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Abstract

We consider linear elliptic equations —Au+¢g(x)u = Au+ f in bounded Lipschitz
domains D C RY with mixed boundary conditions %L = o(x) A+ g on 0D. The
main feature of this boundary value problem is the appearance of A both in the
equation and in the boundary condition. In general we make no assumption on
the sign of the coefficient o(z). We study positivity principles and anti-maximum
principles. One of our main results states that if ¢ is somewhere negative, ¢ > 0 and
Jp a(z) dz > 0 then there exist two eigenvalues A_1, A; such the positivity principle
holds for A € (A_1, A1) and the anti-maximum principle holds if A € (A1, A1 + )
or A € (A_1 —€,A_1). A similar, but more complicated result holds if ¢ = 0. This
is due to the fact that Ay = 0 becomes an eigenvalue in this case and that Aj (o)
as a function of ¢ connects to A_j(c) when the mean value of o crosses the value
o9 = —|D|/|0D|. In dimension N = 1 we determine the optimal A-interval such
that the anti-maximum principles holds uniformly for all right-hand sides f,g > 0.
Finally, we apply our result to the problem —Au+¢q(z)u = au+ f in D, %Z = Pu+g
on 0D with constant coefficients «, 3 € R.

AMS Subject Classification 2000 35J25, 35B50.

Key words. Positivity principle, anti-maximum principle, eigenvalues, Harnack
inequality

1 Introduction

Let D € RN be a bounded domain with Lipschitz boundary 9D, and let n denote
its outer unit normal. This paper deals with boundary value problems of the form

—Au+q(z)u=Au+ fin D, wu,=o0c(z) \u+gon dD, (1.1)
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where f € L?(D), g € L?(0D). Here q is a bounded, positive function defined on
D, o is a continuous function defined on 9D and X\ € R a real parameter. The main
feature of this boundary value problem is the appearance of A both in the differential
equation and the boundary condition. Moreover, we make no assumption on the
sign of the coefficient o(x).

According to the classical theory there exists a unique solution for every A which
does not coincide with an eigenvalue of

—Ap+q(x)p=Apin D, ¢, =o0c(x)\pon dD. (1.2)

The first goal of this paper is to determine the range of A-values for which positive
f and g imply the positivity of the solution u. If such a property holds we say that
(1.1) satisfies the positivity principle.

The positivity principle depends on the eigenvalue problem (1.2), which was
analyzed in [4] for o € C(0D) with o(x) > 0. Later this was generalized in [2] to
the case where o € R is an arbitrary real constant and finally in [3] to the case
where o € C(0D) has non-vanishing negative part. We briefly summarize the main
results. For v,w € HY(D) let

(v,w) = / Vv - Vw + q(z)vw dz, a(v,w) = / vw dz —i—f o(z)vwds.
D D oD
There always exist infinitely many positive eigenvalues

O< A <A<..., lim A\, =o0.

n—oo

If () > 0, [, gdz > 0 then (-,-) generates an equivalent norm on H'(D) and the
lowest positive eigenvalue is characterized by the variational principle

A1 = min {(v,v> v e HY(D), a(v,v) = 1}. (1.3)

It is simple and the corresponding eigenfunction ¢ is of constant sign in D. Let

1 D]

0= o(x)ds, o9 = — . 1.4
D] S 7" "= "1aD] (14

If g = 0 then A\g = 0 is an eigenvalue. If & > o¢ then \g = 0 plays the role of A1, cf.

Figure 1.
If o7 (x) := max{0, —o(x)} # 0 then there exists also a sequence of negative
eigenvalues
O0>A1>Ao0>....
For space dimensions N > 2, lim, ., o A\, = —oo whereas in dimension N = 1

there are at most two negative eigenvalues. In the case ¢(z) > 0, [, ¢(x) dz > 0 the
largest negative eigenvalue is given by

A_lz—min{<v,v> :UGHI(D),CL(U,U):—l}. (1.5)
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The eigenvalue A_; is also simple, the corresponding eigenfunction (_; has constant
sign and does not vanish in D. If ¢ = 0 and ¢ < oy then the eigenvalue \g = 0
plays the role of A_; whereas if @ > o then it plays the role of A1, cf. Figure 1.

Once the A-region for which the positivity principle holds is understood, the
question arises: what happens near the boundary of the positivity region? It turns
out that there holds an anti-maximum principle, i.e. positive f and g imply that
the solution of (1.1) is negative.

Our main results on the positivity and anti-maximum principle are stated and
proved in Section 2 and Section 3. Here we present them in the following table;
see also Figure 1. At first we have to distinguish between two cases: o(z) > 0
and 0~ # 0. Then the case 0~ # 0 has to be further subdivided according to the
potential q.

o- =0
>
g 20 fqux>0 g=0
positivity o<o0p: O< A<
principle A< Ar <A< o> o0p: A1 < A0
5 < on: —e<A<0
antimax A <A< 46 Al — €< A< A 0 M<A< AN+
principle | ** ! M<A<AM+6 [ A1 —€e<A<Aq
o > 0p:
0<A<d

At the boundary A = Ay; a solution to (1.1) for positive f and g can only exist
if both vanish. In this case u coincides with the eigenfunction ¢11. Since both are
of constant sign and can be taken either positive or negative it follows that neither
the positivity nor the anti-maximum principle holds.

An interesting observation is that the positivity region is connected, resp. dis-
connected if fD qgdx > 0 or ¢ =0, cf. Figure 1 for the case where o € R does not
depend on z € 9D.

The anti-maximum principle was first studied by Clément and Peletier [5]. More
recent studies on the anti-maximum principle are found in [1], [6], [7], [8], [10], [11],
[14]. In [13] Hess and Kato studied the problem —Au = Am(z)u in D, u = 0 on
0D with sign-changing coefficient m(z), which corresponds to our coefficient o(x).
They found a similar phenomenon of both positive and negative spectrum but the
existence of the unbounded negative spectrum did not depend on the dimension N
of the space as in our case. Positivity and anti-maximum principles for Dirichlet
problems —Au = Am(z)u+ f in D, uw = 0 on 0D with a sign-changing coefficient
m(z) are given in [10], [11] and [13].

It is known already from the work of Clément and Peletier [5] that in dimension
N = 1 one can expect the anti-maximum principle to be uniform in the sense
that 0, do not depend on f and g. This is indeed the case, and moreover one
can determine exactly the optimal A-interval for the validity of the uniform anti-
maximum principle. Such optimal anti-maximum principles are stated and proved
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A0 A

Figure 1: Positivity, anti-max. principle. Left: [ pqdx > 0;right: ¢ =0

in Section 4. The boundaries of the optimal A-intervals are determined through
associated Dirichlet-eigenvalues of (1.2), where one boundary-value is changed from
mixed to Dirichlet. Our results extend and complement those of [1], [10] and [14].

Finally, in Section 5 we apply the previous results to boundary value problems
of the form

—Au+gq(z)u=au+ fin D, wu, = Bu+gon dD, (1.6)

where a and [ are real parameters. By means of our results on the positivity
principle for (1.1) we determine the exact parameter region for which the positivity
principle holds for (1.6).

In the Appendix we state and prove a Harnack-type inequality which is cen-
tral for our results. For weak H'!(D)-solutions the Harnack-type inequality is the
replacement for the strong maximum principle.

2 Positivity principle

Recall from [2], [3] the eigenvalue problem (1.2) has a sequence of positive eigen-
values A\ — oo for k — oo. If 0~ # 0 and if the space dimensions N > 2 then
also a sequence of negative eigenvalues exists with A\, — —oo as k — —oo whereas
in dimension N = 1 there are at most two negative eigenvalues. Here we use the
notation that Ay > (<,=)0if & > (<,=)0.

Our conditions for the positivity principle will be formulated such that the solu-
tions of (1.1) are non-negative. Due to a strong maximum principle/Harnack-type
inequality (see Appendix) this result can be strengthened in the following way: ei-
ther w = 0 or there exists § = §(u) > 0 such that v > § a.e. in D and traceu > 9
a.e. on 0D.



Positivity and anti-maximum principles

In the statements of the following theorems we do not explicitly assume o~ % 0
because we want to include the case o(z) > 0. Formally, this is achieved by setting
A1 = —o0 if o(x) > 0. The positivity property in the case o(z) > 0 may also be
called the mazimum principle, which we state next.

