty = —E5— as characteristic time scale, Dy = T 21b| as charac-
teristic length scale, Vy = Dy /T, as characteristic velocity, and Py = u/Tp as
characteristic pressure scale (see Remark 3.4). Moreover, denoting by 7 the Pos-
sion ratio of the elastic material, we introduce a dimensionless Piola-Kirchhoff
stress-tensor

(3.26) o(u) :=2(I + Vu*) (T Tr E(u)I + (1 - 20)E(u)),
and dimensionless Cauchy stress-tensors

T(v,p) := Vo + Vol —pl,
T%(w, q) :== (VwVyx, ' + Vx, T Vw’ — gI) cof Vy,
of the fluid, expressed in the current and reference configuration, respectively.
Finally, we introduce the dimensionless constants
__pprlbl?
(ke + Ap)®’
R = p—F,

P

and write the equations (3.22)-(3.25) on the non-dimensional form

(3.27) { (WAWAXy+wAE) =diva(u)+Th in Q,
o(u) -n=T"w,q) n on 09,
T (VwA,(w— € —wAxu) + Juw Aw) =divT*(w,q) in &,
div(A,w) =0 in &,
(3.28) w=&+wAXy on ol
‘1|1m w =0,
bA 0,
(3.29) {b

330 {/VU—VU l‘ZO,
Q

with respect to non-dimensional variables (u,w, ¢,§,w,b).

Remark 3.4. Another possible choice of scale would be to choose characteristic
length Dy as the diameter of the elastic body (in its stress free configuration). In
this case the left hand side of (3.27) rescales with the nondimensional constant
U:= W All the other equations remain unchanged, and our results continue

to hold with obvious modifications due to the factor U.

13



4 Main Result

Our main result is a proof of existence of solutions to (3.27)-(3.30).

4.1 Strategy of Proof

Before stating and proving our main theorem, we shall describe the main
idea behind the proof.

If we, in the system (3.27)—(3.30), ignore all nonlinear terms in the elasticity
equations (3.27) and fluid equations (3.28) we obtain the system

(41) divo?(Vu) = —Tb in Q,
. ol (Vu) -n=T(w,q)-n on 0Q,
divT(w,q) =0 in &,
div(w) =0 in &,
(4.2) w=&+wAz on Jf,
| llim w =0,
bAw =0,
4.3
(43) {b«b 1,
(4.4) { /(Vu — VuT) dz =0,
Q

where ol denotes the linear part of the stress tensor o (see (4.13)). We shall
first look for a locally unique solution to (4.1)—(4.4).

The system (4.1) is the classical free traction problem of linear elasticity. It
is solvable if and only if the data satisfy the compatibility conditions

(4.5) —|Q|Tb= | T(w,q)-ndS and 0= [ zA (T(w,q) n)dS.
/ /

Observe now that (4.2), (4.3), and (4.5) are, formally, the equations govern-
ing the free fall (under the action of the gravity field b) of a rigid body of mass
79| in a Stokes fluid®. We can thus at this point use the results of Weinberger
from [21]. Following [21], we introduce the definition an isolated orientation
(see section 4.2), which is a geometric condition on Q. Similar to the procedure
in [21], we obtain a locally unique solution (ug, wo, 4o, &0, wo, bo) of (4.1)—(4.4)
when this condition satisfied, i.e., when ) possesses an isolated orientation.

In the next step, we write the equations of motion (3.27)-(3.30) as a per-
turbation around (ug,wo, qo, &0, wo, bo). Exploiting the local uniqueness of the
solution (ug,wo, qo, &0, wo,bp) to the linear problem, we shall then prove ex-
istence of a solution to (3.22)-(3.25), for sufficiently small values of 7, by a
fixed-point approach.

2If we consider ¢ as a “modified” pressure term with respect to gravity.
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4.2 Isolated Orientation

In order to state our main theorem, we first introduce the notion of an
isolated orientation. This notion was originally introduced by Weinberger in
[21] as an isolated direction of fall, which, as already observed, is a geometric
condition on . Although we use the same definition as Weinberger, we choose
a different name more appropriate to the context of our problem.

Let (), p@) and (H®, P®), i =1,2,3, denote the solutions to the Stokes
problems

AR —VpD =0 in €,
div(h?) =0 in €,
(4.6) R =e; on 89,
|x1|iinoo AP =0,
and
AH®Y —vPY =0 in &,
div(HW) =0 in &,
(4.7) H® =¢; Az on 89,

respectively. We put, for 7,5 = 1,2, 3,

- @) )y .

K .f/(T(h ,p'") n)de,
oN

Cji = /(x/\ (T(h(i),p(“)-n)> ds,
on J

Qji = /(T(H(i),P(i)) -n)dS, and
on

Tji ::/<x/\(T(H(i)7P(i))-n)> ds.
o J

The existence of the auxiliary fields (h(?),p®) and (H® 6 P@) follows from
standard theory (see for example [9, Chapter V]). Since we assume 052 to be of
class C2, we deduce that (A, p®), (H®, P)) ¢ W22(E) and that the integrals
in (4.6)-(4.7) are well-defined. We now introduce the 3 x 3 matrices

K:= (Kij)7 T:= (Tij)a C:= (Cij)a and Q = (Q”) (Z7j = 172,3)

One can show (see [16] or [3]) that the matrices K and T are are symmetric and
positive definite, that

(4.9) Q=CT,

(4.8)
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and that the matrix
A:= (T - CK!CT)~1(|QICK™1)
is well defined.

Definition 4.1 (Isolated Orientation). If A has a simple eigenvalue, \g, then
the corresponding normalized eigenvector, by, is called an isolated orientation
of Q. In this case, we put

(4.10) o ==K (=|Q/bo — C" (Aobo)).

We note that the existence of an isolated orientation only depends on the
shape of €. For a comprehensive analysis on this matter, we refer the reader to
[21] (see also [16]).

We shall briefly comment on the physical interpretation of an isolated orien-
tation. For this purpose, we consider for a moment 2 to be a domain occupied
by a rigid body with constant density normalized to 1 and fully submerged in a
Stokes liquid. A steady state motion under the action of a constant body force
can now be defined, as in the elastic body case (see Definition 3.1), as a station-
ary solution to the equations of motion, comprising in this case of the Stokes
equations for the liquid part and conservation of linear and angular momentum
for the body part, in a frame of reference rotating with a constant angular ve-
locity, or more precisely as a solution (w,q,w,&,b) to (4.2), (4.3), (4.5) (with
7 =1). It can be shown (see [21]) that the existence of such a solution can be
reduced to the resolution of the algebraic system

K¢ + ACTh = —|Qb,
(4.11) CE¢+ ATh =0,
b-b=1,

with unknowns (£, \,b). Here, as in the elastic body case, £ € R? denotes the
velocity of the center of mass and w = Ab, A € R the angular velocity of the
body. One can now easily verify that (&, A\, b) is a solution to (4.11) if and
only if A is en eigenvalue of A, b a corresponding normalized eigenvector, and &
given by (4.10). Moreover, if A is a simple eigenvalue, it follows that any small
change in the direction of b of the corresponding steady state will result in a
configuration that is no longer a steady state. More precisely, in this case there
exists a neighborhood U C R? of b such that no other steady state solution
(&1, M1,b1, w1, q1) to (4.2), (4.3), (4.5) exists with by € U. In this sense, b is
isolated.

Ezample 4.2. A homegenous two-bladed “skrew-propeller” as described in [16]
is an example of a body with an isolated orientation. More specifically, consider
two identical thin circular homogeneous discs joined together by a thin rod in

such a way that the angle between the planes of the discs is 20 with 0 < 6 < %
(see figure 2). Denote by ¢ the radii of the discs and h the distance from disc
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T

Figure 2: Two-bladed skrew-propeller

center to disc center. Assume the discs are so far apart that the hydrodynamic
interaction between them can be neglected, that is, 7 < 1. Assume further that
the rod and discs are sufficiently thin such that the hydrodynamical resistance
due to the rod and thickness of the discs also becomes negligible. If we describe
this body in a coordinate system with origin in the middel of the connecting
rod, which coincides with the center of mass, and the unit axes choosen as in
figure 2, then one can calculate (see [16])

Kl] O O Tll 0 0
K= 0 Ky 0|, T={(0 T2 0],
0 0 Kz 0 0 Ts
and
Ci1 0 0
C = 0 _Cll 0 ’
0 0 0
where
32 32 o
Kll _ EC(Z + COSQ(O)), K22 = 30(2 + Sin2(9)>7 K33 = EC;
32 32 o
T11 _ §Ch2 (2 T Sil’l2(9))7 T22 = §Ch2 (2 + COSZ(H))7 T33 = 363?

2
Cyy = %Ch sin(0) cos(6),

and higher order terms in 7 have been neglected. Consequently,

sin(6) cos(0)
64ch . 60 9 0
A = |Q| 0 75177,((54)6;05( ) 0
0 0 0

We conclude that the two-bladed “skrew-propeller” has three simple eignevalues
and corresponding isolated orientation. Fach of the “natural” axes of rotation
(in this case the x1- and zo-axis) are isolated orientations with corresponding
nonzero angular velocities. The axis directed along the connecting rod is also
an isolated orientation, but with zero angular velocity.

17



Connecting rod — ——__

0 - T

Figure 3: Two-bladed impeller

Example 4.3. A homegenous ellipsoide is an example of a body without any
isolated orientation. In this case one has C = 0 and thus A = 0. Consequently,
A = 0 is the only eigenvalue and R? the corresponding eigenspace. In physical
terms this means that a rigid homogeneous ellipsoide can perfom a steady free
motion in a Stokes liquid under the action of a constant body force regardless
of its orientation and with no rotation.

Ezxample 4.4. A two-bladed impeller is another example of a body without any
isolated orientation. Consider two identical homogeneous circular discs, tilted
with respect to the x;—z3-plane by a an angle 6§ and —0, respectively, with
0 < 6 < %, and centers joined together by a connecting rod (see figure 3).
Assume the discs are so far apart that the hydrodynamic interaction between
them can be neglected, and that the rod and discs are sufficiently thin such
that the hydrodynamical resistance due to the rod and thickness of the discs

also becomes negligible. Then one can calculate (see [16])
0
0

0 0
A=|o0 0],
0 Az 0

which has only 0 as eigenvalue with a corresponding two-dimensional eigenspace.

4.3 Statement of the Main Theorem

We can now state our main theorem.

Theorem 4.5 (Main Theorem). Let p > 3 and Q C R3 be a bounded domain
with a connected C? boundary. Assume that € possesses an isolated orientation.
If T is sufficiently small, then there exists a solution

(u,w, q,& w,b) € WHP(Q) x (DM2(E) N WP (E)) x WLP(E) x R® x R® x R?

loc loc

to (3.27)~(3.30).

18



The theorem will be proved according to the following plan. In section 4.4 we
scale the equations (3.27)—(3.30) appropriately. The new scaling is convenient
for writing (3.27)-(3.30) as a perturbation around a solution to (4.1)—(4.4). In
particular, we will write the fluid equations (3.28) as a perturbations around
solutions to the Stokes problem (4.2). Consequently, we need some results on
the Stokes problem, which we collect in section 4.5. The complete perturbated
system will be derived in section 4.6. Since our equations include a free traction
problem, we need to include the corresponding compatibility conditions, which
are described in section 4.7. We then solve the resulting equations by the invad-
ing domain technique. More precisely, we first solve the equations in bounded
domains £ N B,, see section 5, and find a solution to the original problem as
a limit of the corresponding solutions as ¢ — oco. To solve the approximating
problems in £ N B,, we use a fixed-point approach based on the Tychonov’s
theorem, see section 5.1. To construct the underlying operator, we study sepa-
rately the validity of the compatibility conditions (see section 5.2), the unique
solvability of the appropriately linearized fluid equations (see section 5.3), and
the linearized elasticity equations (see section 5.4). The approximating prob-
lems in bounded domains are then solved in section 5.5. It is crucial, at this
point, to obtain estimates for the approximating solutions independent of ¢ in
appropriate norms. The original problem is finally solved in section 6.

