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Many traders and investors know that diversified depots have many benefits compared with single invest-
ments. The distribution of risks on many shoulders reduces the risk of a portfolio remarkably while at the
same time the return stays unchanged. On the other hand, the return of a portfolio can be maximized
subject to a predefined risk level. In the Portfolio Theory of Markowitz (cf. [3]) these facts are formally
derived.

As a byproduct, this ansatz yields concrete position sizes for single assets in order to build the optimal
portfolio. This ansatz does, however, not regard the possible drawdown of the portfolio since the risk is
measured solely via the standard deviation. The goal of this paper is to demonstrate, that diversified depots

are also suitable to reduce possible (maximal) drawdowns, while not lowering ones sight on the return.

Optimal f and Kelly betting

For our demonstration we choose the “optimal f” ansatz, that means position sizing that uses always a fixed
percentage (“fixed fraction trading”) of the actual available investment capital (cf. Vince [4] and [5]). In
particular when large distributions of possible trading results are used, this ansatz quickly gets confusing.
Therefore and for demonstration purposes we want to use optimal f only in its simplest version also known
as “Kelly betting system” (cf. [1], [2] and for the variant following below [4], p. 30).

Here a trader can repeatedly place for him favorable bets. On each bet he either looses his stake which is a
fixed percentage f € [0, 1] of his capital, or he wins B times his stake. In case we further assume that the
winning probability is p € (0, 1) and the loosing probability is ¢ = 1 — p then for the capital X} after k bets

we get

{ Xji_1- (1 + Bf) with probability p
X, =

Xi—1-(1—f) with probability ¢ .



Under the condition that the capital after & — 1 bets is already known (equal to z), the expected value of
E (X k

Therefore, the bets are only favorable in case Bp > ¢. The expected gain of each of these bets gets maximized

X} becomes
{ X :x}> = p-a(l+Bf) + q-z(1-f)

= :1:-[1+(Bp—q)f} )

for f = 1. This, however, immediately brings about ruin once only one bet gets lost. Clearly this cannot be
meaningful. Hence instead of maximizing the gain, Kelly started to maximize the expectation of the natural

logarithm of the capital instead. Using again the condition that Xj_; is already known one obtains

E(log(Xk) ‘ {Xk_l :x}> = p-log(m(1+Bf)> + q-log(x(l—f))
= logz + [p log(1+ Bf) + g log(1 —f)] )

If this expression is viewed as a function of f, its maximum is achieved at f,,, =p — 4 >0

B
(Kelly formula).

Simulation of single investments

In the following we want to do some simulations. Assume for example B = 2 and p = 0.4. The optimal f
according to Kelly then is

q 0.6
That means, in order to obtain optimal growth of the logarithmic utility function in the long run, always
a stake of 10% of the actual capital has to be used. Using a starting capital of Xy = 1000 a simulation of

10000 bets yields the results of Figure 1, left:
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Figure 1: y = log(X}) for f,,: and is negative drawdown (right)



On the z—axis the bets £ = 1,...,10000 are assigned. The dotted line in Figure 1 (left) shows for f=f.,, =
10%, Kk =1,...,10000, the expected value E(log(Xk)) — a line with slope p log(l + Bf) +gq log(l — f) ~
0.0097. This is more or less realized in the simulation.

The right graphic in Figure 1 shows the negative drawdowns (— drawdown(k), & = 1,...,10000) of this

simulation and dotted the maximal drawdown (see also the empirical distribution of these drawdowns in
Figure 2 (left)).

Here we set drawdown(k) = 1— (Xk / equitymax(k)) € [0,1]
d it k) = X;.
and equitymax(k) lrgnjaéck j

Figures 1 (right) and 2 (left) show clearly that for f = f,,. severe drawdowns are to be expected.
These drawdowns would have large psychological impact on every trader and investor.
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Figure 2: distribution drawdowns for f,,. (left) and y = log(X}) for f = 0.01 (right)

On the other hand, in case a stake of only f = 1% of the actual capital is used (as recommended by many
experts) the severe drawdowns can be prevented (cf. Figure 2 (right) and Figure 3). The expected value

(dotted line in Figure 2 (right)) and the result of this simulation are however considerably lower.

blood curve(neg drawdown): steps = 10000, B=2, p=0.4, f=0.01
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Figure 3: negative drawdown for f = 0.01 (left) and distribution (right)




It can be observed that large drawdowns can be avoided for suboptimal f < f,,., but only at the expense

of a lower capital growth. What remains is the question, whether both, optimal capital growth with

simultaneously bounded drawdowns, is reachable? Here the diversification comes into play.

Diversified optimal f

The aim of diversification is to load the depot capital risk on several “shoulders” (virtual depot parts). In

case the capital growth on each depot part has positive expected value, the whole depot also becomes a

positive expected value (through averaging).

