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Abstract

We explore a connection between the Finslerian area functional based on the Busemann-
Hausdorff-volume form, and well-investigated Cartan functionals to solve Plateau’s problem in
Finsler 3-space, and prove higher regularity of solutions. Free and semi-free geometric boundary
value problems, as well as the Douglas problem in Finsler space can be dealt with in the same
way. We also provide a simple isoperimetric inequality for minimal surfaces in Finsler spaces.

Mathematics Subject Classification (2000): 44A12, 49Q05, 49Q10, 53A35, 53B40, 53C60

1 Introduction

The classic Plateau problem in Euclidean 3-space is concerned with finding a minimal surface, i.e., a
surface with vanishing mean curvature, spanned in a given closed Jordan curve I' C R3. A particularly
successful approach to this problem is to minimize the area functional

areap(X) = / (X0 A X,) ()] du (1)
B

in the class
C(T) :={X € W"2(B,R3) : X|yp is a continuous and weakly monotonic'parametrization of I'},

where B := {u = (u',u?) € R? : |u| = /(u)? + (u2)? < 1} denotes the open unit disk and
W12(B,R3) the class of Sobolev mappings from B to R? with square integrable first weak deriva-
tives. There are various ways to obtain area minimizing surfaces. Courant [9], e.g., minimized the
Dirichlet energy

1
D(X):= / VX (u)|? du (1.2)
2/B
as the natural and particularly simple dominance functional of area. Outer variations of & establish

harmonicity and therefore smoothness of the minimizer’s coordinate functions X', X2, X3 on B, and
inner variations yield the conformality relations

| X, 1> =|X,2/? and X, -X,2=0 onB. (1.3)

The combination of these properties leads to a simultaneous minimization of area and to vanishing
mean curvature of the minimizing surface. There is a huge amount of literature dealing with the
classic Plateau problem and related geometric boundary value problems in Euclidean space and also

'See [12, pp. 231-232] for the notion of weakly monotonic mappings on the boundary.



in Riemannian manifolds; see, e.g., the monographs [37,38], [39], [12,13], [14-16], and the numerous
references therein.

Interestingly, nothing seems to be known about the Plateau problem for minimal surfaces in Finsler
manifolds, not even in Finsler spaces, which may have to do with the by far more complicated expres-
sion for the Finsler-area functional that does not seem to allow a straightforward generalization of
Courant’s method via minimization of appropriately chosen dominance functionals. It is the purpose
of this note to attack Plateau’s problem in Finsler 3-space by an alternative variational approach di-
rectly minimizing Finsler area.

For the precise definition of Finsler area let .4~ = 4™ be an n-dimensional smooth manifold
with tangent bundle 74" := | J,. , T»-# and its zero-section o := {(x,0) € T.#"}. A non-negative
function F' € C°(TA" \ o) is called a Finsler metric on .4 (so that (.4, F') becomes a Finsler
manifold) if F satisfies the conditions

(F1) F(x,ty) = tF(x,y) forallt > 0 and all (z,y) € T4 (homogeneity);

(F2) gij(x,y) := (F?/2),1,i (x,y) form the coefficients of a positive definite matrix, the fundamen-

tal tensor; for all (x,y) € T4\ o, where for given local coordinates x!, ..., 2™ about x € ¥/,
the y*, i = 1,...,n, denote the corresponding bundle coordinates via y = v a?:i |l € TpN.
Here we sum over repeated Latin indices from 1 to n according to the Einstein summation
convention, and F(x,y) is written as F'(z',..., 2",y ... y").

If F(z,y) = F(x,—y) forall (x,y) € T.# then F is called a reversible Finsler metric, and if there
are coordinates such that F' depends only on y, then F’ is called a Minkowski metric.

Any C?-immersion X : .#™ < 4™ from a smooth m-dimensional manifold .# = .#™ into
A induces a pulled-back Finsler metric X*F on .4 via

(X*F)(u,v) := F(X(u),dX|,(v)) for(u,v)eT.A.

Following Busemann [5] and Shen [45] we define the Busemann-Hausdorffvolume form as the volume
ratio of the Euclidean and the Finslerian unit ball, i.e.,

dvolx:p(u) := ox+p(u)du* A... ANdu™ on.#,

where

) By (0)
Am({v = (v,...om) € Rm: X*F(u,v9-9—) <1}’

Oul|y,

ox+p(u) : (1.4)

with a summation over Greek indices from 1 to m in the denominator. Here .72 denotes the m-
dimensional Hausdorff-measure. The Busemann-Hausdorff area or in short Finsler area® of the im-
mersion X : .# — ./ is then given by

areah (X) := / dvolxp(u) (1.5)
ueN
for a measurable subset €2 C .# . Shen [45, Theorem 1.2] derived the first variation of this functional

which leads to the definition of Finsler-mean curvature, and critical immersions for areag are therefore
Finsler-minimal immersions, or simply minimal surfaces in (.4, F').