4.4 Scaling

First we write the condition b Aw = 0 in (3.29) as

w=2Ab
with A € R. We now put
e=T
and introduce the scaled quantities
_ 1 _ 1 _ 1
U= —u, w = —w, q:=—-q,
€ € €
(4.12) ! o ]
W= -w, &= =€, A==
€ € €

Moreover, we split the nonlinear stress tensor ¢ into a linear, o, bi-linear, o2,
and tri-linear, o, form on R3*3,

o(u) = a"(Vu) + 0B (Vu, Vu) + o (Vu, Vu, Vu),
where (recall (3.3) and (3.26))
(4.13) ol = AgTr Ep(u)I + 2upEL(u),
(4.14) of = AgTr Ex(u)] + 2upEn(u) + Vu(Ag Tr Ep(u)] + 2upEr(u)),
(4.15) o7 := Vu(\g Tr Ex(u)I 4 2upEy(u)), with
(4.16) Er(u):= %(Vu +Vul)and Ey := %(VUTVU).
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We put
(4.17) N (d,¢) := ea®(Va, Va) + 20’ (Va, Vi, Va).

We can now write (3.27)-(3.30) in terms of the scaled quantities. We will omit
the bar notation for all quantities appearing in (4.12). Thus, from now on, @,
w, 4, @, £, and A will be denoted by u, w, q, w, &, and \, respectively. We then
obtain, introducing the scaled quantities in (3.27)-(3.29), the system

div(c®(Vu)) = 2(WAWA Xeu +wAE) — b
(4.18) — div(N (u,€)) in Q,
ol (Vu) -n=-N(u,e) -n+T"(w,q) -n on I,

div T*(w, q) = R (VwAey (0 — € — w A Xeu) )+
E2R(Jeyw A w) in &,
(419) diV(Aauw) =0 in g,
w=&+ WA Xeu on 0},
| l‘im w =0,
=Ab

(4.20) A

b-b=1,
[ fresinies

Q

where (u,w, q,&, \,w,b) are the unknowns.

4.5 The Stokes Problem

In this subsection, we collect the necessary results on the Stokes problem
needed to prove our main theorem.

Theorem 4.6. Let 1 <t < % and t < s <p. For all
(f,9,v:) € XFH(E) == L (E) N LHE) x WHe(E) nWHH(E) x W21/55(9Q)
there exists a unique solution
(z,m) € V'(E) = D**(€) N D*'(£) x D*() N D(&)
to

Az—-Vr=f €,
(4.22) div(z) =g iné&,

z=1v, on O0f.
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Moreover, this solution satisfies for any R > Ry the estimate

(4.23)  |zll2.5.6n + |2l2s + |2l20 + 17l 565 + I7]1s + |7l1e <

Cr(Ifls + £ lle + gllns + llglle + vella-1/s,s)

with 01 = Cl(S,t, R)
Proof. See [9, Theorem 4.3 and Exercise V.4.3]. O

We can prove a similar result for solutions to the perturbed Stokes problem
arising when the Stokes problem over a deformed domain is written as equations
over the reference domain.

Theorem 4.7. Let 1 <t < %, t<s<p, and R > Ry. There exists g > 0
such that when u € W*P(Q) with ||ull2,, < €o then for all

(f,9,0.) € XSH(E) == L(E) N LHE) x WH(E) N WHH(E) x W2T1/5(90)
there exists a unique solution
(z,7) € YEH(E) == D**(£) N D*(E) x D*(E) N DYH(E)
to
div(VzF, AT — g ATy = f iné&,
(4.24) div(Ayz) =g né&,

z=wv, on 0.

Moreover, this solution satisfies the estimate

(4.25)  [zll2.5.6n + |2l2,s + |2los - [17ll1s.n + 71 + |7lie <
Co (Iflls + £ 1l + llglls + llgllve + llvella-1/s,5)
with CQ = CQ(S,t, R, 60).

Proof. First we choose ¢ < Ky, with Ky being the constant from Lemma 2.1,
and consider u € W2P(Q) with |lul2, < €. Note that the quantities 4, and
F,, are well defined. Next we introduce the norm

1z, )]

Equipped with this norm, yg’t(g) becomes a Banach space. We then define an
operator

yot = 2ll2sen + 12125 + |2l2e + 17lhsen + [70s + I7]1e

P:Yg'(€) = Vg'(€),
mapping (w,q) € Y& into the unique solution (z,7) € Y& of
Az —Vr = f+div(Vw(l — F,AL) —q(I — AL)) iné€,
(4.26) div(z) = g + div((I — Ay)w) in &,

Z = Uy on 0f2.
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We note that P is well defined by Theorem 4.6. Indeed, using (2.6) and the fact
that, by (2.8), F, = A, = I on R3\ Bg,, we deduce
f+div(Vw(I — F, ALY — (1 — AL)) € L*(&) N LY(€).
Moreover, applying the Piola identity, we see that
g+div((I — A)w) =g+ I — A,)" : Vw e WH(E) NWH(E).

We conclude that the functions on the right hand side in (4.26) satisfy the
conditions of Theorem 4.6. Thus we obtain the existence of a unique solution
(z,m) € Yg'. This verifies that P is well defined. We shall now show the
existence of a unique fixed point of P. To this end, consider (wy,¢1), (w2, q2) €
V&', We estimate, using Theorem 4.6 and (2.6),
[P(w1,q1) — P(wz,g2)| vyt
= |P(wy — w2, q1 — 2)llys
< O ([1div(V(wr —w2)(I = FuAD) — (a1 — a2)(I = AY)) [ls +
|div (V (w1 = w2)(I = FuAY) = (a1 — a2)(I = AD)) |l +
(4.27) (1 = Au)" = V(wi = wa) 1,6+
(1 = Au)" s V(wi = wa)1,¢)

<1 (Jlwr — walla,s.ep, 1T — FuALll1p.en, +

lar = a2ll1,5,6n0 I = AL l1,p,6m, +
w1 — w2||27$,€R0 - A5||171)7€R0)7

where ¢; = ¢1(s,t). Note that, recalling (2.10) and (3.21),

1 = Ay llpen, = 1 = cof (I = VU)|l1p.en, < [M(VU)

|1,p,5R0 )

with M(VU) being a monomial with respect to the entries of VU. Thus,
choosing ey < 1 and using (2.9), we deduce

(4.28) 11— Al ll1p.en, < c2llull2p0.
Similarly, we have

I = FuAllpeny = IFu(Fyt =T+ 1= A1 p,
< esl|Fullipen, (1F =1

ERO

|1»Z7:5R0 + ”I - Ag'

1117151?.0)

< el Fullip.er, ull2,p.0-

Consequently, since

1
||Fu||1,p,5R0 = ”W cof VXqu,p,SRO
1
STE MV [T+ Ma(VU)1,p.xr,
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with M;(VU) (i = 1,2) again denoting monomials with respect to the entries
of VU, we obtain for g( sufficiently small, using (2.9),

(4.29) 1 = FuAyll1p.er, < csllu

2,p,Q
where ¢5 = ¢5(g0). Combining now (4.27), (4.28), and (4.29), we conclude that
|P(w1,q1) — P(wa, g2)] it

< ¢ (Jlwr — wall2,s,.650, + l1 — g2

< ereo |[(wr, q2) — (w2, g2)|

15.6r, ) 1ull2p.0

vyt

with ¢z = c¢7(s,t,e0). It follows that P is a contraction for ey sufficiently
small. Hence, using Banach’s fixed-point theorem, we conclude the existence
of a unique fixed point (z,7) € Y§*(€) of P. By construction of P, (z,7) is a
unique solution to (4.24). Finally, by applying (4.23) to (4.26), we find that

1(z,m)]

vt < CL(Iflls + 1 flle + lglls + gllee + loallz—i/s,s+
Idiv(V2(I = FyAY) = w(I = AD)|l o+
|div(V2(I = F,AL) — a1 = AD) |+
I = AT s Vellis + (T — AT s V2l1).
Consequently, using (2.6), (4.28), and (4.29), we deduce that
Gz m)llys < es (ILFlls + 1F1le + gl
[[(z, 7))

where cg = cg(s,t, R,£0). It follows that (4.25) holds for g < i O

Ls +llglle + lloellz-1/s,s+

vt |ul 2,17,9)’

As a consequence of the theorem above, we state the following lemma.

Lemma 4.8. Let g < s <p, Ry < Ri < Rs, and ¢ be as in Theorem 4.7.
When u € W2P(Q) with ||ull2,p.0 < €0, then any solution

(277T) € Wl’S(E"Rz) N D1)2(€R2) X Ls(gRg) N L2(8R2)

0 div(VzF, AT — 7 ATY = f  in &g,,
div(Ayz) =g in Er,,
z=wv, on 0L,

with

(f.9,vs) € L*(ERy) x Wh(Eg,) x W21%5(9Q),
satisfies (z,m) € W25 (Eg,) x WH3(Eg,) and

Iz

|27378R1 + ||7TH175,SR1 <
Cs (I1flls.n, + llg
with 03 = Og(S,RQ, R1,€Q).

(4.30)

12, + [sll2=1/5.500 + 121020, + [7lls28,),
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Proof. Let ¢r, € C§°(R%R) be a cut-off function with 1z, = 0 on R3 \ Bg,
and ¥r, = 1 on Bg,. Put

ZR, ‘= ’l/)RIZ and TR, ‘= QZJRIW.

Note that (zg,,mr,) € W*(Er,) N DV2(ER,) x L*(Er,) N L*(ER,) is a weak
solution to
div(Vzg, F, AL — 7p, AL) = fr, in &,
(4.31) div(Ayzr,) = gr, iné&,
Zr, = Ux  on 0§,

with

fry == Yr, [+ (AR, 2R, +2V2zR, VYpr,) — mr, Vi, and
9Rr, ‘= leg + va1 2

Since fr, and gg, have bounded support, we have fr, € L*(£) N L5 (€) and
gr, € WH5(&) N Wl’g(é'). Hence, by Theorem 4.7, there exists a solution
(Zr, Tr,) € D*5() N D*3(&) x DY*(£) N DY3(&) to (4.31) satisfying the
estimate (4.25). We claim that (Zgr,,7Tr,) = (2r,,7r,). To see this, note
that (w,q) := (Zr, o x5! — 2R, © Xu s TR, © X0 ' — TR, © X, 1) is a solution in
Dy (Xu (£)) x L*(xu(€)) to the homogeneous Stokes problem

Aw—Vqg=0 in x,(&),
(4.32) div(w) =0 in xu(€),
w=0 ond(xu(&)).

Uniqueness of solutions in D% (xu, (£)) x L*(xu(€)) to (4.32) thus implies w =
g = 0 and thereby the claim. Finally we conclude, since (Zg,,7Tr,) satisfies
(4.25) and exploiting that fr, and gr, have bounded support, that

2112565, +17ll1s.6n, < 2R lI2,5.6 + 7R 1,5,
<a (HfR1||s + 1R, l|1,s + H’U*H271/s,s,8ﬂ>7
from which we deduce (4.30). O
The final result we need on the Stokes problem is the following lemma.

Lemma 4.9. Let 1 <t < %, t < s <p, and g9 be as in Theorem 4.7. When
u € W2P(Q) with ||Jull2p < e0, then solutions (z,7),(Z,11) € V&'(€) to

Az—Vr=0 iné,
(4.33) div(z) =0 iné&,

z=wv, on Jdf,
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and

div(VZFE, AT —T1ATY =0  in &,
(4.34) div(A,Z) =0 in&,
Z =170, on 0,

respectively, with v,, v, € W2~1/5(08), satisfy
(435> ||T<Z57T) _Tu(Z7 H)Hlfl/s,s,aﬂ
< Ca ([loe = Dullz-1/s,s + [ull2p.@llPellz-1/s,5)
with C4 = 04(607 S,t).
Proof. Put (w,q) := (2 — Z,m —II). Then (w,q) € Y§'(€) and satisfies
Aw —Vq=div(VZ(F,A] — 1) -TI(A] = 1)) in&,
div(w) = (A, — )T : VZ in &,

W = Vy — Vs on ON.