If the expected returns of the depot parts are of the same order, then the expected return of the whole

depot is also of that magnitude, i.e. we give away nothing. Nevertheless, so the hope, the fluctuation of the

equity curve of the whole depot will be reduced by the gains and losses of the partial depots. We want to

apply this idea to fractional trading with optimal f.

Simulation with partial depots

Thereto let us again consider the Kelly betting variant with B = 2, p = 0.4, f,,, = 10%. This time,
however, before each bet the capital will be splitted uniformly on M = 10 (or M = 25) virtual depot parts.

Then each partial depot bets (stochastically independent) with an f,,, fraction of its partial depot.

Equity log scale: steps =10000,B=2,p=0.4,M=10,f=0.1
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Figure 4: y = log(Xj) for M = 10 partial depots with f,,. (left) and negative drawdown (right)

The lower dotted line in the left graphic of Figure 4 shows as in Figure 1 the expected value for a single

investment per bet. The upper dotted line (which is very dose to the equity curve) shows the expected value
of log(Xx) when M partial depots are used (cf. (2) below).



Observations:

> The capital growth is even faster as expected for the single investment.

> The drawdown (Figure 4 right and Figure 5 left) is reduced remarkably.
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Figure 5: distribution drawdown M = 10 (left) and y = log(X)) M = 25 with f,,, (right)

The capital after k bets, X, is the sum of the capitals of the depot parts

M
X, = Y
k — i
i=1
Xp—1

where the i—th depot part is capitalized before the k—th bet with = and the capital after the k—th bet is

denoted Ylk . A simple calculation shows

E(log(Xk) ‘ { X :x}> -

N @)

log(z) + Z (J‘\?{)pj(l_p)M—jlog<l + f- [ij\;l - 1]) .
j=0

Remark: For M =1 this is equal to the old formula from (1):

E(1og(Xi) | {Xk1 = 2}) = log(e) + p-log(1+ Bf) + (1-p) log(1 - /).

In particular f = f,,. of the utility function (1) is in general no longer optimal for maximizing the utility
function (2). Nevertheless, we obtain a win—win situation:
Advantages: > The severe drawdowns are controlled.

> The expected gain grows remarkably compared to a single investment.



Nevertheless, there are also disadvantages which should be mentioned:
Disadvantages: > More signals are needed for each bet

(preferably stochastically independent or at least uncorrelated).

> The fees are multiplied.

The disadvantages seem to be of technical nature. They are, however, in fact restrictive or at least difficult
to realize. The assumption that the investments in partial depots is possible stochastically independent,
is probably not realizable in our globally connected financial markets. As easing of this assumption, one
could demand that the correlation of the returns of the depot parts is zero or at least in absolute value
small. This can be monitored by usual correlation estimators. One, however, has to be on alert when the
correlations grow dramatically as it happens regularly in financial crises (so called “correlation meltdown”).

To be warned early, there are powerful statistical tests which raise the alarm when correlations are changed
(cf. Wied [6]).

In Figure 5 (right) and Figure 6 we can observe that for M = 25 depot parts the drawdown is furthermore
reduced remarkably while the expected equity growth is extended a little.
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Figure 6: M = 25 drawdown (left) and distribution (right)

To be applicable for real investments, the easy Kelly betting example has to be substituted by a realistic
returns distribution and as investment fraction in the depot parts optimal f from Vince (cf. [4]) would
have to be used. Since Kelly betting is just an easy case of optimal f, we expect that more complex return
distributions would yield similar results. A drawdown control, as suggested in the “leverage space trading
model” in [5], would not be necessary.

Conclusion: With the help of Monte—Carlo simulations it was possible to verify that the use of optimal f
position sizing in connection with diversified partial depots yields a remarkable reduction of the maximal
drawdown compared to single investments while concurrently the expected equity growth is raised. Subop-
timal fixed fraction trading approaches are literally declassified. The difficulty of applying this method is,
however, to provide many uncorrelated investment possibilities simultaneously. A consistent implementation
of such a strategy results in a win—win situation and may be viewed as a further prove why many experts
for a long time call diversification the only “free lunch” on Wall Street. This seems to be a valuable com-
plementation of the classical portfolio theory where the only risk measure used was the standard deviation

and therefore drawdowns were not at all addressed.



References

[1] T. FERGUSON, The Kelly Betting System for Favorable Games, Statistics Department, UCLA.
[2] J. L. KELLY, JR. A new interpretation of information rate, Bell System Technical J. 35:917-926, (1956).
[3] HENRY M. MARKOWITZ, Portfolio Selection, FinanzBuch Verlag, (1991).

[4] R. VINCE, The Mathematics of Money Management, Risk Analysis Techniques for Traders,
A Wiley Finance Edition, John Wiley & Sons, Inc., (1992).