A function v € H'(D) is called a weak supersolution of
—Au+ Q(z)u > A in D, wuy, > X(z)\u on 9D. (2.1)

provided

/ VuVu + Q(z)uv dx > / Auv dz + AS(x)uvds Vv € HY(D) with v > 0.
D D oD

If ¥(z) > 0 then the principle (first) eigenvalue Appine is given by

Apm-nc:min{/D\V02+Q(x)vzdx:vGHl(D),/szdx—l—jéDE(:r)vzds:1}.

Note that Aprine = 0if @ = 0, which is the reason why we call this eigenvalue Ajine
(and not Aj).

Lemma 1 (Maximum principle) Let ¥(z) > 0 and 0 < Q € L>®(D). If X €
(—00, Aprine) then every weak supersolution to (2.1) satisfies u > 0 and moreover,
either u = 0 or there exists § = §(u) > 0 such that w > 6 in D and traceu > § on
oD.

The proof of u > 0 is standard and consist in using the test-function v = u~
together with the variational characterization of Ap,inc. The refined statement u = 0
or u > d(u) > 0 follows from Lemma 17(ii) in the Appendix. It might be interesting
to note that the (almost) reverse conclusion also holds: if a weak supersolution to
(2.1) satisfies uw > 0 then necessarily A\ € (=00, Aprine]. The proof of this reverse
statement is included in Theorem 2 below.

2.1 The case ¢(z) >0, [,qdz >0

Recall the variational characterization (1.3), (1.5) from the previous section. The
case o(z) > 0 is consistently covered since in this case the set of admissible functions
in the definition of A_; is empty and hence the infimum is +oo.

Theorem 2 Let 0 < g € L°(D) with [, qdz > 0 and assume 0 < f € L*(D) and
0<geL*D).

(a) If A € (A_1,\1) then the solution u of (1.1) satisfies u > 0.
(b) If u>0,% 0 is a supersolution of (1.1) then X € [A_1, A\1].

Proof. Part (a): The case o(z) > 0 follows from the maximum principle of

Lemma 1. Therefore we assume o~ # 0 in the following. The case A\ = 0 is
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covered by the classical maximum principle for the Neumann problem. Hence we
consider the two cases A € (0, A1) and A € (A_1,0) separately.

Case 1: Let A € (0,A1). Let S = max{||o||oc, 1}. Note that (1.1) is equivalent to

—Au+ (¢(z) + (S=1)A)u = Shu+ fin D,

2.2
un + (S —o(z))du = SAu+gondD. (22)

Let K, be the operator given by

{L2(D)><L2(8D) — HY(D),
K :
(h, k) =,

where v is the unique solution of
—Av+ (q(z)+ (S—=DNv=hin D, v,+ (S—o(z)) v =k on dD.

By a straight forward application of the maximum principle, c¢f. Lemma 1, the oper-
ator K is positive, and possesses a first eigenvalue a > 0 with a first eigenfunction
0 < ¢ € HY(D) which satisfies

—Ap+ (¢@) + (S =N =apin D, ¢n+ (5—0(z))A\p =ayp on dD. (2.3)

After testing (2.3) with ¢ we obtain

/ IVo|? +q(x)? do = (a+(1—S))\)/
D

©* d:c+7{ (a+(o(z) = S)N)p*ds. (2.4)
D oD

Let us show that SA < a. Assume for contradiction that a < SA. Then (2.4)
implies

/D IVol|? 4 q(z)p? dz < A(/D<p2 dx + éD o(z)p? dx). (2.5)

The variational characterization (1.3) of A\; implies A\; < A which contradicts the
hypothesis on A. Hence we have proved that SA < a. Now we rewrite (2.2) as

u = SAK(u,u) + Kx(f,9).

If we introduce Ky : H(D) — HY(D) by Kyu = Ky(u,u), then the previous
equation is equivalent to

(Id —SAKy)u = Kx(f, 9).

Since 0 < S\ < « the inverse of the operator Id —SAK) is given by the Neumann-
series Y22 (SAK, ) and is therefore a positive operator. This implies the claim of
the theorem in case 1.

Case 2: Let XA € (A_1,0). Now we rewrite (1.1) as

—Au+ (g(z) = (S+DA\)u = —Shu+ fin D,
un — (S +o(z))du = —SAu+gondD.
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Let Ly be the operator given by

{L2(D)><L2(8D) — HY(D),
Ly:

(h, k) — v,
where v is the unique solution of
—Av+ (gz) = (S+1)A)v=hin D, v, — (S+0o(z)) v=kondD.

Due to the maximum principle of Lemma 1 the operator L) is positive with first
eigenvalue 8 > 0 and first eigenfunction 0 < ¢y € H'(D) satisfying

—AY+ (q(z) — (S+ DN = B¢ in D, b, — (S + o(z))Mp = B¢ on dD. (2.7)

After testing (2.7) with ¢ and rearranging terms we obtain

/va\2+q(m)w2da:—/ (ﬂ+(5+1))\))w2da:+j{ (ﬂ—l—(S—i—a(aﬁ)))\)des). (2.8)
D D 9

D

This implies that SA > — (3, since otherwise (2.8) leads to

/D |Vep|2 + q(z)y? dx < A(/D V2 dx + 721) o(z)? ds). (2.9)

The variational characterization (1.5) of A_; implies A_; > X\ which contradicts the
hypothesis on A\. Hence we have proved that SA > —f3. Note that (2.6) amounts to

u=—SALx(u,u) + Lx(f, 9)-
With the abbreviation Ly (u) := Ly (u,u) the previous equation is equivalent to
(Id +SALy)u = Lx(f,g).

Since SA > —f3 the inverse of the operator Id +5 ALy is given by the Neumann-series
Zi‘;o(—S)\LA)k and thus it is positive. This finishes the proof of the claim of part
(a) of the theorem.

Part (b): The following proof is inspired from Godoy et al. [10], where the idea
is attributed to Hess [12]. Suppose (1.1) has a supersolution u > 0,% 0. Since there
exists 6 > 0 such that v > § in D and traceu > § on 0D we may write u = e* with
a function z € H'(D). For v € C*(D) let us use v?e~~ as a test-function for (1.1).
Thus we obtain

/ —|oVz—Vo*+| Vo> +q(z)v* de > / 2?4 fole ™ da:—{—?{ o(z) M’ +gv’e * ds,
D D oD

which implies

/ \Vv]2+q(m)v2 dz 2 )‘(/ v? dx+j{ 0(96)1)2 ds) Yo € C*(D).
b D oD

The variational characterization of A_; and A; implies that necessarily A\_; < A <
A1. This completes the proof of the theorem.

O
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2.2 The case ¢(x) =0

Now we turn to the case ¢ = 0, where \g = 0 is an eigenvalue. Therefore the
variational characterization of the principal eigenvalues is different:

A= min{/ |Vo|?dz : v € HY(D),a(v,1) = 0,a(v,v) = 1}
D
and
Ay = _min{/ Vo2 da v € HY(D),a(v,1) = 0,a(v,v) = _1}.
D

As before o(x) > 0 implies A_; = —o0.

The positivity principle of this section relies on the following result, which was
proved in [3]. Recall the definition (1.4) of &, o¢ from the introduction.

Proposition 3 If ¢ € (—o00,00) then the eigenvalue \ is simple and the eigen-
function corresponding to A1 has constant sign. If o~ # 0 and & € (09, 0) then
A_1 is simple and the eigenfunction corresponding to A\_1 has constant sign.

Theorem 4 Let ¢ =0 and assume 0 < f € L?*(D), 0 < g € L*(D).
(i) ¢ € (—o0,00):
(a) If X € (0, A1) then the solution u of (1.1) satisfies u > 0.
(b) If u>0,% 0 is a supersolution of (1.1) then X € [0, \1].

(ii) & € (09,00):
(a) If A € (A_1,0) then the solution u of (1.1) satisfies u > 0.
(b) If w>0,%# 0 is a supersolution of (1.1) then \ € [A_1,0].

(i1i) & = oyp:
(a) There is no value of \ such that such that (1.1) has a positivity property.
(b) If u>0,%# 0 is a supersolution of (1.1) then X\ = 0.

Proof. The case o(z) > 0 falls into case (ii) and is covered by the maximum
principle of Lemma 1. Hence we may assume o~ # 0.