By Theorem 4.6 and Theorem 4.7, and recalling that F,, = A, = I on R3\ Bg,,
we obtain

1w, @)ll2,5,8r, < 1 ((1Z]12.5,8r, + ITT]
(436) ||U* — IlN}*”Q—l/s,s)

< ¢ ([|0clla—1/s,5 lull2,p.0 + Jo — Dull2—1/5,5)

Ls.ery U202 +

with ¢o = ¢3(eg, 8,t). Furthermore, by boundedness of the trace-operator (see
(2.4)), we deduce
IT(z,7) = T*(Z, 1) [[1-1/s,5,00
< cs HT(Z77T) - Tu(27 H)' 1,5,ER,
< (IT(z = 2,7 = M) se5, + 1T(Z,10) = T*(Z.1D) || 15.65,)

L S . T,
+ (1Z2]l2,5,60, + 1Tll2,5,65,)l|ull2,p,0)
<6 ([l(w,9)ll2.5.6r, + [0xll2=1/5,5,00llull2p.0)
with cg = cg(€0, ). We now combine (4.36) and (4.37) to obtain (4.35). O

4.6 Perturbing Around an Isolated Orientation

In the following, we assume that (bg, Ao, &p) is an isolated orientation (recall
Definition 4.1). We shall now write the system (4.18)-(4.21) as a perturbation
around (bg, A, &p), or more precisely around a solution to (4.1)—(4.4).
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We start the by introducing the unique solution ug € W*?(Q) to

div et (Vug) = —b in Q,
(4.38) { vo~(Vuo) = —bo

ol (Vug) -n = T(wo, q0) -n on 09,
where?
wo = &o,ih ™D + (Nobo): HY and g := &9, + (Aobo )i PV,

Classical theory of linear elasticity (see for example [20, Chapter III, Theorem
7.6] or [5, Chapter 6, Exercise 6.3]) ensures the existence of a unique solution
ug € W?P(Q) if and only if the data on the right hand side in (4.38) satisfy the
compatibility conditions

(4.39) /fbo dz = /T(wo,qo) -ndS and
Q a0
(4.40) /x A (=bo)dx = /x A (T(wo, qo) - n) dS.
Q a0
Recalling the definitions in (4.8) and (4.9), we can write (4.39)-(4.40) as *
K& + CT(Aobg) =— Qb
(4.41) §o +C" (Aobo) |12[bo,
C& + T(Xobg) =0.

We verity directly that (4.41), is satisfied for &, given by (4.10). Inserting the
expression (4.10) for & in (4.41),, we furthermore see that (4.41), is satisfied
when by is an eigenvector of A and A\g the corresponding eigenvalue. In partic-
ular, (4.41) is satisfied when (Ag, bo, &o) is an isolated orientation, which is the
case here.

We also need to introduce the solutions to the perturbed auxiliary Stokes
problems

div (R pD) =0 in &,
div(Ac,hP) =0 in €&,
) = e; on 0,
lim A% =0,

|z]—o0

(4.42)

3We make use of the Einstein summation convention.

4Note that the integral on the left hand side in (4.40) is 0 due to the assumption that the
center of mass of B3 in a stress free configuration coincides with the origin of our coordinate
system
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and

div T**(H®, PW) = 0 in &,
div(A., HD) =0 in &,
(4.43) H® =¢; A Xew ON 08,
Iml‘igloo H® = 0.

Provided we have u € W2P(Q) with |eul|2,5,0 < €0, €0 being the constant from
Theorem 4.7, which shall indeed be the case in what follows, such solutions
exist, by Theorem 4.7 (note that div T%(z,7) = div(VzF., AL, — 1AL ) when
div(Acy2) = 0), with

(4.44) RO HD e D*P(E) and pW, PYD e DIP(E).

Since T=* = T for |z| > Ry, (A, D) and (H®, P(") are solutions to a classical
Stokes problem in the exterior domain R? \ Bg,. Hence the decay properties

oo 1 . 1
B j(#) B g (@)
(4.45) IDPh (2)] < Cs B and |[D°HY(z)| < Cs B

follow for any multi-index 8 with 0 < |3 < 2 and C5 = C5(eq) (see for example
[9, Theorem V.3.2]).
We shall look for a solution

(u,w,q,€,\,b) € WHP(Q) x DV2(E)NW2P(E) x WP (E) x R® x R? x R?

loc loc

to (4.18)-(4.21) of the form
E=6+E A=X+A b=by+B, u=ug+i,
(4.46) w=&MY + () HY 4 2= wg + 2,
q= &-155:? + ()\b)ipg) + T i=qr+,
where
(447) AW =ph®, HY = yrBH®, 5O = ypp®, PO = PO,
and g is a cut-off function satisfying

wR € COO(RSaR)7 wR > Oa
(4.48) supp(Yr) C Br, %¥r=1in Bg/y, and
D yr(y)| < CR™IAI for any multi-index 8 > 0.

Note that the splitting of w in (4.46) has been done in such a way that z has zero
boundary values on 0. Further note that the terms £, A, B, and 4 represent
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the actual perturbation with respect to the solution to (4.1)—(4.4). We now set

Wo, R 1= 50,1'71%) + (/\obo)iﬁg)y
do,r = fO,iﬁ%) + ()\obo)ipz({ci)v

WR = élh%) + (S\bo + )\03)1.[:[1(;) + 5\3 Vl(zi),

and expand the expressions in (4.46), which yields
w = Eoih%) + (Aobo)i HY + &R + (Abo + Ao B)iHY + ABHY +
= G0,illp 000)illp illR 0 ob)illp R z
= wo,r +Wr + 2,
q= fO,iﬁ%) + (Aobo)z’pg) + 51]5%) + (Abo + /\oB)iP}{) + S\B}v’g) +7

=do,r +qr + .

The following remark is in order concerning the notation introduced above.
We use a wedge, e.g., h, to denote functions defined on the reference domain,
and a tilde, e.g., £, to denote quantities that a intrinsically small, like all the

perturbation terms. o
Finally, we write (4.18)—(4.21) in terms of the unknowns (@, z, 7, A, B, §):

div(c™(Va)) = -B — div (N (u,€))

+ 2 (WAWA Xeu +wAE) in Q,
(4.49) (Vi) -n = (T(z,7) + T*“(@r,qr)) - n +
(T**(wo, g, Go,r) — T(wo, q0)) - n
—N(u,e)-n on 09,
div T (2, 7) = e*R(VzAcuz + V2 Ay (g — & — w A Xeu) +
VirAcuz + Jeuw N2 ) +
E?R(VpAcy (g — € — WA Xew)) +
(4.50) E2R(Jeyw ANig) — div T (g, §r) in &,
div(Aeyz) = —div(A,WR) in &,
z=0 on 012,
e # = O

w=Ab,
(4.51) . R
2y -B=—-B-B,

(4.52) {/va—vadezo.
Q
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4.7 Compatibility Conditions

According to the theory of linear elasticity (see [20, Chapter III, Theorem
7.6] and [5, Chapter 6, Exercise 6.3]), (4.49) is solvable if and only if the data
on the right-hand side of (4.49) satisfy the compatibility conditions

/—B—div(/\/(u,s)) +E(WAWA Xeu FwAE) dz =

Q
(4.53) /(Tsu(zﬂf) + T="(dr, 4r)) -1 +
89
(T (w0, R, Go,r) — T(wo, q0) — N(u,€)) -n dS
and
g A | —div(N(u,e)) + 2 (WAWA Xeu) | dz =
[ ( )
(4.54) /a: A <(TE“(2,7T) + T (wg, (jR)) ‘n +

o)
(T (wo,r, o,r) — T(wo,q0) — N(u,€)) - n > ds.
Recalling (4.8) and (4.9), we can write (4.53)-(4.54) as

(4.55) KE + CT(Abg + Mo B) + | B 4+ CT(AB) = Ry (, 2,7, A, B, £, €),
' CE + T(Abo + MoB) + T(AB) = Ra(@, z,m, A, B, £, €)

where
Rl(ﬂv Z, T, 5\7 Bv éu 5) =
/— div(N(u,e)) + (W AW A Xew +w A E) da
Q
- [ @) 17 n ) - T@.) -+
o0
(T=*(wo,r, do,r) — T(wo, q0) — N'(u,€)) -n dS
and o
Ro(t, z,m, A, B, &, €
/ ( )+e (w/\w/\xeu)> dz
Q

/‘ (Twzm+T “(dp,dr) — T@,7) -1 +
o0

(T="(wo,r; do,r) — T(wo, q0) — N (u,€)) - n ) ds,
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with

@ 4 (Abo 4+ AB);HD + ABH® |  and

7:=E&p™ + (Abo + X B); PO + ABPW.

Notice that the barred quantities are intrinsically small.

Remark 4.10. Note that if R > Ry then Ry and Ry do not depend on R since

in this case ¥yg = 1 in an neighborhood around 0f2.

5 Approximating Problem in Bounded Domains

We will use an invading domain technique to solve, in particular, the fluid

equations (4.50). More precisely, we replace £ with

and solve the problem in such bounded domains for arbitrarily large values of
0. The complete coupled system that includes the compatibility conditions of

E:=ENB, (0> Ry),

the elasticity equations is then given by

(5.3)

(5.4)

{

div(o™(Va)) = =B — div(N(u,¢))

+E2ADANDA Xew + ADAE) I Q,

o"(Va) -n = (T(z,7) + T*“(@r,dr)) - n +

(T=*(wo, g, Go,r) — T(wo, q0)—

N(u,e)) -n on 09,
divT*(z,7) = ezR(VzAguz + VzA (g — & — MDA Xeu)

+ VigAcuz + Jou Ab A 2) +
ER(VirAcu(Wr — & — Ab A Xeu)

+ Jeuw Ab A WR)
— div T*“(wr, 4r) in &,
div(Aeyz) = — div(Ac, WR) in &,
z=0 on 0&,,

KE + CT(Xbg 4+ Ao B) + | B = Ry (@, z, 7, \, B, £, ¢) — CT(AB),
CE+ T(Ab + AoB) = Ra(, z, 7, A\, B, €, ) — T(AB),
2by- B=—-B- B,

/(va - Vi) dz = 0.
Q

5.1 Fixed-Point Approach

We will solve (5.1)-(5.4) by a fixed-point approach. For this purpose, we put

1z m)lIxe = 2h2e, + I7ll2.ean + 12l2p.60 + I7ll1pea
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(recall that @ > Ry is a fixed constant) and introduce the space
X7 = {(2,7) € Lipe(€) X Lige(€at1) | [|(z,m) ]| x7 < 00}.
Moreover, we put
Y7 = W2P(Q) x X7, [ lye = [ llzp0 + - llxe-
Clearly, X? and Y7 are reflexive Banach spaces. We put
S1 = {u € WP(Q) | [|ull2p.0 <1}

and introduce for a + 1 < 3 < o the set

S0 = {(2,m) € Wo(Er) X LE(Earr) |

12l 2.6, + ITll2600 + 2ll2pea + lI7ll1pe. <6,
div(z) =0in & \ Eg}.

Note that S; x Sg‘f C Y7 is a closed bounded subset of Y.
We will construct a mapping

R

with the property that a corresponding fixed point is a solution to (5.1)-(5.4).
We then show existence of such a fixed point for appropriately chosen constants
e, R,3,0. These quantities will be chosen independently on o, allowing us to
obtain a solution to (4.49)-(4.51) by letting o tend to infinity.

In order to construct X, we shall first prove theorems of unique solvability of
the compatibility conditions (5.3), the fluid equations (5.2), and the elasticity
equations (5.1), separately. Since we shall later apply the Tychonov fixed-point
theorem to K with respect to the weak topology of Y7, we also need to prove
weak continuity properties of these solutions with respect to the data.

5.2 Validity of the Compatibility Conditions

If we linearize the operator on the left hand side of (4.55), the resulting linear
operator is a bijection. In fact, this is the reason why we group the equations as
we do in (5.1)—(5.3). The bijective property is a direct consequence of (bg, Ag, o)
being an isolated orientation. We state and prove this in the following lemma.

Lemma 5.1. The linear operator
Lo :R3xR>xR—R3xR3 xR,

(5.5) o KE + CT(Abo + Ao B) + 2| B
Lco(€ B, A) = C£ + T(Abo + Ao B)
2bg - B

s a bijection.
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Proof. Tt suffices to show that Lo has a trivial kernel. Let (£, B,\) € ker Lc.
Then

E=K 1 (=|QB - CT(\by + Mo B)),
(5.6) (A — X\oI)B = by,
bo-B=0

Comequently7 (A — X\oI)2B = 0. Since ) is a simple eigenvalue, it follows that
= aby, a € R, which by (5.6)3 implies B = 0. Inserting this into (5.6), yields
/\ = 0. Finally, by (5.6); we also obtain £=0. O

Remark 5.2. The proof of Lemma 5.1 is the only place where the assumption
that Ao is a simple eigenvalue of A is used.

We can now prove the following theorem of existence for the system (5.3).
Note that the system (5.3) and thereby the solution hereof does not depend on
R (recall Remark 4.10).