[5] R. VINCE, The Leverage Space Trading Model: Reconciling Portfolio Management Strategies and
Economic Theory, Wiley Trading, (2009).

[6] D. WIED, Ein Fluktuationstest auf konstante Korrelation, Doktorarbeit, Technische Universitét
Dortmund, (2010).



NS

=

)

o
=

[\
at

DO
=)

[\
o

DN

SN RS2 AN

OO OO

w
=)

w
—

w
DO

w
w

w
at

w W
RCNC . A L =)

w
oo

TORTOONICTCR O TORO IO

Reports des Instituts fir Mathematik der RWTH Aachen

Bemelmans J.: Die Vorlesung ”Figur und Rotation der Himmelskoérper” von F. Hausdorff, WS 1895/96,
Universitat Leipzig, S 20, Marz 2005

Wagner A.: Optimal Shape Problems for Eigenvalues, S 30, Marz 2005

Hildebrandt S. and von der Mosel H.: Conformal representation of surfaces, and Plateau’s problem for Cartan
functionals, S 43, Juli 2005

Reiter P.: All curves in a C'-neighbourhood of a given embedded curve are isotopic, S 8, Oktober 2005
Maier-Paape S., Mischaikow K. and Wanner T.: Structure of the Attractor of the Cahn-Hilliard Equation,
S 68, Oktober 2005

Strzelecki P. and von der Mosel H.: On rectifiable curves with LP bounds on global curvature: Self-avoidance,
regularity, and minimizing knots, S 35, Dezember 2005

Bandle C. and Wagner A.: Optimization problems for weighted Sobolev constants, S 23, Dezember 2005
Bandle C. and Wagner A.: Sobolev Constants in Disconnected Domains, S 9, Januar 2006

McKenna P.J. and Reichel W.: A priori bounds for semilinear equations and a new class of critical exponents
for Lipschitz domains, S 25, Mai 2006

Bandle C., Below J. v. and Reichel W.: Positivity and anti-maximum principles for elliptic operators with
mixed boundary conditions, S 32, Mai 2006

Kyed M.: Travelling Wave Solutions of the Heat Equation in Three Dimensional Cylinders with Non-Linear
Dissipation on the Boundary, S 24, Juli 2006

Blatt S. and Reiter P.: Does Finite Knot Energy Lead To Differentiability?, S 30, September 2006

Grunau H.-C., Ould Ahmedou M. and Reichel W.: The Paneitz equation in hyperbolic space, S 22, Septem-
ber 2006

Maier-Paape S., Miller U.,Mischaikow K. and Wanner T.: Rigorous Numerics for the Cahn-Hilliard Equation
on the Unit Square, S 67, Oktober 2006

von der Mosel H. and Winklmann S.: On weakly harmonic maps from Finsler to Riemannian manifolds, S 43,
November 2006

Hildebrandt S., Maddocks J. H. and von der Mosel H.: Obstacle problems for elastic rods, S 21, Januar 2007
Galdi P. Giovanni: Some Mathematical Properties of the Steady-State Navier-Stokes Problem Past a Three-
Dimensional Obstacle, S 86, Mai 2007

Winter N.: W?2P and W'P-estimates at the boundary for solutions of fully nonlinear, uniformly elliptic
equations, S 34, Juli 2007

Strzelecki P., Szumanska M. and von der Mosel H.: A geometric curvature double integral of Menger type for
space curves, S 20, September 2007

Bandle C. and Wagner A.: Optimization problems for an energy functional with mass constraint revisited,
S 20, Mérz 2008

Reiter P., Felix D., von der Mosel H. and Alt W.: Energetics and dynamics of global integrals modeling
interaction between stiff filaments, S 38, April 2008

Belloni M. and Wagner A.: The oo Eigenvalue Problem from a Variational Point of View, S 18, Mai 2008
Galdi P. Giovanni and Kyed M.: Steady Flow of a Navier-Stokes Liquid Past an Elastic Body, S 28, Mai 2008
Hildebrandt S. and von der Mosel H.: Conformal mapping of multiply connected Riemann domains by a
variational approach, S 50, Juli 2008

Blatt S.: On the Blow-Up Limit for the Radially Symmetric Willmore Flow, S 23, Juli 2008

Miiller F. and Schikorra A.: Boundary regularity via Uhlenbeck-Riviére decomposition, S 20, Juli 2008

Blatt S.: A Lower Bound for the Gromov Distortion of Knotted Submanifolds, S 26, August 2008

Blatt S.: Chord-Arc Constants for Submanifolds of Arbitrary Codimension, S 35, November 2008

Strzelecki P., Szumariska M. and von der Mosel H.: Regularizing and self-avoidance effects of integral Menger
curvature, S 33, November 2008

