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Abstract

We investigate a discrete version of the Mobius energy, that is of geometric interest in
its own right and is defined on equilateral polygons with n segments. We show that the
[-limit regarding L9 or W9 convergence, ¢ € [1,00] of these energies as n — oo is the
smooth Mobius energy. This result directly implies the convergence of almost minimizers of
the discrete energies to minimizers of the smooth energy if we can guarantee that the limit
of the discrete curves belongs to the same knot class. Additionally, we show that the unique
minimizer amongst all polygons is the regular n-gon. Moreover, discrete overall minimizers
converge to the round circle.

Mathematics Subject Classification (2010): 49J45; 57M25, 49Q10, 53A04

1 Introduction

The Mébius energy of a closed rectifiable curve « of length L that is parametrised by arc length
is given by
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Here, Sy, is the circle of length L and d the intrinsic metric on Sy. This energy was introduced by
O’Hara in [O’H91] and has the interesting property that it is invariant under Mébius transfor-
mations, hence its name. O’Hara could show that finite energy prevents the curve from having
selfintersections. Later on, the existence of energy minimizers in prime knot classes was proven
by Freedman, He and Wang in [FHW94|, while due to computer experiments done in [KS97|
there is a folklore conjecture, usually attributed to Kusner and Sullivan, that questions the exis-
tence in composite knot classes. Additionally, it was shown in [FHW94] that the unique absolute
minimizer is the round circle, see [ACFT03] for this result for a broader class of energies. In
[FHW94, He00, Reil0, Reil2, BRS12| the regularity of minimizers and, more generally, of critical
points is investigated and it could be proved that they are smooth. Furthermore, it was shown
in [Blal2| that the Mobius energy of a curve is finite if and only if the curve is embedded and

the arc length parametrisation belongs to the fractional Sobolev space Wits:2 (Sg,R9).

When searching for discrete analogs to smooth problems it is not only of interest to approximate
the smooth problem in a such a way that numerical computations may be done more efficiently,
but, more importantly, the discrete problem should reflect the structure of the smooth problem
and be of interest in its own right. A discrete version of the Mdbius energy, called minimum
distance energy, was introduced in [Sim94]. If p is a polygon with n consecutive segments X



this energy! is defined by
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where g, is the regular n-gon. Note, that this energy is scale invariant. In [RS06, RW10| ques-
tions regarding the relation between the minimum distance energy and the Mobius energy were
considered. It could be shown that the minimum distance energy &4, of polygons that are
suitably inscribed in a C? knot v converges to the Mdbius energy £(y) as n — oo. Furthermore,
an explicit error bound on the difference between the minimum distance energy of an equilateral
polygonal knot and the M&bius energy of a smooth knot, appropriately inscribed in the polygonal
knot, could be established in terms of thickness and the number of segments. However, it is not
possible to infer from these results that the minimal minimum distance energy converges to the
minimal M&bius energy in a fixed knot class. In [Spe07] it was shown that the overall minimizers
of the minimum distance energy must be convex and from [Tam06, Spe08| we know that the
overall minimizers in the class of 4- and 5-gons are the regular 4- and 5-gon, respectively. This
evidence supports the conjecture that the regular n-gon minimizes the minimum distance energy
in the class of n-gons. Numerical experiments regarding the minimum distance energy under the
elastic flow were realized in [Her08|.

In the present note we use another, more obvious, discrete version of the Mobius energy, that was
also used for numerical experiments in [KK93|. This energy, defined on the class of arc length
parametrisations of polygons of length L with n segments, is given by
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where the a; are consecutive points on Sy, or the interval [0, L] if we think of the polygon as
being parametrised over an interval. This energy is scale invariant. A slight variant would be to
take 27 (d(ag_1, ar) + d(ax, ary1)) instead of d(agy1,ax). As for the minimum distance energy
we are interested whether polygonal minimizers of (2) in a fixed tame knot class K converge
to a minimizer of the Mo6bius energy in a suitable topology. The following theorem reveals
the relationship of discrete and smooth M&bius energy in terms of the so-called I'-convergence
invented by DeGiorgi. In order to establish I'-convergence, we have to verify two inequalities
called liminf inequality, see Proposition 7, and lim sup inequality, see Proposition 8.