Theorem 5.3. There exists constants €1,61 > 0 such that for all 0 < € < &1
and 0 < 6 < 61 there exists

(5.7) v =(g,0) =0(e+9)
such that for all (4,z,m) € S1 x ng there exists a unique solution
(£, B,\) €B, CR3*x R3 xR
of the system (5.3). We denote by
Sc 81 x S50 — B, CR¥ xR xR,
{Sc(ﬁ’zﬂf) = (& BN
the corresponding mapping.

Proof. Let (4, z,m) € S1 x S:;f. By Lemma 5.1, L is a bijection. Hence, we
can define
7T:R*xR?®xR—R?xR? xR,
I(Z,%B,A) == L' (Ri(@, z,m, A, B, E,e) — CT(AB),
Ro(@, z,m, A, B,E, &) — T(AB), —B - B).
We will now show that Z becomes a contraction which maps the ball B, C

R3 x R? x R into itself when v, ¢, d are sufficiently small. We start by assuming
v < 59 for some constant 7y > 0. Repeatedly using (2.4) and (2.5), we obtain
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for (A,B,E) € B, that
|R1 (@, z,m, A, B, =2, ¢)|
< (VW e)lhpe + €+ T (2, m)[1,p.6x,
T (DR, qr) — T(@,Q)[l1-1/p.p.00
T (o, R, Go,r) — T(wo, q0)1-1/p.p.6%)
< (e+ 0+ T (g, Gr) — T(@,9)|l1-1/pp.00
+ [ T (@0, do,r) — T(wo, go)ll1-1/p,p,09)

with ¢o = ca(e1,70). We now choose ¢; < gg and apply Lemma 4.9, with s = p
and some 1 <t < %, and obtain

|R1(a7 Z,T, A> %7 E? E)'
<c3(e+0+|T(W0r, Gr) — T(W,9)|l1-1/pp.00

+ | T (o, r, Go,r) — T (wo, q0)|l1-1/p,p,09)
<cey(e+0),

with ¢4 = ¢4(e1,70). In a similar manner, we estimate
|Ro(t, 2z, m, A, B, E &) <c5(e+0),
with ¢5 = ¢5(e1,70). It follows that
IZT(Z,B,A)| <6 L5 (e +6+7°) < er(e+68+72),
with ¢z = ¢7(e1,70). Thus, Z becomes a self-mapping on B, when

cr(e+6+7%) <.

This condition is satisfied if we let €1, §; be sufficiently small so that e;+4d; < %

7
and choose v = 2c¢7(e; + 01). Note that such a choice of ~ satisfies (5.7).
Moreover, similar estimates as above yield

|Z(Z1,B1, A1) — Z(Z2, B2, Ag)| < cgey [(E1,B1, A1) — (B2, B2, A2)|,

from which we conclude that Z is a contraction for sufficiently small . By
Banach’s fixed-point theorem, we then obtain the existence of a unique fixed
point (5, B, 5\) € B, of Z. By construction of Z, (é, B, 5\) is a unique solution in
B, to (5.3). O

Theorem 5.4. S¢ is weakly continuous as mapping from Y° into R”.

Proof. Consider a sequence

{ {(n, 20 T0) }oy © St x S50

(s 2y Tn) = (@, 2,m) as n — oo.

33



Put

(én; :\n7 Bn) = SC(ﬁna Zn, '/Tn) and
(&, X B) == Sc(it, z,).

Assume that (gn,j\n,an)ﬂoeNs not converge to (E,S\,B) as n — oo. Since, by

construction of S¢, {(&n, An, Bn)}ne; is bounded, we can then extract a subse-

quence converging to some element, say ({,,;, An; s Bm) — (5*, N, B*) as i — oo,
with (€%, \*, B*) # (€, A, B). Compactness of the embedding W' (Q) — C°(Q)
implies that Vi,, — Vi in C°(Q) as i — oo, which, in turn, implies that
N (tn,,€) — N(u,e) in C°(Q) as i — co. Note that

/div(]\/(um,s)) dz = /N(um,s) -ndz
89

Q

and
/ac/\div(./\/(um,s)) dz = /a:/\ (N (un,,€) - n) dS+

Q o0

/J\/’(um, &)l — N(up,, ) dz,
Q

where the last integrand is to be understood as the axial vector corresponding
to the skew symmetric matrix N (uy,, )’ — N(uy,,€), i.e., the vector of which
N (tn,, )T — N(up,,€) is the skew symmetric matrix representation. It follows
that

/div(./\/'(um,e)) dz — /div(/\/(u, g))dz as i— oo
Q )

and

/x/\div(/\f(uni,s)) dx—>/ac/\div(/\/(u7£)) dz as i— oo.

Q Q

By compactness of the embedding WP (&,) — C°(E,), we obtain VXeun, —
VXeu in CY(E,) as i — oo. Hence also Awni — A, and Fguni — F,, in
C°(&,) as i — oo. Furthermore, using the same compact embedding, we also
have Vz,, — Vz and 7,, — 7 in C°(&,) as i — co. We are now able to deduce
that

(58) Rj(an“zni;7Tni7gnw/\ntm) - Rj(’l],z,ﬂ',é*,j\*,é*) as i — 00,

(j = 1,2). Tt follows that ({t*,S\*J B*)

tion made. We conclude that (&,, S\n, B, O

|
™
>
gz
g
3
!
8
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5.3 Solvability of the Fluid Equations

We first linearize the fluid equations (5.2). More specifically, we consider for
YAS Sg‘f the linearized system

div T (2, ) = e*R(V2Acu Z + V2 Acy (g — & = Ab A Xeu)
+ VibpAcyz + Jeu AbA 2) +
52R(vaAsu (wR - g —AbA Xsu)

(5.9) + Jew Ab A 0R)
— div T**“(wr, ¢r) in &,
div(Aey2z) = —div(A,WR) in &,,
z=0 on 9&,.

Next, we show existence of a unique weak solution to (5.9). We define a
weak solution as follows.

Definition 5.5. We say that z € Dy*(E,) is a weak solution to (5.9) if
(5.10) AT V2= AL, : Vg
and

/ V2F, AL Vedr +

Eq

EzR(/ VzAcuZ - + VZAEU<7J)R —§—ADA Xsu) o+
Es

(5.11) ViigAcuz @+ Jeu NOA 2 - +

VipAcy(Wr —& = ADA Xeu) - @ + Jew Ab AR - ng:L‘)

+/1DRF5uAgTu:Vg0dx =0
Es

for all functions ¢ € D?,,, with

D7, ={p€ C(} (&5) | div(Acup) = 0}.

Note that, by the Piola identity (see (2.1)), condition (5.10) is the same as
condition (5.9),.

The above definition of a weak solution z is equivalent to saying that zoyz! is
a weak solution in the classical sense (with respect to solenoidal test functions) of
the corresponding equations over the domain x,,(£,) (the current configuration).
By transforming the equations back and forth, note that y,, is a Cl-map of &,
onto x(&s), we find that most of the properties of classical weak solutions to the
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Navier-Stokes equations also hold true for weak solutions to (5.9) in the sense
of Definition 5.5. In fact, establishing properties that do not require more than
Cl-regularity of the boundary (C1® to be precise), we may choose to work with
the equations in the current configuration and thereby avoid the perturbation
terms occurring in the reference domain.

The system (5.9) is uniquely solvable in the class of weak solutions defined
above. More precisely, we have the following theorem.

Theorem 5.6. There are Cp,Co,C3,d2 > 0 such that for all 0 < § < ds,

Gy

=5 e =Cymin(5,6%), B Cs

(5.12) R ==

and all o > 3, (4,2,¢) € S1 X ngf, and (€,B,\) € B,, with v = ~(e, ) the
constant given in Theorem 5.5, there exists a unique (z,7) € S;’ff where z is a
weak solution to (5.9) and (z,7) solves (5.9)1 in the domain En11. We denote
by

{SF : Sl X S:;f X Bw(s,é) — ng,

SF(av Za Cv 5» B» 5‘) = (Z7 ’/T)
the corresponding mapping.

Proof. We shall prove the theorem in three steps. In the first step, we prove
existence of a weak solution to (5.9) and establish an estimate hereof. In the
next step, we establish a similar estimate of the corresponding pressure term.
In the final step, we prove higher regularity of the solution near the boundary.
Let €1 and §; be the constants from Theorem 5.3. Let do < 01, 2 < g7 and
consider § < dy and € < e.

Step 1: We first prove existence of a weak solution to (5.9). Since, by Lemma
2.1, the deformed domain

E = xeu(E)
is of type O, this is equivalent to solving the corresponding equations,
divT(2,7) = e*R(2-VZ +2- V(g — € — AbAY)
+ g -VZ+AAZ) +
E®R (g - V(g — & — AbAY)

(5.13) +Ab A ig)
— divT(dr, 4r) in £,
div(2) = —div(wg) in &4,
£2=0 on 0EZ,

in the current configuration. More specifically, putting

Z::Zoxs_ula ’lDR ::wROXE_ul7 and CjR = C]ROX;L
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we obtain a solution (z,7) to (5.9) by solving (5.13) with respect to (£,7) and
putting
Z:=Z20Xe and w:=To
(2

Xeu-
We shall now prove existence of a solution (Z,7) to (5.13). We shall choose R

so that

(5.14) R/2 > Ro.

Since x,, = Id on R3 \ Bpg,, this implies ¥g o xew = Vg (see (4.48)) and hence
Wr =t¢rw and q¢r=1Yrq,

with » o
=& R oxt + (Ab); HY oxZ! and

q:=&p" oxz + (A0 PW o).
By (4.45), we deduce (again recall that y, = Id on R®\ Bg,)

(5.15) 0=0() wd vi-of )

In order to solve problem (5.13), we shall first reduce it to a problem over
divergence free (solenoidal) functions. For this purpose, we need a vector field
Wr satisfying

Wr € WH2(ESY),

diV(WR) = le(lI)R) in 55“,

supp #r C g,

[#rl12 < c1||div(wr)|l2,

(5.16)

with ¢; not depending on R. To obtain such a vector field, we make use of a
result due to Bogovskil (see [2] or [9, Theorem III.3.1]) applied to the domain
BR7R/2' Since

div(wr) = Viyrw € C5°(Bg,r/2)

and

/ div(wg)dy = / div(wg) dy = / (5 + (Ab) A y) -ndS

Br g/ gen dE=u
= / div(§€+ (Ab) Ay) dy =0,
Xu(92)

[9, Theorem III.3.1] yields the existence of a vector field #, defined on By r/2
with the desired properties. In particular, when the theorem is applied to the
domain Br r/2 the constant c¢; does not depend on R. We extend #r by 0 to
a vector field on £3*. Now write

(5.17) 2=V — W



Existence of a weak solution £ to (5.13) thereby reduces to solving
AV —AWr — V7 =
ER(V -VZ—~Wr-VZ
+ (V= W) - V(g — €~ AbAy)
+ Vor(V — #R) +)\b/\(V—WR)) +

(5.18) 2R (g - V(g — € — AbAY)
+ Ab A R)
— Awg + Vir in £,
div(V) =0 in £,
V=0 on 9,

with respect to V. Existence of weak solution in Dj?(E5%) to (5.18) will follow
from the Galerkin method if we can establish an a-priori bound on |V 2.

Assume now that (4, Z7C,§7,B,5\) € 5] x ngf X B, (c,5). With these data, we

shall establish such an a-priori bound on any weak solution V' € Dé’Q (&™) to
(5.18). Testing (5.18) with V' yields

/ |IVV[2dy = / VV : V#rdy + /(A@R —Vqgr)-Vdy
geu geu gzu
—5273(/ VVZ-V—~NWrZ V-

(5.19) et

V(V—WR)(UA}R—S—)\b/\y)'V +

Vaor(V —#r)-V +

VUA}R(UA}R—f—/\b/\y)'V +

MAV —HR)-V+AANwR-Vdy )
We now estimate each term on the right hand side in (5.19). Note that ¢ does
not occur in the first two terms. It will therefore be crucial to obtain estimates
for these terms that can be made small by choosing R large. We shall frequently,

without reference, make use of (2.3) and the Holder inequality. First we observe,
recalling (4.48) and (5.15), that

1
. ~ N 1 2 1
(520) Hle’LUR||2 = ||V¢Rw||2 < CQ( mdy) < CgR 2.
BRr,Rr/2
We can then estimate
| [ VVV#rdy| <|V]i2#rl12 < c1|V]2]|dividgls
(5.21) geu

<eq Vg Rf%,
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where ¢4 = ¢4(g2,02). Next, using (5.16) and (5.15), we estimate
| [ (tion— V)V ay|
geu
= /A¢Rw-v+2vwv¢R-V—QV¢R-de|

eu
“"a

1
<c [ glVidy

BRr,r/2
_1
<ce Rz |V

<cR°? V1,2,
where ¢; = ¢7(g2,02). Choosing
(5.22) 3= 3R,

we obtain .
|/vv2-de\:§|/\V\Zdindy\
gsu

geu
1 o\
3 ([ iar) 121
55

IN

eu

A\

| Y
< 5 1&e IV]I§ 6
<csRE|V[2, 6.