Case (i), part (a): Since the proof is very similar to case 1 in Theorem 2 let us
indicate the differences. One rewrites (1.1) as (2.2) and introduces the same positive
operator K with the first eigenvalue « satisfying (2.3). One needs to show that
SA < «. This is where a different argument is needed. Assuming for contradiction
as before that @ < S\ we obtain (2.5). However, ¢ does not satisfy a(p,1) = 0
and hence cannot be inserted into the variational characterization of A;. Instead,

we define f p f (2)od
~ pdr + o(z)pds

=¢—Pp, Pp=-:L oD . 2.10

v=e-o 5P ID| + 5|0D] (2.10)
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Clearly a(p,1) = 0. Rewriting (2.5) we obtain

/DIV@?d:v < A(/D¢2dx+fwa(x)¢2dx)
+ MPy)?(|D| + &|0D|) +2)\Pg0(/D<ﬁdw+éD U(m)@ds),

=0

and since ¢ < gg this implies by the variational characterization of \; the contra-
diction A1 < A. The proof continues exactly as in case 1 of Theorem 2.

Case (ii), part (a): The proof resembles the one of case 2 in Theorem 2 using the
operator Ly. One only needs to prove SA > —f(. Assume the contrary. With the
help of the projection ¢ = 1) — P1) one can rewrite (2.9) as above, use the variational
characterization of A_; and get a contradiction. The proof is then completed as in
case 2 of Theorem 2.

Case (i) and (ii), part (b): As in the proof of Theorem 2 the existence of a non-
negative solution u of (1.1) leads to

/ Vo|? dz > )\(/ v? dx —i—j{ o(z)v? ds) Vv € C*(D), (2.11)
D D oD
in particular for those v with a(v,1) = 0. This implies that

A <A< AL (2.12)

However, more precise information on the location of A is needed. Note that in the
case 0 < og one has

Oonzmin{/ ]Vv|2d:c:a(v,fu):—1}
D

with v = const. as a minimizer. Hence (2.11) implies that besides (2.12) also A > 0
has to hold. In the case oy < & notice that

OzAgzmin{/ |Vv\2dx:a(v,v):1}.
D

Thus next to (2.12) also A < 0 has to hold.

Case (iit): Part (a) follows once part (b) is shown, since then the only value
of A for which a positivity property could hold is A = 0. But even for A = 0 the
positivity property cannot hold due to the possibility to subtract arbitrary constants
from solutions. So it remains to show part (b): as before we obtain inequality (2.11).
We will show that in this case the following two characterizations of Ag = 0 hold
simultaneously

0 = inf{/D Vo2 dz - a(v,v) = —1} (2.13)
= inf{/D Vo2 dz - a(v,v) = 1}, (2.14)
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where neither of the two minimization problems has a minimizer. Together with
(2.11) this implies that necessarily A = 0. So let us show (2.13) and (2.14). Let w
be a solution of

—Aw=1in D, w,=oc(x) on 0%,

which exists only in the case ¢ = 0g. Next define v; = 1 + tw for ¢ € R. Then
Ip IVoe? dz = [}, t*|Vw|? dz and

a(ve,v) = a(1,1) 4 2ta(w, 1) + t2a(w, w) = t/ |Vw|? 4 t?a(w, w).
D

Let v = vi/+/|a(ve, vt)|. Then

Vou|? dx
lim/ V|2 da = fi A0 [ VV Ao
t—0 Jp t—=0  |a(ve, vy)|
and a(0y,0;) =41 or = —1ift > 0 or ¢t < 0. Hence if t — 0 then 7, is a minimizing
family for (2.13) if ¢ > 0 and for (2.14) if ¢ < 0. This finishes the proof of the claim.

O

3 Anti-maximum principles

In this section we consider (1.1) with f, g > 0 and A lying outside the region where
the positivity principle holds. One expects by the results of [5] a so called “anti-
maximum principle”: if ¢ > 0, [ pqdx >0 and A is a little larger than Ay or a little
smaller than A_; then the solution of (1.1) is negative. The situation for ¢ = 0 is
again more complicated. As before we treat the case o(x) > 0 by setting A1 = —cc.

3.1 The case ¢(z) >0, [,qdz >0

Theorem 5 Let 0 < g € L™°(D), [, qdx > 0. Suppose that 0 < f € LP'(D) with
p1 > N/2,p1 > 2 and 0 < g € LP2(9D) with po > N — 1,pa > 2 and assume
additionally that f # 0 or g #Z 0. Then there exists § = §(f,g,0) > 0, € =
e(f,g,0) > 0 such that if X € (A-1 — e, A1) U (A1, A1 + 0) then the solution u of
(1.1) satisfies u < 0 in D.

Proof. Case 1: Let A\ < A and assume moreover that A\ < Ao — 7 for some
fixed small v > 0. Then (1.1) has a unique solution u € H'(D). Recall from the
Hilbert-space theory of [2], [3] that H'(D) = span[p1] ® V, where span[p;] and V
are orthogonal both with respect to the bilinear form a(-,-) and the inner-product
(-,-). We assume the normalization a(¢1, 1) = 1. From [2], [3] we also know that
1 has constant sign and that there is K > 0 such that ¢; > « in D. Using the
splitting of the space the solution u of (1.1) is decomposed as u = agpy +v. A direct
computation yields
~ [pferdz+ §, g1 ds
o=
A1 —A

10
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and
~Av+q(z)v=> +f inD, wv,=o0c(x)\v+g" onadD, (3.1)

where*

= f—(/thm d:v+7ngsO1 dS)sm, g = 9—0(93)(/Df901 dfv+7{wg<p1 dS)cm.

Note that f, g" lie in the same LP-spaces as f, g since 1 € L>(D) and trace 1 €
L>(0D). Let us introduce the compact operator K : L?(D) x L?(0D) — H'(D)
defined by K(h,k) = z with —Az + q¢(x)z = hin D and z, = k on dD. One finds
casily that K(f",¢") € V = span[g;]*. Moreover the operator Kv = K(v,ov)
mapping V' — V is well-defined. Therefore (3.1) amounts to

(Id—-\K)v = K(f",d") (3.2)

and the solution v of (3.2) can be found by inverting (Id —AK) on the space V.
Since the values of A satisfy A € (A1, Ao — ) there exists a constant C' independent
of A such that

lvllar oy < CUf 2oy + 9llL2op))-
Lemma 17 in the Appendix applied to (3.1) implies that
0]l ooy < Cll0llL2) + I fll Lo () + 19l Le2 o))
uniformly in A € (A1, A2 — ). With p; = max{2,p1}, po = max{2,p2} we can
combine the two estimates into
[0l LoDy < CUIFll 2o (py + 191 52 (6))-

With the help of the decomposition u = a1 + v and the estimate ¢ > k we obtain

p ferde + g5 g1 ds

<
v= A — A

+ C(Ifllzo oy + lgllzr2opy) in D,

which can be made uniformly negative in D provided A € (A1, A1 + d(f,g)) with a
positive but sufficiently small value of §(f, g).

Case 2: Let A\ < A_1 and assume further that A > A_s + ~ for some fixed small
v > 0. The unique solution u € H'(D) of (1.1) has the orthogonal decomposition
u = ap_1 + v. If we use the normalization a(¢—_1,9—1) = —1 then « is given by

o = foSD—ldx‘f'ﬂgaDg@—l ds
A—A_1 '

The function ¢_; has constant sign and is bounded below by a positive constant
k > 0. As in case 1 one shows that v is bounded in L°°(D) uniformly for A €
(A2 + 7v,A_1). Hence, if X\ is sufficiently close to A_j the function ap_; in the
decomposition of u is sufficiently negative to make u uniformly negative in D. O

*The definition of ", g" implies that b(f", g", 1) = 0 with b(f, g,v) := [, fodz+ §,,, gvds, see also
the proof of Theorem 6.
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3.2 The case ¢(x) =0

Theorem 6 Let ¢ = 0 and define 6 = ﬁfaD o(x)ds. Suppose that 0 < f €
LPY(D) with p1 > N/2,p1 > 2 and 0 < g € LP2(D) with po > N — 1,ps > 2 and
assume additionally that f # 0 or g # 0. Then there exists 6 = 6(f,g,0) > 0 and
e =e(f,g,0) > 0 such that the solution u of (1.1) satisfies u < 0 in D provided

(i) & € (—00,00) and A € (—€,0) U (A1, At + ),
(ii) S (O’o,OO) and A € (A_1 — €, )\_1) U (0,9),
(iii) & = og and X € (—¢,0) U (0,0).