Gerlach H. and von der Mosel H.: Yin-Yang-Kurven I6sen ein Packungsproblem, S 4, Dezember 2008
Buttazzo G. and Wagner A.: On some Rescaled Shape Optimization Problems, S 17, Mérz 2009

Gerlach H. and von der Mosel H.: What are the longest ropes on the unit sphere?, S 50, Marz 2009
Schikorra A.: A Remark on Gauge Transformations and the Moving Frame Method, S 17, Juni 2009

Blatt S.: Note on Continuously Differentiable Isotopies, S 18, August 2009

Knappmann K.: Die zweite Gebietsvariation fiir die gebeulte Platte, S 29, Oktober 2009

Strzelecki P. and von der Mosel H.: Integral Menger curvature for surfaces, S 64, November 2009
Maier-Paape S., Imkeller P.: Investor Psychology Models, S 30, November 2009

Scholtes S.: Elastic Catenoids, S 23, Dezember 2009

Bemelmans J., Galdi G.P. and Kyed M.: On the Steady Motion of an Elastic Body Moving Freely in a
Navier-Stokes Liquid under the Action of a Constant Body Force, S 67, Dezember 2009

Galdi G.P. and Kyed M.: Steady-State Navier-Stokes Flows Past a Rotating Body: Leray Solutions are
Physically Reasonable, S 25, Dezember 2009



Galdi G.P. and Kyed M.: Steady-State Navier-Stokes Flows Around a Rotating Body: Leray Solutions are
Physically Reasonable, S 15, Dezember 2009

Bemelmans J., Galdi G.P. and Kyed M.: Fluid Flows Around Floating Bodies, I: The Hydrostatic Case, S 19,
Dezember 2009

Schikorra A.: Regularity of n/2-harmonic maps into spheres, S 91, Mérz 2010

Gerlach H. and von der Mosel H.: On sphere-filling ropes, S 15, Marz 2010

Strzelecki P. and von der Mosel H.: Tangent-point self-avoidance energies for curves, S 23, Juni 2010
Schikorra A.: Regularity of n/2-harmonic maps into spheres (short), S 36, Juni 2010

Schikorra A.: A Note on Regularity for the n-dimensional H-System assuming logarithmic higher Integrability,
S 30, Dezember 2010

Bemelmans J.: Uber die Integration der Parabel, die Entdeckung der Kegelschnitte und die Parabel als
literarische Figur, S 14, Januar 2011

Strzelecki P. and von der Mosel H.: Tangent-point repulsive potentials for a class of non-smooth m-dimensional
sets in R™. Part I: Smoothing and self-avoidance effects, S 47, Februar 2011

Scholtes S.: For which positive p is the integral Menger curvature M, finite for all simple polygons, S 9,
November 2011

Bemelmans J., Galdi G. P. and Kyed M.: Fluid Flows Around Rigid Bodies, I: The Hydrostatic Case, S 32,
Dezember 2011

Scholtes S.: Tangency properties of sets with finite geometric curvature energies, S 39, Februar 2012

Scholtes S.: A characterisation of inner product spaces by the maximal circumradius of spheres, S 8,

Februar 2012

Kolasiniski S., Strzelecki P. and von der Mosel H.: Characterizing WP submanifolds by p-integrability of
global curvatures, S 44, Méarz 2012

Bemelmans J., Galdi G.P. and Kyed M.: On the Steady Motion of a Coupled System Solid-Liquid, S 95,
April 2012

Deipenbrock M.: On the existence of a drag minimizing shape in an incompressible fluid, S 23, Mai 2012
Strzelecki P., Szumanska M. and von der Mosel H.: On some knot energies involving Menger curvature, S 30,
September 2012

Overath P. and von der Mosel H.: Plateau’s problem in Finsler 3-space, S 42, September 2012

Strzelecki P. and von der Mosel H.: Menger curvature as a knot energy, S 41, Januar 2013

Strzelecki P. and von der Mosel H.: How averaged Menger curvatures control regularity and topology of curves
and surfaces, S 13, Februar 2013

Hafizogullari Y., Maier-Paape S. and Platen A.: Empirical Study of the 1-2-3 Trend Indicator, S 25, April 2013
Scholtes S.: On hypersurfaces of positive reach, alternating Steiner formulse and Hadwiger’s Problem, S 22,
April 2013

Bemelmans J., Galdi G.P. and Kyed M.: Capillary surfaces and floating bodies, S 16, Mai 2013

Bandle, C. and Wagner A.: Domain derivatives for energy functionals with boundary integrals; optimality and
monotonicity., S 13, Mai 2013

Bandle, C. and Wagner A.: Second variation of domain functionals and applications to problems with Robin
boundary conditions, S 33, Mai 2013

Maier-Paape, S.: Optimal f and diversification, S 7, Oktober 2013