Recalling that supp #r C Bg, we find

|/VWRZ-de|§|/VWRZ-de|
Eeu

eu
6‘R

eu
gR

R 3
< 1 |div(ivg)z |26 ( |V|3dy)
Ceu
< cgR7E | Z12|E5F IV |l6
<100 |V]1,2,
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where we have used (5.20), and ¢19 = ¢jo(e2,d2). In a similar manner, we have

1
[vin-vayl < [P lav@n)ldy
gzu Een

1 H . A
<3 ([ran) .
£
<en|VIBRTR™: < e[V,
with ¢19 = ¢12(g2, d2). Moreover, we have
/VV(§+)\b/\y)~de =0.
Esu
Since, by (4.48) and (5.15),
/ Var? dy < 13 / Vir ® 0 + [wr Vil dy < e,
Eeu Eeu

with ¢14 = c14(g2,2) not depending on R, we can estimate

1

2
| /VWRﬁJR Vdy| < eis5|[#rl12 (/ [Wr|? |V|2dy>
Esu ER*

< ci6|V]i,2,

with ¢16 = c16(e2,02). Next, we estimate

| /VWR(§+)\bAy)ony|
geu

1
2
Sml%u,z</I(€+>\My)|2IVI2dy>
515?“
< cis R? V012,

with ¢13 = ¢18(g2,d2). Similarly, we obtain

1 2
|/V@R(V—”//R)-de|§c19 |uA;R|f’2(/|V|4dy) +
gz

cu
€

ex0 [imlE ( JACZLE |V|2dy)
on

< ca1 (R% |V|i2 +Vl]1,2),
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with co1 = co1(g2,02). Additionally, we estimate

| /va(wR—s—AbAy>~de|
geu

2
< co2 |’LDR|1,2</|71’R|2|V|2dy> =+
o

2
23 |wR|1,2(/|(§+)\b/\y)|2|V|2dy>

geu
< e |Vl (R% + [€|R + | D] R?),

with coy = co4 (527 62)’ and

[ Gonw = wm)-vay =1 [ Av)- Fidy|

Egu ggu
3
< g5 R2 V1,2,

with co5 = co5(e2,d2). Finally, we obtain

| [ (A AwR) -V dy| < cog B2 |[V]i 2,
(5.23)

=
ga

with cog = ca6(€2, d2). Combining now (5.21)-(5.23) and assuming, without loss
of generality, R > 1, we conclude that

(5.24) VI3, < ear B2 Vg + s 2R (RE VI3, + B2V ),
with Co7 = 627(52, 62) and Cog = (28 (52, 52). Hence, provided that

1

s RRE

[V]1,2 satisfies an a-priori bound. By a standard Galerkin method argument
(see for example [9, Proof of Theorem VIII.3.1]) we obtain, in this case, a weak
solution V € Dy*(E5*) to (5.18). By a well known technique (see [9, Corollary
I11.5.1]), we also find a pressure term # € L?*(£5"), uniquely determined up
to addition by a constant, such that (V,#) constitutes a solution to (5.18).
Thus, by (5.17), we obtain a solution (2,7) € Wy ?(£%) x L2(E%) to (5.13)
in the distributional sense, with Z being a weak solution. Estimates similar to
(5.21)-(5.23) yield uniqueness of z. More precisely, applying estimates as in
(5.21)-(5.23) to the difference 2; — 23 of two solutions to (5.13), one finds that
21 = Z2. We shall choose the constant up to which 7 is uniquely determined in
such a way that

(5.26) / 7| Jo dy = 0.

£,

(5.25) €<
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We thereby also obtain uniqueness of 7. Summarizing, we have shown existence
of a unique solution (2, %) € Wy > (£5%) x L2(ES*) to (5.13) satisfying (5.26). For
sufficiently small €, i.e., satisfying (5.25), we also have established the bound

~ _1 _1
212 < Ve + [#rli2 < V]2 + 9 B2 <30 (€°R* + R™2),

with czg = ¢30(R, d2,€2). We emphasize that czg does not depend on o.
Step 2: We shall need a similar bound, in an appropriate norm, on 7. For this
purpose, we consider a vector field s satisfying

1,2
s € Wy (E41)s
1

div(s) =7 — / ndy in 44,

eu
a+1

(5.27) €,

with ¢31 = ¢31(€2). The existence of such a vector field follows from Bogovskii’s
theorem (see [9, Theorem II1.3.1]). The estimate (5.27), is obtained by exploit-
ing (5.26) and choosing e2 sufficiently small. Extending s by 0, we may assume
s € Wy?(E5v). Using s as a test function in (5.13) yields

/7?|2dy—( - /wdy) /frdy
€ +1| )

u
a+1’

a+1 a+1
VV :Vsdy — / V#r:Vsdy +
&t E

5272( / VVZ-s—VWrZ-sdy +

V(V = #gr)(og — & — N Ay) - sdy +

€54

/ V@R(V—WR)S—F)\b/\(V—WR)de—‘r

€
)

/ V@R(@R—ﬁ—)\b/\y)-8+)\b/\ﬁ)R~sdy>

£,
- / (Abp — Vig) - sdy.
£,

We shall choose R so that

(5.28) a+1<R/2.
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Consequently, the last integral on the right hand side above evaluates to 0.
Exploiting again (5.26) to estimate the first term, and estimating in a similar
manner as in (5.21)-(5.23) the other terms on the right hand side, we obtain
. _1
173,620, < €32 (VIr2 +R72) Isl12 +
ecgg ([V]120+ 0+ Ve +1) s,

which, recalling (5.27), implies

~ _1
72,620, < cas (V]2 + R 7+ V]2 +6%).

a4+l —

Finally, by the estimate (5.24) already obtained for |V, 2, we obtain

cw < gy (RT7 +eR%+¢),

17|22, <

with ¢35 = ¢35(R, €2,2) not depending on o. Pulling back (£, %) to functions
over the reference domain, i.e., putting

Z =20 Xey and T = T O Xeu,

we finally obtain a uniquely determined solution (z,7) € Wy3(E,) x L2(&,) to
(5.9) that satisfies, due to (5.26), 7 € L3(E4y1). Moreover,

(5.29) |22+ Illa.ga s < c36 (R72 +eR? +¢),

with c36 = c36(R,€2,d2). Clearly, z is a weak solution to (5.9) in the sense of
Definition 5.5, and 7 remains uniquely determined when restricted to Eq41.
Step 3: We shall now use Lemma 4.8 and a boot-strap argument to establish
higher order regularity near 0f). For this purpose, we fix constants Ry, ..., Rs
so that

a=Ri <Ry <R3<Riy<Rs=a+1.

Moreover, we shall choose R so that

(5.30) Rs < R/2.
Note that
div(VzF., AL —7AL ) = F(2) in &g,
div(Aey2z) =0 in &g,
z=0 on 0,

with
F(z) ::52R(VZAEUZ + VzAo (g — & — ADA Xeu)

+ VwgrAcuz + Jey AbA z) +
52R(vaAeu(wR —{—= XA Xsu)
+ Jeuw AbA WR )
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We will now estimate F in the L2 (g, )-norm. We find that
IVzAcuZlls ¢, < csrlzliz 1 Z]l6 < caslz]i2,

[VzAcu(Wr — & — XD A Xsu)”%

< c39 ‘Z|1,2 lp —& = AbA X5U||678R5

ERy

3
<eaolzli2(1+RE),

and similarly
HVUVJRAeuZH%‘SRS < a1 21,2,

[Jeu XA 2|3 ¢, < Cazlzf1,
ViR Acu(Wr — & = Ab A Xeu)ll2 g, < Cas,
1o Xo A il . < ca.

By these estimates, we obtain
IF()5,65, <case(l+]2]12),
with C45 = C45 (R, €2, 52) Since clearly

2lh,5,60, + 171560, < ca6 (212 + 172,65, ),

3,
we conclude by Lemma 4.8 that

(z,m) € W2 (E,) x W (Er,),

120l2,3.65, TlI7ll1 3 £n, < care(L+|2l12) + cas (212 + [|7]l2,041),

1 5,ERy 5

with cq7 = c47(R,€2,02). We now boot-strap the argument above. From the
embedding \
Wi (Eg,) — L(Er,)

we see that Vz € L3(Eg,) and thus

IVzAcuZll2,65, < ca9 |V2l3.eq, 1 Zll6 < cs0l2]1,2

IVzAcu(br — & = Ab A Xeu) 2,65,
S Cs1 ||VZ

3,6, I0R — & = Ab A Xeulls.ex,
<es2lzlia (1+ Rf),
[VirAcuzll2,er, < 53212,
[Jew AbA 22,8, < c54]2]1.2,
ViR Acu(Wr — & = Ab A Xew)ll2.65, < 55,

and
[ Jew Ab A W26, < C56-
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Consequently,
[F(2)l2,e0, < es7e(l+]2]1,2),

with ¢57 = ¢57(R, €2, 92). Using again Lemma 4.8, we obtain
(2,m) € W>2(ER,) x WH2(ERy),
[2ll2,2,65, + lI7ll1,2,80, < csse(L+]2]1,2) +cs9 (|2]1,2 + [IT[2,041),

with css = ¢58(R,€2,02). We shall perform another iteration of the bootstrap-
ping argument. Using this time the embedding

W2 (Er,) — L°(Er,)
we find, by estimates similar to the previous iteration,
1F(2)ls.er, < cooe(1+|2]1,2).
Furthermore,

1201365, + I7lls.er, < co1(l2]13,68, + I7l6.en,)
S Cg2 (”VZ
(

e

6.r, t I7ll6,6x,)

<oz (2ll2.2.6n, + I7ll1.2.65,)

< cgae (1+[2]1,2) + o5 (|2]1,2 + |7l2,041)-
By Lemma 4.8 we thus obtain

(z,m) € W23(ER,) x W'3(ER,),
{ [2ll2,3.6n, + I7ll1,3,65, < cose(1+]2]1,2) + co7 ([2]1,2 + [I7l|2,041),
with cge = c66(R, £2,02). Finally, by the embedding
Wh3(Ep,) — L*(Egr,), Vs >3

we conclude Vz € L*(€g,), Vs > 3 and by a final iteration of the bootstrapping
argument that

(5 31) (2777) € W27p(gR1) X Wl,p(glﬂ)?
I2ll2,p.6r, + I7ll1,p,65, < cose(l+[2]12) + coo (2|12 + ™

2,oc+1)7

with cgs = cg8(R, €2,02). Recalling (5.29), we deduce from (5.31)s that

(5.32) I2ll2p.e + 17ll1p.e0 < cr0 (e + R72 + € R?),

with ¢79 = ¢70(R, €2, 62). Combining now (5.29) and (5.32), we see that with
the choice of parameters R, e, 8 as in (5.12), 5 sufficiently small, and constants
C1,Cs, C3 sufficiently large, we have (2,7, ,,) € ngf . Moreover, for suffi-
ciently large C1,Co,C3 we also have the conditions (5.14), (5.22), (5.28), and
(5.30) satisfied. Finally note that C7,Cs, Cs only depend on R, €2, d2 and are,
in particular, independent of ¢. With this choice of parameters we have shown
existence of a unique solution (z,7) to (5.9) with the desired properties. The
proof of the theorem is thereby completed. O
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Theorem 5.7. Sg is weakly continuous as mapping from Y x R” into X°.

Proof. Consider a sequence

an7Zn7CnagnaBn,5\n x . C S X So‘vﬁ x B,
n=1 8,0 ¥y
(a"’Z"’C"’émém /\n) L YOXRT (ﬂ,Z,Qé,B,;\) as n — oo.