Proof. Case (i) and (ii): The proofs are similar to the proof of Theorem 5. We
illustrate only case (i). For ¢ < op we know from [2], [3] that A; is simple with an
eigenfunction ¢1 > k > 0 in D. Assume the normalization a(y1,¢1) = 1. We use
the splitting

HY(D) = span|yp;] @ span[l] &V

into three orthogonal parts, i.e, the unique solution v € H'(D) of (1.1) is decom-
posed into © = apy + B + v. The values of « and ( are given by

o dpferde + fop g1 ds _ Jpfdz+ypgds (3.3)
AL — A ’ MID| + [ypo(z)ds) ‘
and v solves
—Av=X v+ A3+ fF inD, wv,=0c(x)\+o(@)\3+g¢g ondD (3.4)

with f",¢" as in the proof of Theorem 5. On the space W = {(h,k) € L*(D) x
L2(0D) : [phdx+ §5,kds =0 = [, hordz + §,, ko1 ds} we define the operator
K :W — V by K(h,k) = z with —Az = h in D, z, = k on dD. Moreover
K :V — V is defined by Kv = K(v,0v). If we note (by a standard computation)
that (A3 + f7,0AB3 4+ ¢~) € W then (3.4) is equivalent to

Id—=AK)v = KA+ f7, o084+ 4").
As long as A is bounded away from A_; and Ay we get the estimates
vl g oy < CUfllz2py + gl 2 0m))-

and
[0l oo (py < CUlull 2oy + 1 fllzer (o) + 119l Lr2 o))

uniformly for A € [A_1 + 7, A2 — 7). Recalling that [D| + [, o(x)ds < 0if 5 < og
we see from (3.3) that u will be negative if either A is in a small right-neighborhood
of A1 or if A is in a small left-neighborhood of 0.

Case (iii): In this case, cf. [2], [3], the space H'(D) has the decomposition

HY(D) = span[1] @ span[w] @ V.,

12



Positivity and anti-maximum principles

where w solves —Aw = 1 in D, w, = o(x) on dD and V,, = {v € HY(D) :
a(v,1) = a(v,w) = 0}. Note however that span[l] and span[w] are not orthogonal.
To facilitate notation let

[2(D) x L3(D) x H\(D) — R,
b:
(f,9,v) —  [pfvde+ §,, gvds.

The solution of (1.1) can accordingly be split in three parts, i.e., u = o 4+ fw + v,
where

b9 b(figw) | b(fig,D)a
- )\Za(w, 1) )\a(w7 1) )\a(w7

(U),U)) _ b(fag’ 1)
)2 7 B__)\a(w,l)'

Note that a(w,1) = [, |Vw|*dz > 0. The remaining equation for v is

_ b/, 9,w) | b(f,9,1)a(w,w) b(f.g:1) .
B B A AT VA o
Up = — bg{;ﬂg,lu;) b/ Cgliij)ci(;;’ w) +oXv+g— Ub(E{;Ug’ll))w on 9D. (3.6)

Define the space W, = {(h,k) € L*(D) x L*(dD) : [phdx + §5,kds = 0 =
Jp hwdx+§, kwds}. On W, the operator K : Wy, — V,, is given by K (h, k) := z,
where z € V), is the unique solution of —Az = h in D, z, = k on 9D, cf. [2], [3].
Likewise, let K : V,, — V,, be defined by Kv = K (v, 0v). Thus (3.5)-(3.6) equals

~ b(f,g,w b(f,g,1)a(w,w b(f,g,1
a3y = (- g BT - e
Mhow) | e batew) W),
a(w, 1) a(w,1)? a(w,1) /)’

if one verifies by a standard computation that the argument of K on the right-hand
side belongs to W,,. Now the L? and L*-bounds on v follow as before provided
A is bounded away from A_j and A;. Likewise ||fw|loo < const. [A\7Y|(||fll12(p) +
9l 2(op))- Thus, negativity of u it a consequence of the %—term in o provided A
is sufficiently small but non-zero. O

4 Uniform anti-maximum principles
If the dimension N =1 and D = (0, L) then (1.1) becomes

—u" + g(x)u = M+ f in (0, L), (4.1)
—u'(0) = o1 u(0) + g1, u'(L) = o u(L) + go. (4.2)

It is known already from the work of Clément and Peletier [5] that in dimension
N =1 one can expect the anti-maximum principle to be uniform in the sense that
d, € in Theorem 5 and Theorem 6 do not depend on f and g. This is indeed the case,
and moreover one can determine exactly the optimal A-interval for the validity of
the uniform anti-maximum principle.

13
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Previously, such optimal A-intervals were determined variationally by Arias et al.
[1] and Godoy et al. [10] through the values A, ), cf. Lemma 8. Another approach
was given by Reichel [14] through the associated eigenvalue-problems (Dy,), (Do)
below. Due to a new observations we can now bring together these two approaches,
cf. Lemma 9, and thus get explicit formulas for the optimal A-interval.

To formulate our results we need the following associated boundary value prob-
lems introduced in [14]. Note that one boundary value is changed from mixed to
Dirichlet.

—u" 4+ q(x)u = Auin (0,L), —u" 4+ q(x)u = Auin (0,L),
(DL) —u’(O) = 0'1)\u(0), (Do) U(O) = O,
uw(L) = 0, u'(L) = o2 u(L).

Both problems have a sequence of positive eigenvalues )\ﬁ ,)\2 tending to +oo as

k — oo. Negative eigenvalues may not always exists. This is explained at the
beginning of the following two sections.

4.1 The case g(z) > 0, fOqua: > 0

We recall from Bandle, Reichel [3] that negative eigenvalues exist:

conditions on o negative eigenvalues
for (4.1)-(4.2) | for (Dr) for (Dy)
01,09 < 0 Ao < A1 )‘El /\91
01 <0< 09 A1 )\’31 no neg. ev
0< 01,09 no neg. ev no neg. ev | no neg. ev

We define the missing negative eigenvalues as —oo. For simplicity we do not consider
the case 02 < 0 < g7 since it is essentially the same as 07 < 0 < 0s.

Theorem 7 Let 0 < g€ L*>(0,L), fOL gdzx >0 and let
A€ max{Ay, A4} A1) U (A min{AF, A2}

Suppose that 0 < f € LY(0,L) and g1,92 > 0 and assume additionally f # 0 or
g1+ g2 > 0. Then the solution u of (4.1)-(4.2) satisfies u < 0 in [0, L]. Moreover,
the above \-interval is optimal for the uniform anti-mazimum principle.

The proof will be done with the help of the following two lemmas.
Lemma 8 Let 0 < g e L*(0,L), fOL qgdx > 0 and define

L
A = inf{/ v +q(x)v*dx s v € HY(0,L) has a zero and a(v,v) = 1},
0
Lo
A= inf{/ v+ q(x)v? dr : v € HY0, L) has a zero and a(v,v) = 71},
0
where a(v,w) = fOL vwdr + o1v(0)w(0) + oov(L)w(L). Then X is attained and

AL < A< Ao If either o1 or o9 is negative the A is attained and A_o < A < A_1.
The extremal functions for both extremal values have exactly one zero in [0, L].

14
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Proof. The value \ is always finite. The value ) is finite if at least one of oy, 09
is negative. Otherwise A = —oo. Provided the extremal values A, A are finite the
existence of extremal functions is standard since H'(0,L) embeds compactly into
C([0, L]). Let w,u be such extremal functions. Then u(xg) = u(yo) = 0 for some
w0, Yo € [0, L]. For a given point 29 € [0, L] define the space V,, = {v € H*(0,L) :
v(z9) =0}, i.e, w € V,, and u € V,,,. Moreover, @, u are extremal functions for

L
A = inf{/ v’2+q(x)v2d:n:vevxo anda(v,v)zl},
0
L
At o= —inf{/ V" 4 q(z)v?de v €V, anda(v,v):—l}.
0

Clearly \ = A", A= \*. Hence the following Euler-equations hold
(@, ¢) = Aa(T@,¢) for all ¢ € Vo, (u,9)) = da(u, ) for all ¢ € Vy,
and standard regularity implies that uw satisfies

—u" 4+ q(x)u = I in (0,20) U (w0, L),
—u/'(0) = o1 u(0), u(xg) =0, /(L) = o9 u(L),

and u satisfies

—u”" 4+ q(z)u = Au in (0,y0) U (yo, L),
—u/'(0) = o1 u(0), u(yg) =0, u'(L)=oc2Mu(L).

Note that in the case xzg € {0,L} or yo € {0, L} the Dirichlet boundary condition
replaces the mixed boundary condition. Let us show that w has exactly one zero.
The proof for u is the same. So assume @ € V,,,NV,, for xp,z1 € [0, L] with xg # ;.
Then

(@, ¢) = Aa(u, @) for all ¢ € V,, © V.