Theorem 1 (Mobius energy & is I'-limit of discrete Mobius energies &,,).
For q € [1,00], ||| € {II'llags, may: |- lwras, gay} and every tame knot class K holds

En Le on (C1p(K0), I-11)-

Here, C1p == C N (C' U, ey Pn), where C is the space of arc length curves of length 1 and
‘P, the subspace of equilateral polygons with n segments. Adding a knot class K in brackets
to a set of curves restricts this set to the subset of curves that belong to the knot class IC. By
WH4(S1, R?) we denote the standard Sobolev spaces of k-times weakly differentiable closed curves
with ¢-integrable weak derivative. The functionals are extended by infinity outside their natural
domain. The notion of I'-convergence is devised in such a way, as to allow the convergence of
minimizers and even almost minimizers, see [Dal93, Corollary 7.17, p.78|. Considering the fact
that the lim inf inequality holds on C(K) and that we already know that minimizers of £ in prime
knot classes are smooth Lemma 9 yields:

! Actually, this is a minor variant which is more commonly used than the energy originally considered in [Sim94].



Corollary 2 (Convergence of discrete almost minimizers).
Let I be a tame prime knot class, p, € Ppn(K) with

|Pin(}fc) En—Enlpp) =0  and  p, =~ e C(K) in L*(S1,RY).

Then v is a minimizer of € in C(K) and limg_00 En(pn) = E(7).

This result remains true for subsequences, where the number of edges is allowed to increase by
more than 1 for two consecutive polygons. Since all curves are parametrised by arc length it is
not hard to find a subsequence of the almost minimizers that converges in C°, but generally this
does not guarantee that the limit curve belongs to the same knot class or is parametrised by arc
length.

Proposition 3 (Order of convergence for M&bius energy of inscribed polygon).
Let v € CYY(Sp,R?Y) be parametrised by arc length, c¢,¢ > 0. Then for every e € (0,1) there is a
C: > 0 such that

Ce
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|g(’7) - Sn(pn)| <

for every inscribed polygon p, given by a subdivision by, k =1,...,n of S, such that

S|l

< min |y(bgsr) —(be)] < max [y(berr) — (o) <

)
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This is in accordance with the data from [KK93|, which suggests that the order of convergence
should be roughly 1. If we do not assume any regularity we might not be able to control the
order of convergence but we still know that the energies converge:

Corollary 4 (Convergence of Mobius energies of inscribed polygons).
Let v € C with E(y) < oo and py, as in Proposition 3. Then lim,,_,oc E,(pn) = £(7).

Using the results from [Gab66]? that are also immanent in [ACF03] we easily get the following
result concerning discrete minimizers for all n € N in contrast to the situation for the minimum
distance energy, where the analogous result is by now only known for n < 5, see [Tam06, Spe08|.

Lemma 5 (Regular n-gon is unique minimizer of &, in P,).
The unique minimizer of £, in Pyp is a reqular n-gon.

This directly yields the convergence of overall discrete minimizers to the circle, which according
to [FHW94, Corollary 2.2], is the overall minimizer in C.

Corollary 6 (Convergence of discrete minimizers to the round circle).
Let py, € Py, bounded in L> with &,(p,) = infp, E,. Then there is a subsequence with p,, — v
in WH(S1,RY), where v is a round unit circle.

One of the main differences between the discrete Mobius energy (2) and the minimum distance
energy (1) is that bounded minimum distance energy avoids double point singularities, while for
(2) this is only true in the limit. This avoidance of singularities enables the proof of the existence
of minimizers of the minimum distance energy (1) via the direct method, see [Sim94|. This might
be harder or even impossible to achieve for the energy (2). Nevertheless, the relation between
the discrete Mobius energy (2) and the smooth Mobius energy is more clearly visible than for
the minimum distance energy (1), as reflected in Theorem 1 and Corollaries 2-6.

2Tt seems that given name and family name of the author of this paper are interchanged, as Liiké is the family
name, see also [ACF*03, Footnote 4]
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2 The liminf inequality

To keep notation simple we accommodate for the fact that we deal with closed curves by indi-
cating the shortest distance metric on the circle S; and the corresponding metric on the unit
interval both by |- — -|, in a similar manner we proceed when comparing indices and computing
integrals and sums. By C; we denote a generic constant that may change from line to line.