Put

(Zn,']Tn) = SF(ﬂ/n;Zn7<n7£n7Bn75\n> and

(z,m) :=Sp(u, Z,(, &, B, A).
Assume that (z,, 7, ) does not converge weakly in X7 to (z,7) as n — oo. Since,
by construction of Sg, {(zn, ™ )}22 is bounded in X7, we can then extract a
subsequence converging weakly in X7 to some element, say (z,,, m,,) — (z*,7)
as i — oo, with (2%, 7*) # (2, 7). We will now verify that z* is a weak solution
to (5.9). To this end, consider a function ¢ € DZ,. Put ¢, := A7} A.,¢. Since
div(Aew, on) = 0 and ¢, € WHP(E,), we can approximate ¢,, by functions

from DZ, ~in the WP (€,)-norm, and thus, since z,, is a weak solution to (5.9),
deduce

/ Vin, Fe,, AZHW : Ve, do +
Es

E2R</ VzniAsuni Z’m 2
Es
(533) V’J}ziAsuni Zn; * Pn; + JEun,v, Anibn; A 2Zn; - o, +

Vg Aeu, (WF = &ny — Anibny A Xeun,) * Pnst
Jeu,, An;bn, A W - Pn; dm)
+ / W Feu,,, Azuz Vo, dz = 0,
Eq
where
(5.34) Wy = gnyihg) + ()\nibni)iﬁg) and
G5 = Enibyy + nibn )i PR

By compactness of the embedding WP (€,) — C°(&,), we obtain VXeu,, —
VXeu in C°(E,) as i — co. Hence also Asuni — A., and Fey, — Feyin C°(&,)

as i — oo. Similarly, since z,, — z in W2?(&,), we find that Vz,, — Vz in
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CY(&,) as i — oo. Exploiting these findings on strong convergence, we can pass
to the limit ¢ — oo in (5.33) and obtain

/ V2 F AL, Vpdr +
Es

5272(/ Vz* A Z - p+

V2 Ac(Wp — & — MDA Xeu) - p +
VgAcuz" o+ Jey AbA 2 - +
VpAc, (W — & — A0 A Xeu) - o+

Jeu AD A W' - <pdx>

+ / H)RFMAZU :Vedzr = 0.
80
We conclude that z* is a weak solution to (5.9). In a similar manner, we verify

that (z*,7*) is is a solution to (5.9);. Consequently, we must have (z*,7*) =
(z,7). We conclude by contradiction that (z,,7,) — (z,7)in X7 asn — oo. O

5.4 Solvability of the Elasticity Equations

We now consider the elasticity equations (5.1) with a right hand side cor-
responding to data (8, 7Z,(, A\, &, B) € S x Sf;f. More specifically, we consider
the linearized system
div(e™(Va)) = =B — div(N(s,e))

e2(ADANDA Xes + AbAE) in Q,
(5.35) ob(Va) -n = (T°*(Z,¢) + T** (g, qr)) - n +
(T *(wo,r, Go,r) — T(wo, qo) —
s,€)) - on 09,

where
(5.36) $:= 3§+ ug.

In order for a solution @ to (5.35) to exist, the right hand in (5.35) must satisfy
the compatibility conditions of the operator (div(c*(Va)), 0" (Vi) -njpqn). This
will be the case when (3, Z, ¢, A€, B) belongs to the graph G(S¢) of Sc. In this
case, we then have the following theorem of existence.

Theorem 5.8. Let €1,01,¢€,d,7 be as in Theorem 5.3. For any
(5.37) (3,2,6, M€, B) € G(Sc)
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there exists a unique solution @ € W*P(Q) to (5.35). Moreover, there exist
constants 3,03 > 0 such that when 0 < € < e3 and 0 < § < I3, then u € Sy.
We denote by

SE : g(Sc) — Sl

the corresponding mapping.

Proof. As previously noted, it is well known from the theory of linear elasticity
(see for example [20, Theorem 7.6] or [5, Chapter 6, Exercise 6.3]) that the
operator

Lp(@) = (div(e"(Va)), " (Vi) - njae)

maps the space W?P(£) homeomorphically onto the space

Vi(Q) = {(f,9) € LP(Q) x W'™/P?(99) |

/fda?—/gdS’ /x/\fdx—/x/\gdS}

fi=—B —div(N(s,€)) + 2(AbA XD A xes + ADAE)

Putting

and
g = (TES(Zv C) + TES(va (jR) + TES('LDO,Rv QO,R) - T(w07 QO)
—N(s,e)) - n

we see, by construction of S¢ and (5.37), that (f,g) € YV5(£2). Thus we obtain
a unique solution

=Ly (1.9)
o (5.35). Next, we recall the definition (4.17) of A (s,e) and the fact that
s = sp + §, with § € S1, to obtain

||d1V(N(S’€)”P + ||N(87€) ' n”lfl/p,p,(’?(l < Cl||N(57€)H1aPaQ < 26,
where ¢y = ca(e1). Consequently,
lll2p < es 1L (s 9) | Loy xwi-1/m(00)
<ea(V(e+0) +e+ T2, Oli-1/ppon

+ [T (Wr, 4r)lI1-1/p,p.00

+ | T%* (o, r, do,r) — T(wo, q0) 111 /p.p.00)
with ¢4 = ¢4(e1). Applying Lemma 4.9, we deduce

[@ll2,p < c5 (e +9),

with ¢5 = ¢5(e1,01). We conclude that @ € S; when ¢ and ¢ are sufficiently
small. O

Theorem 5.9. Sg is weakly continuous from Y x R” into W2P().

Proof. The proof is similar to that of Theorem 5.4 and Theorem 5.7. O
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5.5 Existence in a Bounded Domain
We will apply the Tychonov fixed-point theorem.

Theorem 5.10 (Tychonov’s Fixed-Point Theorem). Let X be a locally convex
vector space, S C X compact and convex, and F : S — S continuous. Then F
has a fized point.

Proof. See [8, Theorem 10.1]. O
We are now in a position to solve the coupled systems (5.1)-(5.4).

Theorem 5.11. Let R,e,(8 be as in Theorem 5.6 and ~ the constant from
Theorem 5.3. There is 64 > 0 such that for all 0 < § < 64 and all o > 3 there
exists a solution (i, z,m, N, &, B) € 81 X S?”B x By to (5.1)-(5.4).

Proof. We shall find the solution as a fixed point of the mapping
K81 x S50 — W2P(Q) x (Wy?(Er) x L(Easr)),
K:(ga (Za C)) = <8E(§a ZaCaSC(§7 Z7 C))»SF(§7 ZvCaSC(ga Z7<))>

By Theorem 5.3, Theorem 5.6, and Theorem 5.8, K is well defined for § suf-
ficiently small (independently on o). We shall now apply Theorem 5.10 to K.
Note that 57 x ngf is a closed bounded subset of Y7 and therefore compact with
respect to the weak topology of Y. By construction of K and the properties
of S and S (recall Theorem 5.6 an Theorem 5.8), K(S; x S52%) € 8y x 8527
is satisfied for § sufficiently small. Moreover, using Theorem 5. 4, Theorem 5.7,
and Theorem 5.9, we see that K is continuous in the weak topology of Y?. Thus,
by Theorem 5.10, I has a fixed point (u, z,7) in Sy X S?;T Putting (A, €, B) :=

Sc(t, z,m), we have obtained a solution (@,z,m, N\ & B) € 8 x Saf x By to
(5.1)-(5.4). O

6 Proof of Main Theorem

We can prove our main theorem from Theorem 5.11 as a consequence of
letting o tend to co. As in the case of the bounded domain (section 5.3), we
start by defining a weak solution.

Definition 6.1. We say that z € Dy*(E) is a weak solution to (4.50) if

AL V2= AL, : Vg
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and

/ V2F., AL, Vodr +
£

82R</ VzAecuz -+ VA (Wr — & — A A Xeu) - +
£

(6.1) VipAcyz 0+ Jeu AbA z -t +
VrAcu(Wr — & = AbA Xeu) - @ +

Jgu)\b/\wR-godx) +

/ VirF. AL, : Vpdr = 0.
&

for all functions ¢ € Dy, with
Dey = {p € C2(€) | div(Aeup) = 0}.

As mentioned in section 5.3, defining a weak solution z as above is equivalent
to saying that z o xZ,! is a weak solution in the classical sense (with respect to
solenoidal test functions) of the corresponding equations over the domain x,,(£).
Consequently, we can associate to any weak solution z to (4.50) a pressure field
7 such that (z,7) solves (4.50) in the distributional sense. We state this in the
following lemma.

Lemma 6.2. Let z € Dy?(€) be a weak solution to (4.50). There exists a
pressure field 7 € L} (E) such that (z,m) solves (4.50) in the distributional

loc
sense.

Proof. Put £5* := xu (). For any element of {r € C1(£5%) | div(r) = 0} we
note that r o x., € D., and denote by F(r) the integral on the left hand side in
(6.1) with ¢ := roxe,. The functional F extends to a bounded linear functional
on Dé’z(éﬁu) for any R > 0. This can easily be verified by similar estimates to
those in the proof of Theorem 5.9. By construction, F vanishes on Dy (£%).
Applying now [9, Corollary II1.5.2] yields the existence of 7w with the desired
properties. O

We now prove the following theorem of existence concerning solutions to the
scaled system (4.49)-(4.51) over the exterior domain.

Theorem 6.3. Let R, e be as in Theorem 5.6 and 64 as in Theorem 5.11. For
all 0 < § < 4 there exists a solution
(i, 2, m, A, €, B) € W2P(Q) x (Dy(E) NWEP(E)) x WEP(E) x R x R? x R
.52).

to (4.49)-(4
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Proof. Let 0 < § < 4. Then, by Theorem 5.11, there exists for each sufficiently
large N 5 n =: g,, > 0¢ a solution

(anazmﬁmj\mgmén) € 51 X S?,’ﬁn x B’Y

g

to (5.1)-(5.4). We extend z, by 0 on R?*\ B, and thereby obtain, still denoting
the extension by z,, a bounded sequence {z,}22; in D(l)’2(5). We extract from
this sequence a weakly convergent subsequence, still denoted by {z,}52 4,

(6.2) zn — z in DY2(E) as n — oo,

with weak limit z € Dé’z (€). By extracting subsequences appropriately, we may
also assume

Z, — zin W*P(E,) as n — oo,

T — 7 in L?(Eqq1) as n — 00,
(6.3) T, — 7 in WHP(E,) as n — oo,

Up — @ in W*P(Q) as n — oo, and

(Ans&ns Br) — (N €, B) as n — oo.

Moreover, exploiting the compact embedding Dé’2 (€) — L?*(£ N Bys) we may,
by a diagonal argument, also assume that

(6.4) Z, — 2z in L*(E N Byy) as n — oo

for any M € N, M > Ry. Let ¢ € D.,. Put ¢, := AZ! A.,p. Since

EUp,

div(Acu, on) = 0 and ¢, € WHP(E), we can approximate , by functions
from D, in the W1P(£)-norm. Going back to the notation from (5.34), we
thus deduce that

/ VanFeu, AL, Vo, dz +
&

€2R (/ VZnAeunZn *Pn + VZnAEun (’le}% - fn - )\nbn A X&un) *Pn +
&

vw%Aaun Zp - Pn + Jaun Anbn A 2y - on +

vw?%Asun (w??, - fn - )\nbn A Xsun) * Pn +

Jew, Anbn A W - fdx) + / Vg Fe,, AZUn :Ve,de =0
&

for n sufficiently large. Using (6.2) and (6.3)—(6.4), we can pass to the limit,
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n — 00, above and obtain

/ V2F., AL, : Vodr +
&

€2R</VzA8uz o+ VzA(Wr — & — MDA Xew) -0 +
£

VgAcuz @+ Jew AbAZ -0 +
VirAcu(Wr — & — N0 A Xeu) - ¢ +

Jew AbA R - cpdx) +/ VzI}RFEuAETu :Vedx = 0.
&

It follows that z is a weak solution to (4.50). Similarly, we can verify that
(z,m) solves (4.50); in the domain &,. We can now construct (see Lemma
6.2) a pressure term 7/ € L? (&) such that (z,7) solves (4.50). Since Vr —
V7' =0 in &,, we deduce that m and 7’ differ only by a constant. Thus we
may choose 7’ such that 7 = ' in £,. We have thereby obtained the desired
solution (z,7) € Dy*(€) x L},.(€) to (4.50). By construction, z € W2P(&,)
and m € WHP(E,). Moreover, since (z,7) satisfies the classical Navier-Stokes
equations with external force term equal to zero in £ \ Bg for R > Ry, we
deduce by standard interior regularity results (see for example [10, Theorem
VIIL5.1]) that (z,7) € W2P(E\ Bry) x W,iP(£ \ Bg,). Consequently, (z,7) €
V[/lif (&) x Wllof (€). As in the proof of Theorem 5.4, we make use of the compact
embedding WP (&€,) — CY(&,) to conclude that

(6.6)  Rilllin, Zns Tns Eny Ay Br) — Rl 2,m, €, N, B) as n — oo (i = 1,2).