But Vy, @ Vi, = HY(0, L), i.e., U is a classical solution on the entire interval [0, L]
of the eigenvalue problem

—u” + q(z)u = M in (0, L),
—u/(0) = o1 u(0), /(L) = aodu(L).

The same is true for |u|, which is also a minimizer for . Hence u(z¢) = @'(7g) = 0
and the same holds at 1. Thus w = 0, which is impossible. Hence we have shown
that every extremal function for A has exactly one zero in [0, L]. The same holds
for minimizers of \.

It remains to show the estimates \{ < A < Ag and A_y < A < A_q, provided \
is finite. Let us show the inequalities for . The inequalities for )\ follow similarly.
First, it is clear that A\; < X. Since every minimizer for X has a zero, whereas the
minimizers for A; have no zero, it follows that A; < X. Likewise, since the second
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eigenfunction ¢y has a zero we get immediately that A < Xa. Let us suppose for
contradiction that A = Xg. Testing the equation for o with ¢35 we obtain

L
/0 (652 + a(2) ()P do = Maalpf, o)

and since A = Ay and 5 has at least one (in fact infinitely many) zeroes in [0, L]
we obtain that 4,0; is a minimizer for \. But 4,0; has a continuum of zeroes, i.e. no
unique zero. Thus a contradiction is reached and the proof of the lemma is finished.

O

Lemma 9 Let 0 < g € L®(0,L), [;"qde > 0. Then X = min{\F, A9} and A =
max{ A\, A0 ).

Proof. The claim follows if we show that minimizers @, u for X\, A have no zero in
the open interval (0, L). Let us show this property for u. Suppose for contradiction
that u(yo) = 0 for some yo € (0, L). Then u is a piecewise W2*-solution of

—u" 4+ q(x)u = Au in (0,y0) U (yo, L),
—u'(0) = o1 Au(0), u(yo) =0, /(L) = c9Au(L).

By rescaling u on [0,yo] appropriately we can achieve that the rescaled function
u is a Cl-function on the entire interval [0, L]. Due to the differential equation
this implies that in fact u is a W2*-function on [0, L] solving the above equation
pointwise a.e. on (0, L). Hence u must be an eigenfunction, but this is impossible
since A_o < A < A_q. O

Proof of Theorem 7. Case 1: Let u be a solution of (4.1)-(4.2) with A € (A1, A]
and 0 < f € L'(0,L) and g1,g2 > 0. By Theorem 2(b) the solution u cannot be
>0, i.e., u~ # 0. Testing (4.1)-(4.2) with u~ one obtains

L , L
/ ()2 + q()(u™)? dx = Aafu™,u) — / ™ fde —u (0)g1 — u (D)ga.
0 0

By the assumptions on f, g1, g2 this implies fOL(u_,)2 +q(z)(u™)?dx < Aa(u=,u”).
Assume for contradiction that v~ has a zero in [0, L]. Then v~ would be admissible
in the variational characterization of A and A < X would follow. By the assumption
on A this is only possible for A = X. Then «~ is a minimizer for A and thus u~ has
exactly one zero. Moreover,

L
O:/ u” fdxr+u (0)g1 +u (L)ge.
0

However, since either f # 0 or g1 +¢go > 0 the last relation is impossible for a function
with only one zero. Thus we have reached a contradiction to the assumption that
u~ has a zero. As a consequence we have u < 0 in [0, L].

It remains to show that the uniform anti-maximum principle does not hold for
any A > A. Assume for contradiction that it holds for such a A. Let @ > 0 be a

16
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minimizer for A\ and define w. = (@ — €)™ for € > 0. Then we — u in H'(0,L) as
€ — 0. We may choose € so small that

5 o o wl +aleyud dx

alwe, wy) <A (4.3)
and a(we,we) — 1 as € — 0. Next we define 0 < f € L*(0,L) and g1, g2 > 0 in the
following way: let supp f Nsuppw, = (). If 0 € suppw, then let gy = 0 and go > 0.
If L € suppwe then let go = 0 and g1 > 0. Note that since @ has a unique zero
either at 0 or L the support of w, cannot contain both 0 and L. Assume now that
for the given choice of f and g there is a solution u of (4.1)-(4.2) such that u < 0
in [0, L]. In this case u can be written as u = —e~? with a function v € H*(0, L).

Taking e’w? as a test function for (4.1)-(4.2) we obtain

L L
/ (v'we +wl)? dx — / (w!)? + q(z)w? dx
0 0

L
= — X a(we, we) —1—/ fwfe” dx + gle”wf + goe’w?
N—_—— 0 =0

“le=L
>0

By the assumption on f, g1, g2 and w, the expression involving the product of f, g1, go
with w? vanish. Thus

\ < Jo W) + a(xyw? de
- a(we, we)

which contradicts (4.3).

Case 2: For A € [\, A\_1) the argument is analogous. Since u cannot be > 0 testing
with u~ leads to fOL(zF/)2 +q(z)(u™)?dr < Ma(u~,u”). The assumption that u~
has a zero leads to the implication that A > A, which is only possible for A = .
This is excluded as above. The optimality proof for the interval [A, A_1) follows the
same lines as in case 1. a

4.2 The case ¢(z) =0

Again we recall from Bandle, Reichel [3] the picture of the existence of negative
eigenvalues:

conditions on o negative eigenvalues
for (4.1)-(4.2) for (Dp) for (Do)

o >00 Aa < A L 0

01,02 <0 A A

1,02 o S oo )\_1 —1 —1
o D
01 <0< 09 (Z > 00 ! )\fl no neg. ev

0 < 0p: DO neg. ev

0<o01,09 no neg. ev no neg. ev | no neg. ev

As before the missing negative eigenvalues are defined as —oo.

Theorem 10 Let ¢ =0. For A we assume the following:
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(i) if & € (—o00,00) then let A € [max{\E;, A%, },0) U (A1, min{ A\ A{}],
(i3) if & € (00,00) then let A € [max{\L;, A% 1 A_1) U (0, min{ A\, \?}],
(iii) if & = oo then let A € [max{AL,A\%,},0) U (0, min{\L, \{}].
If0 < f € LY0,L) and g1,92 > 0 and additionally f # 0 or g1 + g2 > 0 then the

solution w of (4.1)-(4.2) satisfies u < 0 in [0, L]. Moreover, the above \-intervals
are optimal for the uniform anti-mazimum principle.

Proof. The proof is similar to the proof of Theorem 7. Let us sketch where the
differences occur. First, the values A and A are defined exactly as in Lemma 8.
The value X is always finite and A is finite if at least one of the two values o1, o9
is negative. Both values are attained if they are finite, since in the space of H'-
functions with at least one zero in [0, L] the expression ( fOL v dz)V/? is an equivalent
norm. Next, one needs to show the following estimates for ), \:

Case (i): 7 € (—00,00) = A 1<A<0, A <A<\,
Case (ii): S (Uo,oo) = A o<A< A, 0L A< A,
Case (iii): & = 09 = A1<A<0, 0<A<AL

With theses estimates at hand the proof of the remaining statements of Lemma 8,
Lemma 9 and Theorem 10 are exactly the same as before. The variational char-
acterization of A\j, A_1 (cf. beginning of subsection 2.2) takes place in the space of
H'(0, L) functions with a(v, 1) = 0 whereas the characterization of A\, \ takes place
in H'(0, L) only. Thus, for v € H'(0, L) let us define

B fOL vdz + o1v(0) + oav(L)
L+26 '

w=v—Pv=v
L 2 L /2
Thus a(w, 1) = 0 and clearly [,"v'"dz = [’ w'" dz. Moreover
L
a(w,w) = / w? dx 4 o1w(0)? + gow(L)?
0

= /OL v? dx + 01v(0)? 4 o9v(L)? — (Pv)*(L + 25)
= a(v,v) — (Pv)*(L + 25).

Let us start with the estimates in case (i). In this case a(w,w) > a(v,v). Hence
A < A_1. The estimate A > A_o follows from the fact that ¢_o changes sign and
can be inserted into the variational characterization of A\. Moreover it follows as
in Lemma 8 that A cannot be equal to either of the two endpoints. The estimate
0 < X < )1 is immediate (i1 is sign-changing and can be inserted into the variational
characterization for \).

In case (ii) we find that a(w,w) < a(v,v). This is the basis for the estimate
A < Aj. The rest of the estimates in this case it similar to case (i).