Proposition 7 (The liminf inequality).
Let p,,~y € C with p, — v in L*(S1,RY). Then

5(7) < liminf &, (pn)
n—oo
Proof. We assume that the liminf is finite and thus p, € P, for a subsequence. Now the
proposition is a consequence of Fatou’s Lemma, since for a further subsequence and s # t holds
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This means, for polygons p, € P, that are bounded in L™ alnd have equibounded energies, we
find a subsequence that converges in C° to an embedded W'*+2:? curve with finite Mobius energy.

3 Approximation of energy for inscribed polygons

Proposition 3 (Order of convergence for M&bius energy of inscribed polygon).
Let v € CYY(Sp,RY) be parametrised by arc length, ¢, > 0. Then for every e € (0,1) there is a
C: > 0 such that

Ce

nlfs

|g(7) - gn(pn)| <

for every inscribed polygon p, given by a subdivision by, k =1,...,n of Sg, such that

(3)
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< min |y(bger) = (k)] < max |y(berr) —y(bx)| <
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Proof. By |Blal2, Lemma 2.1] we know that there is a constant Cy, > 0 with [t — s| < Cy|y(t) —
v(s)]. Choose N := 4C}, ¢. Let p be an inscribed polygon given by v(b;) with v(by) = ~v(bn),
v(b1) = ¥(bp+1), bo = 0. Then the arc length parameters of the polygon are a; = ZZ:1|’Y(bk>) -
v(bg—1)|. Note, that

max{%,j}
by = bil > laj —ail = Y y(be) = v (br-1)| = (b)) = (B)] > C Mo — bl (4)
k=min{i+1,j+1}



For t € [bj, bj+1] and s € [bl, bi+1] holds

’t — S’ < ’bj — bz‘ + 2 max ’bk+1 — bk’
k=1,....n

3) ¢ . 4) ¢
< ‘bj - bz| + 2Cy - k—Hlun ’akJrl - ak] < (1 + 20‘%) ’bj — bz‘

Additionally, we have
‘t — S‘ Z ‘bj — bz’ — 2 max ‘bk+1 — bk‘
k=1,...n

3)
> |j— Z‘ Hllln ‘bk’+1 — bi| — 204, fkrrlun ’bk+1 — bk’

(3) c c
<|J —i| =20, )Cb - kg%?in\bkﬂ —bg| > Gy, %!bj — by

if |[j—i| > N =4C, % Furthermore,
|t = s = [v(t) = (s)?
|t — s

0< [t — s — Iy(t) = v(s)] <

f f 17 (v )| dudv |t_5|/t/t |7/(2|}3):Z,|gu)|2 o,

2|t75|

Step 1 Writing K := ||7"[| (s, ge) We estimate

[t = s = (t) // (1= (' (u),7 (v))) dudv
// (1-(r@+ [ V@i ()>)dudv
_/// ’Y”(ﬁ)ﬂl(f)+/§v'y”(n)dn>d§dudv
//// g )) dnd¢ dudv

< K2t — s|*.

Then

> ¥ // eIl

=1 |j— 'L\<N
e e s —w<> 2(s)
<cb2 > / / o ds dt
= 1|J i|<N

®) (3) ¢
< C§K2Z S [bjsr — byllbiry — 0] < C§K2LN%.
i=1|j—i[<N



Step 2 Now

2 2 (Iv(b-)—lv(b-)ﬁ_ a : .2)‘7(63'“)_’Y(bj)HV(le)—’y(bi)]

i=1 0<|j—i|<N — ail

4 & 1 1
- bit1) — v(0;)||y(bitr1) — 7 (bs
s;gimgiw(h@ﬂ_wmw ,%_mﬁwwjﬂ> (b [1(bi41) = (b))

S [b; — bil* — |7 (b;) — v(b:)|?
<y > = T 1bj+1 — byl |bis1 — byl

i=1 0<|j—i|<N b5 = bi

(8) " (3) ¢
< CEK®Y" Y Jbjer — bjllbins — bl < GEKPLN S,
i=1 0<|j—i|<N n

Step 3 From now on let |j —i| > N. We have
‘/bj-&-l /b,-+1 <fst f;(V’(u),'y’(u) -+ (v))dudv — fbk;j fbij (' (uw), 7 (u) =+ (v)) du dv>
- (8) = ()|t — s
_ ‘ /bj“ bt [40 (u), 7 (u) =7/ (v)) dudv — [p{y'(u),7'(u) — 7'(v)) dudv
MORBIOINEE
MAzwﬂx@ﬂ>qmﬂ[ ), B = (i ] X [b1,5]) U (i, 5] x [bi, ). Now

ds dt‘

ds dt‘

— ' (u)) du dv‘

/ v (y) dy,’y"(ﬂ:)> dz du dv’

~( )) dy da du dv ‘

< K2lt - SI It - b]-|,

can be used to obtain

b | B — bi| 4 b — bl s — bs
A”§2K2/J/ | SH |+ 16 = bil"[s = bil ;o

2
— ()|t — 5]
(5), (6) maxj,— bpr1—0 1
5 Cg( Xp=1,....n|Ok41 k|) S Cp
|bj — bil j —iln
where C is a constant that may change from line to line.