It follows that (5.3) is satisfied for (ﬁ,z,w,x,g,é). Finally, again by similar
reasoning as in the proof of Theorem 5.9, we can also pass to the limit in
div(c™(Vi,)) = =B, — div(N (un,€))

+ 62(Anbn /\ )\nbn /\ XESn

+ )\nbn N gn) in Q,

o"(Vi,) - n = (T%"(Z,, o) + T (0, GR)) -n +
(T**" (wo,r, do,r) — T(wo,q0) —
./\f(umg)) -n on 0,

from which we see that (4, z,m, :\,S,B) also solve (4.49). This concludes the
proof. O

As a simple consequence of Theorem 6.3, we can finally prove our main
theorem.
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Proof of Theorem 4.5. By Theorem 6.3, there exists for all 0 < § < d4 (with
d4 being the constant from Theorem 5.6) a set of parameters R(4),e(d) and a
corresponding solution

(i1, 2,7, \, €, B) € W2P(Q) x Dy*(E) NW2P(E) x WLP(€) x R x R® x R®

loc loc

to (4.49)-(4.51). Reintroducing the bar notation and putting, as in (4.46),

w =&Y + () HY + 2,
g= "Gy + 0Py + .

and

we obtain a solution
(@, @, q, 1, @,&,b) € WHP(Q) x DV2E)NWEP(E) x WEP(€) x R x R® x R?

to (4.18)—(4.21). Rescaling, or more specifically putting

and
T :=¢,

we obtain for all 0 < § < é4 and € = £(¢) a solution
(u, w, q,w,&,b) € W2P(Q) x DM2(E)NWEP(E) x WLP(E) x R x R® x R?

to (3.27)—(3.30). Recalling the dependency of € on ¢ (see (5.12)), we deduce the
existence of a solution to (3.22)—(3.24) for 7 sufficiently small. O

7 Bodies with Symmetry

Homogeneous bodies with a certain amount of symmetry do not possess an
isolated orientation (see for instance Example 4.2, 4.3, and 4.4). Consequently,
our main theorem (Theorem 4.5) is not applicable to a large number of “natural”
bodies. In this section, we extend our mathematical analysis to include such
bodies.

If the stres-free configuration of an elastic body B is symmetric with respect
to rotation around some axis a, we will show existence of a steady free motion
of B (under the action of a constant body force b) in a Navier-Stokes liquid
according to Definition 3.1. In this case the orientation of B in the steady state
will be such that a and b are parallel. Moreover, both the translational and
angular velocity will be along the axis a.
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To describe the symmetry of the stress-free configuration Q C R? of B, we
consider a subgroup G of SO(3). We take, without loss of generality, a = e;
and assume

(7.1) G is a closed subgroup of SO(3),
(7.2) VgeG: gel =ey,

(7.3) if VgeG: ga=a thenaAe =0,
(7.4) VgeG: g1=Q.

We say that  is symmetric with respect to G around the axis ey if (7.1)-(7.4)
are satisfied.

Our proof of existence in the symmetric body case will follow that of The-
orem 4.5. In fact, since the direction of motion in this case will be a-priori
known, the equations of motion reduce to a simpler system, which we are able
to solve with minor modifications to the proof of Theorem 4.5.

7.1 Symmetry Function Spaces

For G and  satisfying (7.1) and (7.4) we note that also £ and &g (with
R > Ryp) are G-symmetric in the sense of (7.4). In this case, we introduce for
all spaces of vector-valued functions the corresponding subspaces of G-invariant
functions by

DS (E;R?) := {v € DM(&;R?) | Vg € G : v(gx) := gv(x)}

and similarly Wé’p (4 R?), Dé’Q (Er;R3), ete. For spaces of scalar-valued func-
tions we introduce the subspaces

L (E) :=={q e L*(&) | Vg € G : q(gx) := q(=)},

and similarly L% (ER), Wcl;’foc(é’ ), etc., of G-invariant scalar-valued functions.

7.2 Main Theorem for Symmetric Bodies

Theorem 7.1 (Main Theorem for Symmetric Bodies). Letp > 3 and Q C R? be
a bounded domain with a connected C? boundary. Assume that 2 is symmetric
with respect to G around the axis ey in the sense that (7.1)—(7.4) is satisfied. If
T is sufficiently small, then there exists a solution

(u,w, q,& w,b) € WEP(Q) x (DG*(E) NWEP(E)) x Wé”p () xR3 xR3 x R3

loc

to (3.27)~(3.30) withb=e; and{ =Tey, T €R.

7.3 Stokes Problem for a Symmetric Body

It is well known that solutions to the Stokes problem possess the same rota-
tional symmetry as the data and the domain. Consequently, Theorem 4.6 and
Theorem 4.7 continue to hold in the spaces of functions invariant to rotation.
For the reader’s convinience, we write the reformulation below.
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Theorem 7.2. Letl <t < % andt < s < p. Assume that Q2 is symmetric with
respect to G around the axis e;. For all

(f.9.0:) € X&'5(E) == LL(E) N LL(E) x W (€) nWE () x W /*%(99)
there exists a unique solution
(z,7) € V&'s(€) = DE*(€) N DE'(E) x D&*(€) N D' (€)

to
Az—Vr=f né,

div(z) =g €&,
z=uv. on 0.

Moreover, this solution satisfies for any R > Ry the estimate

(7.5) |z

2,s + |Z

2t + 17llis.en + Tls + 7l <
Co (I1F s + £ 1le + lglls + Ngllve + Nvella=1/s.),

2,5,6p T |Z

with CG = 06(S7t, R)

Theorem 7.3. Let 1 < t < %, t <s<wp, and R > Ry. Assume that Q is

symmetric with respect to G around the axis e;. There exists €4 > 0 such that
when u € WEP(Q) with |ul2,, < 4, then for all

(f,9,0.) € XZS(E) == LE(E) N LE(E) x WE*(€) n W' (E) x W& /**(00)
there exists a unique solution
(2,7) € V5's(€) = D (€) N DF'(€) x DG*(€) N D' (€)

to
div(VzE, AT —7ATY=f in€,
div(Auz) =g in&,
z=wv. on 0.

Moreover, this solution satisfies the estimate

(7.6) ||z

2.5.6r T 12l2,s +12l2e + I7ll1s.6n + Tl1s + |7l <
Cr (If1ls + NF1le + Nlglls + llgllhe + Nlvellz—1/s.5),

with 07 = C7($,t, R, 50).

7.4 Reformulating the Equations of Motion

In order to prove Theorem 7.1, we reformulate (3.27)—(3.30). We first fix
b = e; and consider £ of the form £ = 7e;, 7 € R. We then proceed by
reformulating (3.27)—(3.30) in the same way as in the proof of Theorem 4.5.

99



As the first step, we introduce the same scaling as in Section 4.4.
In the next step, we look for a solution to the linearized system

—divo®(Vug) = e; in €,
(7.7) .
0" (Vug) - n = T(wo,q0) -n  on 9,
div T(wp, o) =0 in &,
div(wg) =0 in &,
(7.8) w=Tpe; +Age; Ax on 0,
lim wo = 0,
|| =00
(7'9) { /(VUO — VUOT) dz =0.
Q

We find a solution to (7.7)—(7.9) by setting
wy := 10h™ + M HW, go := 7op™ + A PY,

and solve (7.7), (7.9) for ug. By Theorem 7.2, we see that h(V), H® p() and
PM are invariant with respect to G. A solution ug € W5 (Q) therefore exists
(see Theorem 7.24) if and only if the compatibility conditions

(7.10) |Q\61:/T(w0,q0)d5’ and O:/x/\T(wo,qo)dS
o0 0

are satisfied. Since wp and gg are G-invariant, we deduce from (7.3) that the
right-hand side in both equations in (7.10) is parallel to e;. Consequently, (7.10)
reduces to the two scalar equations:

K Ci1h0 = -9,
(7.11) { 1170 + C11A0 9]

Ci170 + T1120 = 0.

One can show (see for example [3, Section 6]) that

Kin Cn
det > 0.
¢ (Cu Tn)

We conclude the existence of a solution (79,Ag) to (7.11), and consequently
obtain a solution (ug,wo, o, 7o, Ag) to (7.7)—(7.9). Moreover, this solution is
G-invariant.

Just as in the proof of Theorem 4.5, we now perturb the scaled equations
around (ug, wo, 4o, To, Ao). More precisely, we recall the notation used in section
4.6 and put ~

T=T0+7T, A=X+A u=u+u,

wzrﬁg)+/\fv{g)+z:2w3+z,
g =19 + APV + 7= g+ .
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We choose the cut-off function g used to define hg)7 H}g), ﬁg), and PI(;) (see
(4.47) and (4.48)) such that

Vg € G :Yr(g) = ¢¥r(2),
which is achieved by choosing a rotationally symmetric ¢z. We set
Wo.r = 1ohy) + XHY, Go.r = Toiy) + APy,
W = 7hy) + AHG), Gr =7y + APY,
and note that
w=1wo,rR +Wr+2, ¢=qor+dr+T.

Finally, we write the scaled equations perturbed around (ug,wo,qo, 7o, Ao)

as
div(e™(Va)) = 2A\%eg Aet Axey — div(N(u,e))  in Q,
(7.12) o"(Va) -n = (T(z,7) + T*“(Wr,qr)) - n +
(T (o, R, do,r) — T(wo,q0)) - n
—N(u,e)-n on 09,
div T (2, 7) = R (VzAcuz +
V2zAeu (g — Te1 —Aep AXew) +
ViopAcuz + Jou Ae1 Az ) +
ER(VigAcu(Wr — Te1 —Aer Axew)) +
(7.13) 2R (Joy Aoy AMig) — div T (g, Gr) in &,
div(Aeyz) = — div(AcyWR) in &,
z=0 on 0,
‘zllimoo z =0,

Q

with unknowns (@, z, 7, A\, 7).

7.5 Compatibility Conditions

As in the generel case (see section 4.7), the solvability of (7.12) requires the
data on the right-hand side to satisfy the compatibility conditions

/52)\2 er Nep AXeu — div(/\f(u, 5)) dx =
Q

(7.15) /(Tgu(z,ﬂ') + Tsu(ﬁ)R,CIR)) .n +
o0
(T=*(wo, g, Go,r) — T(wo,q0) — N'(u,€)) -n dS
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and

/:1: A (52)\2 e1 ANep AXeu — div(N(u, s))) dz =
Q

(7.16) /x A ((Tsu(z,w) + T (Wg, qGr)) - n +
o0

(T=*(wo, g, Go,r) — T(wo,q0) — N (u,€)) - n ) ds.

If w, z, and 7 are all G-invariant, then one can verify that all the integrands
in (7.15) and (7.16) are also G-invariant. Consequently, all integrals in (7.15)
and (7.16) are invariant under action from G. By (7.3), we conclude that all
the integrals have only non-zero first component. It follows that (7.15)—(7.16)
in this case reduce to the system

K17 + (CHS\ = Rl(ﬂ, Z,T, 5\,7:,6),
(7.17)

Cif+ Ty = Ro(t, z,m, 5"%’5)’
where
Ri(it, 2,7, N, 7€) =

e1 ./52)\2 e1 Ne1 AXeuw — div(/\/’(ma)) dx
Q

— €1 /(Ts“(z,ﬂ') + Tsu(ﬂ}R,qR) — T(@,a)) -n +
o0
(T=*(wo,r, do,r) — T(wo, q0) — N'(u,€)) -n dS

and
T,€) =

z A (52)\2 e1 Aer Axeu — div(N(u, E))) dz

RQ(ﬁa 2, T,

€1 -

{0\ >

ey /3;/\ ((T“‘(z,ﬂ) + T (wg, Gr) — T(w,7)) - n +
o0

(T**(o,r, Go,r) — T(wo, q0) — N'(u,€)) - n ) ds,

with
w:=7hW 4+ XHD, q:= %p(l) + AP,
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7.6 Approximating Problem in Bounded Domains

To prove Theorem 7.1, we show existence of a G-invariant solution to the
coupled systems (7.12)—(7.14) and (7.17). We do so first an in approximating
bounded domain &,. More precisely, we look for a G-invariant solution to
div(e™(Va)) = 2A%eg Aet Axe — div(N(u,e)) in Q,

o"(Va) -n = (T(z,7) + T*“(Wr,qr)) - n +

(7.18)
(T (o, r, do,r) — T(wo,q0)) - n
—N(u,e) n on 09,
div T*"(z,7) = EQR(VZAEUZ +
VzAcu (g — Ter —Aer AXew) +
ViopAcuz + Jou Ae1 Az ) +
ER(VigAcu(Wr — Te1 —Aer Axew)) +
(7.19) 2R(Joy Aoy AMig) — div T (g, Gr)  in &,
div(Aeyz) = — div(AeyWR) in &,
z2=0 on 012,
| llim z=0,

(7.20) K7+ (Cnf\ = Ri(a, 277775\’7:76)’
Ci7 + Tu = Ra(t, z,m, A\, 7, €),

- ~T
Q
for unknowns (@, z, , A\, 7).