In the remaining case (iii) we find a(w,w) = a(v,v). Since ¢_; and ¢; are sign-
changing we obtain immediately A_; < A and A < Ay, where equality is excluded
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as before. The remaining parts of the estimate consists in showing that A\, A\ # 0,
which follows from the fact that A = 0 or A = 0 would imply that minimizers are
constants, but this is incompatible with having a zero. This completes the proof of
the theorem. O

4.3 Examples for constant ¢

In the case where 01 = 09 = 0 and g > 0 is a constant one can determine the regions
of the positivity principle and the anti-maximum principle (almost) explicitly. The
solution to the differential equation —¢"” 4+ qp = A\p in (0, L) is

Acos(v/A —qx) + Bsin(v/A — qx), if A >gq,

o(z) = ¢ Acosh(yv/g— Ax) + Bsinh(vq — Az) if A <gq,
Ax+ B if A=gq.

The case g > 0 : The eigenvalues A_1, A\; are given as the intersection of transcen-
dental functions as follows, cf. [2]. Let A\* be the negative root of 62)\? + X — ¢

A1:  tanh(vg— AL/2) = Zix A€ (A,0)
tan(s/i)\—qL/Q):—\/%, o <0

AL q, oc=20
tanh(v/q — AL/2) = o>0

Likewise the eigenvalues A\ ;1 =A%, and M= A} are given by

A, =X coth(vg— ML) = wa
cot(VA—qL) = A=, o <1/(Lqg)

A= AL " o =1/(Lq)
coth(v/q — AL) = ﬁ’ o> 1/(Lq).

The results produced by MAPLE are plotted in Figure 2.

The case ¢ = 0 : Although the complete eigenvalue picture is more complicated,
the determination is much simpler because according to Theorem 10 we only need
to find A_q for o > g9 and A1 for o < oy.

A_1: tanh(vV—=AL/2) = —ov—-A, A€ (\,0) if o> oy,
AL tan(vAL/2) = —ovA if o < o9.

Likewise the eigenvalues AL} = A\° | and A} = \Y are given by

A=A coth(V=AL) = —ov=),
)\0 )\L cot(ﬁL) oV

The results are plotted in Figure 3.
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Figure 3: ¢ =0, L =1

5 Positivity regions for parameter dependent
inhomogeneous boundary value problems
In this section we consider the boundary value problem

—Au+q)u=au+ fin D, u,=pu+gondD, «,B€eR. (5.1)

We shall use the previous results on the A-dependent boundary value problem (1.1)
to determine the parameter region for (a, 3) € R? for which the positivity prin-
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ciple holds. For this purpose we start with some auxiliary results concerning the
o-dependence of the smallest positive eigenvalue \j(o) and the largest negative
eigenvalue A\_1 (o) of (1.2).

Without loss of generality (by shifting « if necessary) we may assume that ¢(z) >

qo > 0. Then
1/2

foll = ([ (Ve +af)0?) o)

generates a norm in H'(D) which is equivalent to the standard norm. Denote by
AP the smallest Dirichlet eigenvalue of

—Ap+q(z)p=Apin D, ¢=0o0ndD (5.2)
and by )\ft the smallest Stekloff eigenvalue of the problem
—Ap+q(x)p=0in D, ¢, = Ap on ID. (5.3)

Lemma 11 (i) The function o — Ai(0) is continuous and strictly decreasing for
o € R. Moreover

lim A(o) = AP, lim A\ (o) =0.

0——00 ag—00

(i1) Similarly the function o +— A_1(0) is continuous and strictly decreasing for
o € (—00,0) and

lim A_ij(c) =0, lim A_;(0) = —o0.

T——00 o—0—

Proof. Let J,[v] = [ v?dz + o §,,,v* ds for v € H'(D). We have the variational
characterizations

= sup{J,[v] where |v| = 1}, = inf{J,[v] where |v|| = 1}. (5.4)

1 1
/\1(0) )\_1(0

Let ¢, be the eigenfunction corresponding to Aj (o). We shall assume that ||¢.|| = 1.
Moreover, there exists a positive constant ¢ independent of o such that

~—

0< ;4 o2 ds < cllgoll? = ¢, (5.5)
oD

where the second inequality follows from the trace inequality and the first is a
property of eigenfunctions of one sign, cf. [2], [3]. The variational characterization
of A\1(o) implies

1 . 2 s o—1T 2 s — 1
A1<T)+(a )jiD%d > Jrlps) + ( )ng%d o)

> J,ler] = Jolgr] + (0 — 7) 74 et (50)

o
_ . 2 g
S CRaG )}’iD“”Td
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Letting ¢ — 7 in (5.6) and using the boundedness of the traces from (5.5) we obtain
limy—.; A1(0) = Ai(7). For o > 7 the strict monotonicity also follows from (5.6)

and from the strict positivity of the boundary integrals as stated in (5.5).

By introducing the eigenfunction corresponding to AP as a test function in (5.4)
we obtain A1(c) < AP and consequently

lim A(0) =a < AP,

O——00

For o < 0 one gets

1 :)\1(0)(/ cpgdx—}—ay{ gozds) < )\ID/ @2 dx. (5.7)
D oD D

Since ||pq|| =1 there exists a subsequence {¢g, }72, o) — —oo which converges to
¢ weakly in H(D), strongly in L?(D) and in L*(dD). Due to (5.7) the function
@ # 0. In the weak form of the eigenvalue problem (1.2)

/ Vo, - Vh+ q(2) e hdz = Al(ak)</ Yo hdz + ak?{ Yo, ds) (5.8)
D D oD

for all h € H'(D) we can let k tend to co. Since the left-hand side and the first
term on the right-hand side are bounded we get

% phds = lim 9o hds = 0 for all h € L*(9D).
oD k—o0 JoD

Hence trace = 0. By taking h € H(D) in (5.8) we see that ¢ is a nontrivial
Dirichlet-eigenfunction with one sign and with eigenvalue c. Hence o = )\{7 . The
last assertion of (i) follows immediately from (5.6).

The continuity and monotonicity proof of second part (ii) is very similar and
will therefore be omitted. To find the limit of A_;(0) for 0 — —oo take the
function v = 1/4/ [, q(x) dz as a test function in (5.4). It shows that J,[v] =
(|ID| + al0D))/ [pa(x)dr — —oco as 0 — —oo. Therefore limy__ A_1(0) = 0.
For the limit ¢ — 0— one assumes for contradiction lim, o A_1(c) = 8 for some
finite B < 0. Taking convergent subsequences ¢, — ¢ of the eigenfunctions cor-
responding to A_1 (o) one finds 0 > 1/8 = limg—.00 Jo [P0,] = [ #* da > 0. This
contradiction shows that lim,_9— A_1(0) = —o0. O

Lemma 12 The functions o — oAi(c), 0 € R and 0 — oA_i(0), 0 € R™ are
continuous and strictly increasing. In addition we have

lim o\ (0) =—o0, lim oAi(0) = A7’ (5.9)
and
lim oA_1(0) = ATE lil’él oA_1(0) = o0. (5.10)
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Proof. Let 01 < 02 and let ¢ and ¥ be the corresponding positive eigenfunctions.
Then

Al(al)(/l)¢¢dx+017gl)¢¢ds) :Al(ag)(/Dwderag?tids).