Step 4 Now,
() = AP = [7(8) = 5(s)P
= (I7(5) = 10 + (1) = 4()]) r(B3) = 1B = 17(1) = 3(5)]
2 by = i (1) = A0+ =) 1))

S Cg|bj — bz’ kiriaxn’bk+1 — bk’

(5)
and similarly ‘|bj—bi|2— \t—s|2| < Cg|bj —bi| maxg—1 . p|bk+1 —bi|. Putting A = |y(b;) —~(b;)|,
B =1|bj — bi|], a = |y(t) —v(s)| and b = |t — s| we find

(5)
|A2B? — a?b?| < |A? — a®|B? + a®|B* — b*| < Cylb; — bi|3kn%ax b1 — byl (10)

=1,...



Therefore,

bj+1 [bita
By [ [ (b= bl - o) - am)
b; b;

1 1
— dsd
(lv()— v(s)P[t — s |7(bj)—7(bi)\2|bj _bi|2) t)

s gt [ [0 — o) Plbs = il ~ () 1Pl = sl
bi — ()Pt = s*|7(b;) — v(bs)[*|b; — bal?
J+1 i+l ‘b —b| maxg=1,. n‘bk 1—bk‘
<C\b bl/ / = 5 dsdt
Y(s) Pt = s*|y(b;) — v(bi)*|b; — bil

#1 it bl—bi onlbrsr — b
< Cg\bj—bir*/] / | J | Mt bt 7Bl g gy
bj i b — bil

(maxp—1 . lbrsr =06 ® 1
|bj — bil = B —in?

< G

Since Y ;_, k —log(n) converges to the Euler-Mascheroni constant, we obtain

n

> (Aij+Bij) <G 222;{; gn1enezk n1 =

wisl i=1 k=1
lj—i|>N
Step 5 Set
1 1
’ (\’Y(bj) —y(®)F by —bi|2) j+1 = bjllbi+1 = bil
1 1
B (lv(b-) ) b — b.\Q)"V(bjﬂ) — (0 (Big1) — v (bs)]|-

J t J )

As in (8) we estimate
‘ 1 1 ‘ 1By = i = 1y (b)) — (B
(b)) =B (b = bil*T (b)) — A (bi) Plbs — bl
Putting A = |biy1 — bi[, @ = [7(bit1) — ¥(bi)|, B = |bj41 — bj], b= |v(bj+1) — ¥(b;)| we have
B A__t B

< CRK*.

A [
—<a<A <b<B d =<C-, —<C,-
c, == g, = M BT A=
at our disposal and can estimate the remaining factor by
A2_ 2 BQ_b2 A2_ 2 B2_b2
AB —ab=(A—a)B+a(B—b) = “B+ta < TByAT ]
A+a B+b A+ & B+ £
b b
Cp & ®) 20L¢K
< —Pe (A2—a®+B>—p?) < bi(max{A B
1+ & 1+Cb

3)
Hence, ZZ]-:LZ-# Cij < n*Cg(max{A, B})* < Cngl?'
Step 6 Without loss of generality we assume i < j. Then

j—1 j—1
b = bil” = lag = al® = (b — bil + laj — ail) (D lbwsr — bl = Y lagsr — ax])
k=1 k=1

(4),(7) 2
< 2K?%b; —bi|2< max |bk+1 —bk|) .

,Lv .,



Hence,

4) 1 1
0 <D= ( 3~
laj —ai|”  |bj —bil

2K?%(maxy—; _ i1|brs1 — by|)?
( 15--5] |2 + |) |aj+1_aj|‘ai+1_ai|

2) laj11 — ajllaiy1 — aq

laj — a;

—
W~
=

KQCg(maxk:L._.,nmkH — ay|)* QKQCﬁ(maxkzl ..... nlars1 — ax))?