7.7 Fixed-Point Approach

We will solve (7.18)-(7.21) with the same fixed-point method used to prove
Theorem 5.11. We will basically just restict all involved operators to subspaces
of G-invariant functions, and repeat the argument from the proof of Theorem
5.11.

More specifically, we introduce the set

S1.a = {u e Wg"(Q) | [lull2p0 < 1}
and for a + 1 < @ < o the set

Sgl e = A{(2,m) € Woid(Es) % L3 (Easn) |

707

121 2.6, + ITll2.e0sn + 12ll2p.60 + I7ll1pen <6,

div(z) =0in &, \ Ea}.
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We then construct a mapping
K:SiaxSgle—Y°
with the property that a corresponding fixed point is a solution to (7.18)-(7.21).

7.8 Validity of the Compatibility Conditions

Lemma 7.4. The linear operator

Lo R? - R?, L’C(?,j\) = (KHT Cll)\)

s a bijection.
Proof. See for example [3, Section 6. O

Theorem 7.5. There exist constants 5,05 > 0 such that for all 0 < € < €5
and 0 < § < d5 we may find

v =7(g,0) =0(e+ )
such that for all (u,z,7) € S1 X ngc: there exists a unique solution
(7,\) € B, C R?
to the system (7.20). We denote by
Sc:S1a x S5l — By CR?,
{ Sc(t, z,m) = (7, \)
the corresponding mapping.

Proof. The proof is similar to that of Theorem 5.3, with the only exception that
we use Lemma 7.4 instead of Lemma 5.1. O

Theorem 7.6. S¢ is weakly continuous as mapping from Y7 into R2.

Proof. Analogous to the proof of Theorem 5.4. O

7.9 Solvability of the Fluid Equations

Consider for Z € ngG the linearized system
div T (2, 7) = &*R(VzAcu Z +
VzAcu(Wr — Ter —Ae1 AXeu) +
VipAcyz + Jeu Ae1 Az ) +
52R<V’li}RA6u(1I)R —Ter —Ae1 Axeu)) +

(7.22) 2R (Joy Ne1 AMig) — div T (g, Gr)  in &,,
div(Acy2) = — div(A.,WR) in &,,
z=0 on 0,
‘ llim z=0.
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Theorem 7.7. Assume that S is symmetric with respect to G around the axis
e1. There are C1,C4y,Cs,66 > 0 such that for all 0 < 6 < dg,

“ e =C,min(6,6°), fB: Cs

= e

and all o > 3, (4,2,¢) € S1,¢ X ngG, and (7, 5\) € B,(c,5), with v = (g, 0)
the constant given in Theorem 7.5, there exists a unique (z,7) € ngc; where z

is a weak solution to (7.22) and (z,7) solves (7.22)1 in the domain Eqq1. We
denote by

Sr: Sl,G X ngfG X By(e,é) — ngG’
Sp(t, Z,¢, 7, ) = (2,m)

the corresponding mapping.

Proof. We follow the proof of Theorem 5.6. In the first step, we consider the
equations in the current configuration, i.e., over the domain £5*. Since u is G-
invariant, £5* is G-symmetric. Consequently, we may apply the same Galerkin
method as in the proof of Theorem 5.6, but with the approximation carried out
in the space D});é(z:g“) instead of Dy'?(£5%). In this process, we replace #% with
Pa#r, Pa being the projection of W12(£5%) onto W52(E5*) (explicitly given
in (7.25)). As a result of the Galerkin approximation, we obtain 2 € Déé(é’g“)
satisfying

/ Vz:Vedy +
Ezu

5273(/ VéZ-go—kVé(tDR —Ter —Ae1 Ay) ¢ +
SE’U.

(7.23) Wr Vi @+ et AZ-p +

Wg - V(g —Ter —Aer Ay) - o+ Ae AwR"de)

+/1IJR:V<pdy =0
gev

for all functions ¢ € Dé:é(é‘g“). One can now verify, by a direct compu-

tation utilizing the G-invariance of Z, Z, and u, that (7.23) also holds for
pe(Id —Pg)D(l):é (Ec™). Tt follows that z := 2oy, € Dé:é(&,) is a G-invariant
weak solution, in the sense of Definition 5.5, to (7.22) We proceed as in the
proof of Theorem 5.6, and determine a corresponding pressure m € L%(&,) so
that (z,7) solves (7.22). We see from (7.22) that V7 is G-invariant, from which
one can easily show that 7 itself is G-invariant. Thus we obtain a G-invariant so-
lution (z, ) to (7.22). The rest of the proof follows, without any modifications,
that of Theorem 5.6. O
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Theorem 7.8. Sr is weakly continuous as mapping from Y x R® into X°.

Proof. Analogous to the proof of Theorem 5.7. O

7.10 Solvability of the Elasticity Equations

Theorem 7.9. Assume that S is symmetric with respect to G around the azis
Then the operator L := (divo™(Vu), o (Vu) - njpn) maps WEP(Q) home-
omorphzcally onto the space

L o(Q) = {(f,9) € LL(Q) x W& /PP (09) |

(7.24) /fda:—/gdS /x/\fdx—/m/\gds}

Proof. Since it is well-known that £z maps W?P?() homeomorphically onto
Y2(9Q), we need only verify that £p(WgP(Q)) = V(). One can easily

verify by a direct calculation that £z maps WP (Q) into Vi.a(©). To show
that Lg is onto, we first consider a variational form of the operator. For this
purpose, we introduce the Hilbert space

H = {u e WH2(Q) | /udx =0, /(Vu — VuT) dz = 0},
Q Q

We let dg denote the normalized right-invariant Haar-measure on G and put
(7.25) Pa(u) := /g_lu(gm) dg.
a

Note that Pg is the projection of H onto Hg, i.e. Hg = PgH. We now recall
(4.16) and define the bilinear form

B:HGng—>K

B(u,v) := /)\E TrEp(u) - Tr Ep(v) + 2upEr(u) : EL(v) da.
Q
By the second Korn inequality (see [20, Corollary III.1.5]), and the fact that
Ag, g > 0, we deduce that

||u||%2 < /EL(u) : Ep(u)dz < coB(u,u).

Consequently, we see that B is a bounded, coercive, bilinear functional on the
Hilbert space Hg. By the Lax-Milgram Theorem, there exists for each bounded
linear functional F on Hqg a unique u € Hg such that

B(u,v) = F(v) Vv € Hg.
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Now consider (f,g) € Vp (). Clearly,

f(v):zﬂ/f-vdx—/gmdS

o0

defines a bounded linear functional on H¢. Hence, there exists a unique u € Hg
such that

B(u,v) :/f.vdx—/g'vdS Yv € Hg.
Q a0
Denoting by J the space of infinitesimal rigid displacements,

J:={c+dArz|cdecR3,
we can write W12(£) as the direct sum
Wh2(Q) = He @ (Id—Pg)H @ J.
For ¢+ d A x € J we have
B(u,c+dAz)=0.

Furthermore, since

V(Porl(e) = [ g7 Vo(gagdg,
G
an easy calculation shows that

B(u,Pgv) = B(Pgu,v) = B(u,v)

for v € H. Moreover,

Q/f-(c—|—d/\x)—/g-(c+d/\x)d5—0

[219)

and

/f-PGvdx—/g~PGvdS:/ngmdx—/PGg'vdS
Q Q o0

a0
:/fwud:vf/gwdS.
Q

o0
We conclude that

B(u,v):/fwdxf/gwdS Yo € WH2(Q).
Q o

Thus, u € H¢g is a weak solution to

dive®(Vu) = f inQ,
(7.26) .
c”(Vu) -n=g on 0.
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One can verify, by a similar calculation as above, that u is a unique solution to
(7.26) in H. Utilyzing that (div o’ (Vu),o“(Vu) - njsn) maps W2?(Q) homeo-
morphically onto Y% (), and that W?P(Q) C M, we deduce that u € W5 (Q).
We have thereby shown that £z maps W"(Q) onto Vb.(9), and the proof is
complete. O

We now consider the elasticity equations (7.18) with a right hand side cor-
responding to data (5, Z,(, A, 7) € S1,¢ % ngfg. More specifically, we consider
the linearized system
div(o?(Va)) = e2X\%e; Aer Axew — div(N(s,e))  in Q,

o™ (Vi) -n = (T(Z,7) + T“(¥r,Gr)) - n +

(7.27)
(T (4o, R, Go,r) — T(wo, o)) - 1
—N(s,e)-n on 0f,
where
s =38+ up.

We have the following theorem of existence of the system (7.27).

Theorem 7.10. Let €5,65,¢€,9,v be as in Theorem 7.5. For any
(3,2,¢, 0 7) € G(Sc)

there exists a unique solution U € Wé’p(Q) to (7.27). Moreover, there exist
constants €g, 07 > 0 such that when 0 < e < eg and 0 < § < d7, then u € 51 ¢.
We denote by

Se :G(Sc) — S1¢

the corresponding mapping.

Theorem 7.11. Sg is weakly continuous as a mapping from Y x R? into
W2P(Q).

Proof. Analogous to the proof of Theorem 5.9. O

7.11 Existence in a Bounded Domain

Theorem 7.12. Let R,e,(8 be as in Theorem 7.7 and ~y the constant from
Theorem 7.5. There is 63 > 0 such that for all 0 < § < ég and all o > 3 there
exists a solution (4,z,m,\,T) € S1.¢ X ngg x B, to (7.18)-(7.21).

Proof. Analogous to the proof of Theorem 5.5. O

64



i

~
%

Figure 4: Fourth order symmetry

7.12 Proof of Main Theorem for Symmetric Bodies
Theorem 7.13. Let R,c be as in Theorem 7.7 and ds as in Theorem 7.12. For

all 0 < § < dg there exists a solution

(i, 2,7, N, 7) € WEP(Q) x (Dyg(E) NWEL(E)) x WP (€) x R

loc loc
to (7.12)-(7.14).
Proof. Analogous to the proof of Theorem 6.3. O

Proof of Theorem 7.1. The proof is analogous to the proof of Theorem 4.5, with
the only exception that we utilize Theorem 7.13 instead of Theorem 6.3. O

7.13 Examples

There are basically only two types of subgroups G of SO(3) that satisfy as-
sumptions (7.1)—(7.3); the finte cyclic subgroups of SO(2) (excluding the trivial
group due to assumption (7.3)) and SO(2) ifself. Note that any subgroup of
SO(3) which leaves one axis invariant (assumption (7.2)) is a subgroup of SO(2).

Consider the finite cyclic subgroup Gy of SO(2) of order £ > 1. If Q is
a domain symmetric with respect to Gy around an axis a, then €2 is said to
possess rotational symmetry of order k& about a (see [21, Section 6]). The two-
bladed “skrew-propeller” in figure 2 and the two-bladed impeller in figure 3 are
examples bodies with rotational symmetry of order 2. A body that intersects the
x1—xo-plane at any level on the x3-axis in such way that the insection possesses
a symmetry as in figure 4, is a body with rotational symmetry of order 4.

If © is a domain symmetric with respect to SO(2) around an axis a, then
is a classical body of revolution around the axis a.



In some cases a domain {2 posses both an isolated orientation and rotational
symmetry in sense of (7.1)—(7.4). The two-bladed “skrew-propeller” (see exam-
ple 4.2) is such an example. We are then able to apply both Theorem 4.5 and
Theorem 7.1. In such a case, however, Theorem 7.1 yields a stronger result,
since here the orientation of the steady free motion is given explicitly.
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