Rearranging terms and using the monotonicity of Lemma 11 one finds

(M (01) — A (02)) /D o dz = (M(02)os — Mi(o1)on) ¢ o ds.
—_—

oD
>0 >0

The monotonicity of oA;(0) now follows. The same argument applies to oA_1(0).
The first statement of (5.9) is obvious. Because of the monotonicity the limit

limy oo 0A1(0) exists and = v € (0,00]. The test-function v = 1/4/ [, q(z) dx
yields the estimate Ay (o) < [, q(z) dz/(|D]|+0|0D|). Hence v = limy o0 0A1(0) <
[ q(z)dx/|0D], i.e., v is finite. As usual we can consider convergent subsequences

of eigenfunctions ¢, — ¢ with o5, — 0o as k — oo. If we let k tend to oo in (5.8)
and keep in mind that limg_,o, A1(0x) = 0 we see that the limit function ¢ solves

/ V@-Vh—f—q(a:)gbhda::’yj{
D

@hds for all h € HY(D), 1= yf @ ds.
oD oD

(5.11)

Hence ¢ is non-trivial and (5.11) is the weak form of (5.3). Since ¢ is of constant
sign, 7 is the lowest Stekloff eigenvalue, i.e., v = APt

The same argument yields lim,_,_ oo cA_1(0) = )\*ft. In order to establish the
limit 0 — 0— in (5.10) consider a sequence {0y}, such that o — 0— with
eigenfunctions ¢,, corresponding to A_i(oy). This time let us assume the different
normalization §,,, 2, ds = 1. We have either

li%l oA_i(0) =0 < o0 or lirgl oA_1(0) = 0. (5.12)

Suppose for contradiction that the first case holds. Since A_;(o;) — —oo we find
from the weak form of the eigenvalue equation (5.8) that

/ Vg, 2 di < / Vo + (a(x) — A (00))g2, da
D D
:)\_1(0']@)0']@% 80‘2% dsgﬁ (513)
oD

Note that ||[v]|| := ([, v* dz + §5,0v? ds)'/? is an equivalent norm in H'(D) and
||, ||| < 1+03. Hence there exists a subsequence, say {@q, } 32, such that ¢, — @
in HY(D), p,, — ¢ in L*(D) and in L*(dD) as k — oco. In particular ¢ # 0 since
$op 77 ds = limp_oo $5p) @gk ds = 1. Since A_1(0}) — —o0 as k — oo we see that
limy oo [ D go?,k de = | D @? dr = 0 since otherwise we get a contradiction in (5.13).
However, we have already seen that ¢ # 0. This contradiction shows that the second
alternative in (5.12) must hold. This completes the proof. O
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For the one-dimensional case with ¢ =1, D = (0, 1) the functions A\i (o), A_1(0)
as well as the functions oA (0),0A_1(0) are plotted in Figure 4. Note that in this
case AP = 72 41 ~ 10.8696 and \;* is given as the smaller of the two roots of
A2 —2)\/tanh 1+ 1 =0, \{* ~ 0.4621. Both values are depicted as horizontal lines.

F S b
5 2
2 —_ | 0

Figure 4: ¢ =1, L =1

Lemma 13 The function B : (—oo, \P) — R defined by

adHa)  if0<a<ag,
B(a) =< A7 if =0,
ad"1(a) ifa<0.

is a continuous, strictly decreasing and satisfies

lim B(a) = oo, lim B(a) = —oc.

a——00 a—n\?

Proof. For a > 0 we express B(«) in terms of o, uniquely determined by oo = A1 (o).
Then B(a) = oAi(o). By Lemma 12, oAi(0) increases as o increases and « is
monotone decreasing in o. Therefore B decreases as a function of a. By Lemma 11,
a — AP implies ¢ — —oo0 and consequently

lim B(a) = lim oAi(o) = —o0.
a—>>\1D g——00

The relation B(0+) = A{* follows from the fact that o — oo as a — 0 together
with (5.9). Similarly if « is negative we set « = A_j(0) . The assertions then follow
as before from the Lemmas 11 and 12. In particular we have B(0—) = A which
shows that B(a) is continuous on the entire interval (—oo, AP). O

Theorem 14 Let 0 < f € L*(D) and 0 < g € L?(0D) not both identically zero.
Then a solution of (5.1) is positive if and only if (o, B) satisfies « < AP and
8 < B(a).
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0--— &

R e

-30 1 . |
-10 =5 0 5 10

Figure 5: The function B(«) forg=1, L =1

Proof. Suppose (5.1) has a solution v > 0 in D. Then necessarily a < AP, which
can be seen as follows. Let ¢ be a positive copy of the first Dirichlet eigenfunction.
We claim that

/ VP Vi + q(a)pPv da < / MNP oPyde vy € HY(D) with ¢ > 0in D.
D D

(5.14)
This inequality amounts to the weak form of 8(,0{3 /On < 0 on dD. The proof may
be folklore or not — we give a short proof in Lemma 18 of the Appendix. Taking
¢ = in (5.14) and using ¢} as a test-function in the weak form of (5.1) we find

/Daugpf) + foPdx = /DVu Vol + q(z)up? dr < /D)\{DaplDudx.

Hence o < AP and if f > 0,# 0 then we obtain a < AP. It remains to show that

it is impossible to have a = AP, f = 0 and g > 0,%# 0. In this case we take the

test-function ¢ = (u — o)~ € HE(D) both in (5.14) and in the weak form of (5.1)
and subtract:

_ _2 _2

| 19— D) P+ @ —oP) e 2 0P [ (=)

By the variational characterization of AP we get (u — pP)~ = t¢¥ for some t > 0,
ie, u= 34,0{3 for some s > 0. But this is impossible since v > 0 in D. Thus we know
that o < AP. Next we consider the cases 0 < a < A\, a < 0 and a = 0 separately.

(1) 0 < a < AP: let @ = A\i(0) for some o € R and 8 = Ta for some 7 € R. Note
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that

B<B(a) & Ta<B(a)=\'(a)a=oa
& 7<0
< A1) > a

From Theorem 2 and the assumption that either f or g are non-trivial we know
that the latter condition is a sharp condition for the existence of positive solutions
u of (5.1) with § = Ta.
(ii) < 0: we set a = A_1(0) and 8 = 7. The argument of (i) can be repeated:
< Bla) & Ta<B(a)= )\j(a)a =ox
= T>0
& A (1) < a,

and the latter condition is again sharp by Theorem 2.

(iii) o = 0: in this case the necessity /sufficiency of the condition 8 < A\{* = B(«)
for the existence of positive solutions is well known from the theory of Stekloff
problems. O

Appendix

Lemma 15 Suppose D C RN is a bounded Lipschitz domain. There exists a con-
stant C = C(D) such that for every e € (0,1) we have

7{ z2ds§0/ Z2d$+é€/ \Vz|? dz for every z € HY(D).
oD €Jp D

Proof. Let £ be a smooth vectorfield in a neighbourhood of D such that £&-n > ¢y > 0
a.e. on 0D. For the existence of &, cf. Lemma 30 in [2]. The inequality

1
74 cozds < / (div €)2% + 226 - Vzdr < / C(22 + =22 +¢|Vz|?) da
oD D D €
is equivalent to the claim. O

Lemma 16 Suppose D C R is a bounded Lipschitz domain. Let 0 < A € LP*(D),
0 < B € LP*(dD) with py > N/2 and py > N — 1. For z € H'(D) and t > 0 the
following inequalities hold

/A(m)szx < t1_2p1/N\AHi’,’}1/(JZ;)/ ]Vszx—Ft/ 2 da,
D D z€D:A(x)<t

}{ B()s2ds < im0 gD / V22 da + ¢ 7§ 2 ds.
oD D 2€0D:B(x)<t
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Proof. We give the proof of the first inequality and write p = p; for simplicity.
The proof of the second is analogous. Let D; = {x € D : A(z) > t}. The inequality

2 meas(Dy) < [ @)V da < | Al meas(Dy) =N/

Dy
implies
meas(D) < 45, )t 7, [ A2 de < AL 2.
Dy
Hence
/A(:L‘)ZQCLT} < /A(x)zgdx+t/ 22 dx
D D; D\Dt
< A(2)N2 dx 2 t/ 22 dx
(/, A@ ) 1415 )+ o
< AL Ny o [ o
D\D;
which implies the claim. O

Lemma 17 Suppose D C RY is a bounded Lipschitz domain and let a € L>(D),
be L>(dD).

(i) Let f € LP (D), g € LP2(0D) with p1 > N/2 and po > N — 1. There exists
a constant C' = C(||al|co, ||b]|co, Dy N, p1,p2) such that every weak solution v €
HY(D) of

—Av =a(z)v+ f(x) in D, v, =b(x)v+ g(z) on OD (5.15)

satisfies [|v]|poo(py < C(|v]l2(py + 1 fler () + 9l Lr2 (D))
(ii) For any p € [1, -"5) there exists a constant C = C(||a|oo, ||b]|cc, D, N, p) such
that every weak solution 0 <v € HY(D) of

—Av > a(z)v in D, v, > b(z)v on 0D (5.16)

satisfies infp v(w) > Cllv|[rp(py- In particular, either v = 0 or there eists
6 >0 such thatv>6 >0 a.e. in D and tracev >0 >0 a.e. on 0D.

Proof. The proof is based on Moser’s iteration method, cf. Gilbarg, Trudinger [9)].
(i) Let k = || fllLr1 (D) + 19|l Lp2 (o) and define & = v* + k. For fixed L > 0, s > 0

let

2s LQS} k_25+1

» = v min{v ,  w=vmin{v®, L°}.