< TR
B \aj — ai|2 o (|] - 7/‘ mlnk:l,...,n|ak+1 - ak|)2
(3) 2K2CE (< 2 @) 2K*CRe!
< .7b.(26) max |aj1 I
=" k=l - en?lj —
and since ((2) = %2 we obtain 0 < 37", . Djj < Ceznd ! = < Cgl. O

Corollary 4 (Convergence of Mobius energies of inscribed polygons).
Let v € C with E(y) < 00 and py, as in Proposition 3. Then lim,,_,oc En(pn) = E(7).

1
Proof. Set &, 1= b’““ fb’““ % dudv and N, := nmax{ei,n"5}. Then
5 ( ) 0272
W2 U [oybia) X [bibisa]) < nAN, 2 = 4G 2 max{ed, n 6} ——0. (1)
l7 =il <Nn+1

Step 1 According to (7) the local bi-Lipschitz constant can be uniformly chosen as close to 1 as
we wish, so that for i < j, 0 = and n > M;s we can use (3) to find

1Jr2C

bj+1 = bj| < (1 =6+ 20)[v(bj+1) — ()| < (1 =) ([v(bj+1) — ()| + [7v(bj) — v(bj—1)])
< (X =0)(Ibj+1 — b +[bj — bj—1]) = (1 = 6)[bj41 — bj—1]

and thus
6[bj1 — bil < |bjr1 — bi| — (1 = 6)[bj1 — bj—1] < |bj1 — bi| = [bj1 — bj < [bj — bil.  (12)

Hence,

3

2 <Iv(b<) —17(54)\2 ay _1a4|2>‘7(ba‘+1) — )y (bis1) — (i)
J 7 j i

c 1 1
=02 2 <|v<bj>—v<bi>2_\bj—bi|

5 )1 (by+1) = 1) [7(bi) = A(bi)|

IN
g

T bj — bil* — |7(b;) — v(b;)?
202 Z ‘] | | (]) ( )| ’b]+1_bj‘|bz_bz—l‘

1
i=1 1<j—i<Np b — bi

B j+1 fb fbjh (w)|? du dv
a Z 2 / /Zl 2yb—b| dodt

= 11<] i<Np

(12) b [T (0) = o/ ()] dudv
< S S dsdt
ity Y / I Q,t_s,4 .

i=1 1<j—1<Np

Z 3 /”1/ S)|2 - ’t_lsz)dsdt.

i=1 1<j—i<Np

(13)

IN




The sum over 1 < |[j —i| < N,, can be estimated analogously. According to (11) we know that
the left-hand side in (9) with N, instead of N as well as (13) converge to zero for n — oc.
Step 2 If n is large enough for |j — i| > N,, holds |y(b;) — v(b;)| > Cg% by (3). We estimate

i +1 i+1 2 b . 1
A,J<c/ / rm CI <O (o) < Oy
¥(s)?[t = s n n nz n
(7) 1 1 n? 11
Bij © Cuilby — bifPen—— < Caten ™ < ez
ij = gn2’ ;i — bil €n|bj—bi|4 = gn25"N7% = Cgln g
M, n? 1 11
Ci,j < CgNiggnﬁ < ng%ﬁv
(M) b — bil? 1 (4 n? 1 1
D;; < Cye I = < < Cye
) —= g n‘aj —a1|2|bj—bz|2 n2 - g nN2 2 -
And thus 3 -y ;4 (Aij + Bij + Cij + Dij) — 0 for n — oo. O

4 The limsup inequality

Proposition 8 (The limsup inequality).
Let v € C(K) N C! with £(y) < co. Then there are p, € Py(K) such that

Wl,oo S ,Rd .
Dn WEEURT), 07 and lim &,(pn) = E(7).
n—oo n—oo

Proof. Step 1 The mapping (u,v) — (7/(u),'(v)) is uniformly continuous, and there is d > 0
such that for all x € S; and all u,v € Bsg(z) holds (v (u),~'(v)) > Cos(i). Therefore, for all
x €Sy and all s,t,y € Bsg(x) holds

[(v(s) = (t),v(x) —v(y)| = / (/' (u),~' (v)) dudv
[s,8]U[t,s]  [,9]Uly.a]
> cos(H)y(s) —v(®)| v (@) — (W),

which means that v has the (d, 1) diamond property, as defined in [SSvdM13, Definition 4.5].
According to [SSvdM13, Theorem 4.10] inscribed polygons of edge length smaller than d belong
to the same knot class as 7. By [Wu04] we know that for each n there is a closed equilateral
polygon p with n edges that is inscribed in <, so that this polygon belongs to the same knot
class as 7 if n is large enough.