Then

Vi = Vol ( min{s%, L%} + ZS@QSX{;,SL}) ,  Vw= Vo (min{o*, L} + sﬁsx{@gL}) ,
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and hence |Vw|? < (s+1)Vuv - V. Taking ¢ as a test function in (5.15) and noting
that ¢ = 0 whenever v < 0 we obtain

1
/ |Vw|? dz
s+1 D

< /;GMU++¢fD¢¢r+7iOMU“+wadS

< / (|alv™ + | f)o min{o?*, L?*} dz + j{ (|blv™ + |g|)o min{o?%, L?} ds.
D oD

By the inequalities (lav™ + [f[) < (la| + [f]/k)v, ([blo™ +[g]) < ([b] + [g]/k)D we

obtain
1

/ |Vw|? dz < / A(z)w? dx —1—7{ B(z)w? ds, (5.17)
s+1Jp D oD

where A(x) = |a(z)| + |f(z)|/k and B(z) = |b(x)| + |g(x)|/k. This choice of
A, B implies in particular || Al|ze (py, ”BHLm(aD) < C(|lalloos ||b]|oc). Here and in
the following the same symbol C denotes different constants depending only on
lal|oos [|6]|co, Dy N, p1, p2. Next we apply Lemma 16 to (5.17) for the volume-integral
with t = (2s+ 2)1/(2%_1)||A| T (py ML= p1/(p1 — N/2) and for the surface integral

with ¢t = (2s + 2)1/(NL-2H_1)||BHE,2(8D), v2 = p2/(p2 — N +1). Thus we obtain

/|Vw|2dx<0(28+2)1?1p}"/2/w2d$+C’(2s—|—2)P2%“)7{ w?ds.  (5.18)
D D oD

—D
Next we use the interpolation inequality (15) with € = 261*0 (2s + 2)1’2—“\’2“) and
deduce from (5.18)

/ |Vw|* da < 2(0(28—1—2)1”12V/2 +ZC(§2(23+2)P2I<)12V+1>>/ w? da
D D

and by adding the square of the L?-norm of w on both sides and using the Sobolev-
inequality we find

ol 22 < Cs+ 1) uwlls, v = max{

P b2 )}. (5.19)

+,
p1—N/2 "pp—(N+1

Provided w € L**t1)(D) we can let L tend to infinity in (5.19) and obtain & €
(s+1)2n

L =2 (D) and
0
||6||(s+1)% < (C(s+ 1) 7 |0llags41)- (5.20)

Hence, if sp = 0 and s341 + 1 = (53 + 1) "5 then

n

0
10ll2(spsa41) < (Clsk 4 1)) 5 ¥ |0]l g5, 41)-
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Since si, + 1 = (-%5)¥, k € Ny it follows that

0 o
— . _ sp+1 ) —
[olloe = Jim [[6llae vy =TT (Clor+1)) ol
k=0

o0

= exp <Z w> 152

o s+ 1

< Cexp (Z’yk(n ; 2)k)||17\|2,

k=0

where the last sum converges. Recalling the definition of o = v + | fl|Lr1(p) +
lgl| zr2 (o) We have obtained the upper estimate in statement (i) of the lemma for
vT. The estimate for v~ follows from v~ = (—v)*.

(ii) Now we turn to the lower estimate of the lemma. Let ¢ = v° with s < 0
where © = v + L with L > 0. Then Vv - Vi = s0°71|V9|? and taking ¢ as a test
function in (5.16), we find

s/ 7* |\ Vo|? dx 2/ a” (z)o" T da + b (z)o° T ds
D D oD

> —C(/ 7ot dx+% 7ot ds>. (5.21)
D oD
s+1

If s # —1 weset V=9 2 and obtain |[VV|? = (%)2|V1‘1|21‘/‘S_1. If s = —1 then
we set V = log v and obtain |[VV|? = 72|Vo|2. Together with (5.21) this implies

1 2d 2d if s # —1
/WV‘Qde Cls +11( [y V2w + §,, Vds) if s £ -1, 522
D C if s =—1,

with C' = C(||al|ec, ||b]|ec). Using the interpolation inequality (15) with € = m
this implies

/ IVV[*dx < Cls + 1|2/ V2 da,
D D

provided |s 4+ 1| > |sg 4+ 1| > 0. Adding the square of the L?-norm of V on both
sides and using the Sobolev-inequality we get

VI 20 < Cls + 1[[[V][2- (5.23)

a(p) = /D war) "

s+1

Then (5.23) implies ®((s +1)-25) 2 < C|s+ 1]|®(s + 1)%1, ie.,

For any p € R let

O((s +1)=L5) = (Cls + 1)) F11®(s + 1) if{ s<-1 (5.24)

—1<s<0

IN IV
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This estimate will be iterated. Set spy1 + 1 = (s +1)-"5. Then s, +1 = (s1 +
1)(:%5)F ! and if s; < —1 then
—2
P (spp1+1) = (Clsg + 1)) 6T D (55 + 1).

Solving this difference inequality it follows that

o0

—2
info > lim @ 1) > C 1])lskH11 ® 1
info > lm (sp1 +1) 2 kl:[l( sk + 1)) e @(s1 + 1)
S
—21nC|sk—|—l\)
= ex — ) P(sy +1
C

> (I)(Sl + 1),

oNk—1
exp (252, (k= 1) ("%52)" )
and since the last sum converges we have obtained that
i%f@ >CP(s1+1) (5.25)
for some initial number s; < —1, which we can still choose. Similarly, if we choose

51 € (—1,0) we can iterate (5.24) as long as s € (—1,0) and obtain (-5 (s;+1)) <
C®(sp +1) < CP(sy +1). In other words we have

®(p) < CP(py) whenever 0 < py < p < LQ (5.26)
n—

It remains to give a lower bound for ®(s) for some s < 0. For this purpose recall the
John-Nirenberg inequality, cf. Gilbarg, Trudinger [9]: suppose V € WH1(D) is such
that there exists C > 0 with [z |[VV|dzx < CrN=1 for every ball B, C D. Then
there exists a number pg > 0 such that fD ePlV=V1dx < C where V = ﬁ fD Vdx.
We apply this for V' = logv. Then the second inequality of (5.22) shows that
V € WH(D) and hence [ |VV|de < CrN2([, |VV[2da)!/2 < CrV=H|VV2,
where we use the scaling property of [ B, |VV|? dx with respect to r. Thus, the

John-Nirenberg inequality applies and together with the trivial estimate +(V-— ‘7) <
|V — V| we obtain

/ PV dx < C’epov, / e PV dy < C’e_pov,i.e.,/ ePoV dIL‘/ e PV dy < C2.
D D D D

Recalling the definition of V' = log v this shows that [ p P dx i) pv Pdr < C? and

hence - 1/po . - —1/mo
( /D v d:v) <C ( /D v dm) .

Together with (5.25) this shows that

info > C®(—po) 2 C'®(py) > C"®(p),
where p € [1, -"5). The last part of this inequality follows either from Holder’s-
inequality if pg > 5 or from (5.26) if po € (0, ;™5). Letting L — 0 we obtain the

n—2
claim of statement (ii) of the lemma. O
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Lemma 18 Let D be a bounded Lipschitz domain, 0 < g € L>(D), 0 < h € L*(D)
and 0 < v € HY(D) a weak solution of

—Av+gq(x)v=hin D, v=0 ondD. (5.27)

Then
/ Vu - Vip + q(z)vp dae < / hpdxr  Vip € HY(D) with 1 > 0. (5.28)
D D

Proof. Let us first prove the result for h € C*°(D) and ¢ € C*°(D). Then v €
C*°(D) and (5.27) holds pointwise in D. By Sard’s Lemma for almost every 0 <
s < ||v|lec the super-level set Dy = {z € D : v(z) > s} has a smooth boundary.
Thus we obtain for almost every s € (0, ||v]|oo) and every ¥ € H*(D) with 1 > 0

Vo -V + q(z)vp de = / hiy ds +
Ds s 8Ds

w@dsg/shwd&

0
Choosing an appropriate sequence s — 0 we obtain (5.28). For the general case we
can approximate h € L?(D), ¢ € L*(D) by sequences hy, g, € C°°(D) with hy — h
and g — ¢ in L?(D). Let vy, € H}(D) N C*°(D) be the corresponding solution.
Then (5.28) holds for v, gk, hi, and every test function ¢ € C*°(D) with ¢ > 0.
Letting £ — oo we retrieve the result for v, g, h. O
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