Step 2 Let p be an equilateral inscribed polygon with n edges defined by ~(b;), ¢ = 0,...,n
~v(bg) = v(by) with by = 0 and n sufficiently large. Then for € > 0 and n > N () holds

n—1

0<L(y)—L(p) = Z(|bi+1 = bi| = [v(bit1) — v(bi)])
=0

R s |’Y 7 (w)]? Cye
? bit1 — bi dudy < 2=
Jnax [bip1 — IE / / | u -

Step 3 Set p(t) = LL~'p(LL~'t). For t € [aj,a;41], aj = % and a constant ¢ = ¢(7y) holds

() = p()] < [7(8) = ¥(bj0) + [Y(bj1) = LLTy(bja)| + [p(aj41) = p(t)]

p(t
- . c
< |t = ajr| + lajer = bjr| + L7HL = LV oo s, may + lagn — 1] < -



due to

j—1 Jj—1
L
bj —ajl = | D> _lbe+1 — bl = > =y (brs1) — v(bk)]
L
k=0 k=0
1
j— (15)
< Z k1 — b = [y(br1) —v(0)|| + |1 — = ZW (Br1) = (i)
k=0
(14)
<2L-1I| < 20 e
n

Step 4 For t € [aj, a;j+1] we estimate

fo o ( o (), (5)) ds

/ o 2 _ |\ ) —
O =POF =P~ pa |‘ (1= 2 )

O r—fbf“ )Y () ds [ = ((0),7'(9))) ds

B Iv( bjt1) — v(bj)\ B |bjr1 — by

J+1 / 2
BT O -6,
(b1 — byl =

if n is large enough, due to the uniform continuity of 7/ and (15).
Step 5 Since the discrete Mdbius energy is invariant under scaling, the proposition is a conse-
quence of Corollary 4. O

Note, that, by mtegratmg the inequality in Step 4 instead of using continuity of 4/, we easily
find that for v € W1+2’2(Sl R%) the rescaled inscribed polygons converge in W52,

5 Discrete minimizers

Lemma 5 (Regular n-gon is unique minimizer of &, in P,).
The unique minimizer of £, in Py is a reqular n-gon.

Proof. Using the inequality of arithmetic and geometric means twice we obtain

n?

n n 1 %
2 e amg)\? 2 (e o) 2 Siten s

with equality if and only if all |p(a;) — p(a;+x)| are equal. From |Gab66, Theorem III| we know
that for n > 4 the sum of diagonals of an equilateral polygon is maximized by the regular n-gon

gn, i.€.

n
Z’p(ai) —plaik)| < Z’Qn (a:) = gn(aiyr)*.
=1

Note, that this also works in R?, thanks to [ACF*03, Lemma 7|, with equality for fixed k €
{2,...,n—2} if and only if for all ¢ the points p(a;), p(ait+1), p(ai+x) and p(a;4x+1) are coplanar.
This yields

n—1 n n—1 9
2.2 >3 e ;
k=1 i=1 az a“rk k=1 Ez 1‘]7 al) p(ai+k)’
n—1 2 n—1 n
n
> _ .
k=1 >icilgn(ai) — gn(ai+k)| =1 i=1 lgn(ai) — gn(az+k)|
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with equality if and only if p is a planar polygon, which follows from the coplanarity before, that
is the affine image of a regular polygon, see |Gab66, Theorem III|, such that all diagonals of the
same order have equal length. This means, equality only holds for a regular n-gon. O

A Variational convergence

Lemma 9 (Convergence of minimizers).

Let Fo, F : X - R, Y C X. Assume that x, — x implies F(z) < liminf, oo Fn(x,) and that
for everyy €Y there is are y, € X with limsup,,_,o, Fn(yn) < F(y). Let |Fn(z,)—infx Fp| — 0
and zp, — z € X. Then F(z) <liminf, ,~ infx F, <infy F.

Proof. Let y € Y and y,, — y with limsup,,_, ., Fn(yn) < F(y). Then

F(z) <liminf F,(z,) = liminf igl(f Fn < lirginf}"n(yn) < limsup Fp(yn) < F(y).

n—00 n—00 n—00
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