2Notice that the alternative Holmes-Thompson volume form (see [1]) leads to a different notion of Finslerian minimal
surfaces that we do not address here.



As mentioned before, to the best of our knowledge, there is no contribution to solving the Fins-
lerian Plateau problem or any other related geometric boundary value problems for Finsler-minimal
surfaces, such as the Douglas problem (with boundary contours with at least two components), free,
or semi-free problems (prescribing a supporting set for part of the boundary values). What little is
known about Finsler-minimal graphs, or rotationally symmetric Finsler-minimal surfaces for very
specific Finsler structures, will be briefly described at the end of this introduction when we discuss
how sharp our additional assumptions on a general Finsler metric are.

To describe our variational approach to Finsler-minimal surfaces let us focus on Finsler spaces
and on co-dimension one, that is, .4 := R™*1,

The key observation — in its original form due to H. Busemann [5, Section 7] in his search for
explicit volume formulas for intersection bodies in convex analysis — is, that one can rewrite the
integrand (1.4) of Finsler area in the following way.

Theorem 1.1 (Cartan area integrand). If .4 = R™*! and F = F(x,vy) is a Finsler metric on R™*1,
and X € CY(#,R™) is an immersion from a smooth m-dimensional manifold .# into R™*,
then we obtain for the Finsler area of an open subset Q C .# with local coordinates (u', ... u™) :
Q — Q C R™ the expression

X 0X .
areal] (X) = /QAF(X(u), (G Ao oY) et A A du™ (1.6)
where
Al (2, 7) = | Z|#(Br"(0) for (z,Z) € R™ x (R™H1\ {0}).

(T e Z- c Rt F(2,T) < 1})
(1.7)

The integrand in (1.6) depends on the position vector X (u) and the normal direction (X1 A... A
Xym)(u), and from the specific form (1.7) one immediately deduces the positive homogeneity in its
second argument:

Al (z,t2) = tAY (2, Z)  forall (x,Z) € R™ x (R™T1\ {0}), t > 0. (H)

These properties identify A’ as a Cartan integrand, see [31, p. 2]. Notice that if the Finsler metric
F equals the Euclidean metric E, that is, F'(z,y) = E(y) := |y| for y € R™"1, then the expression
AF = AF reduces to the classic area integrand for hypersurfaces in R™*1:

Az, 2) = AB(z,2) = |Z| forall (z,Z) € R™ ! x (R™1\ {0}).

Geometric boundary value problems for Cartan functionals on two-dimensional surfaces have been
investigated under two additional conditions; see [26,27,29,31,32]: a mild linear growth condition,
which in the present situation can be guaranteed by relatively harmless L°°-bounds on the underlying
Finsler structure F' (see condition (D*) in our existence result, Theorem 1.2 below), and, more impor-
tantly, convexity in the second argument. So, the question arises: Is there a chance to find a sufficiently
large and interesting class of Finsler structures F' so that the Cartan area integrand A" is convex in
its second argument? It turns out that in the the co-dimension one case and for reversible Finsler met-
rics, there is a result also due to Busemann [6, Theorem II, p. 28] (see Theorem 2.6), establishing
this convexity. Thus, for general non-reversible Finsler metrics F' one is lead to think about some
sort of symmetrization of F' in its second argument in order to have a chance to apply Busemann’s



result at some stage. Rewriting the integrand A" by means of the area formula and using polar coor-
dinates (see Lemma 2.2) motivates the following particular kind of symmetrization, the m-harmonic
symmetrization® Fyym of the Finsler structure F' defined as

1

9 m
Foym(x,y) == [ [— i ] for (xz,y) € TN\ o, (1.8)
Fm(x,y) Fm(.z’7—y)

which by definition and by (F1) is an even and positively 1-homogeneous function of the y-variable,
and thus continuously extendible by zero to all of T'.4#". Moreover, one can check that Fy,, leads to
the same expression of the Cartan integrand, i.e., A" = A" (see Lemma 2.3). However, in general
Fym is not a Finsler structure.

This motivates our General Assumption:

(GA) Let F(z,y) be a Finsler metric on & = R™%! such that its m-harmonic symmetrization
Fym(x,y) is also a Finsler metric on R™1,

Notice that a reversible Finsler metric F' automatically coincides with its m-harmonic symmetrization
Fym so that our general assumption (GA) is superfluous in reversible Finsler spaces.

This leads to the following existence result.

Theorem 1.2 (Plateau problem for Finsler area). Let F' = F(x,y) be a Finsler metric on R satisfying
(GA), and assume in addition that

0<mp:= inf F(-,-) < sup F(:, ) = Mp < 0. (D*)
R3xS? R3xS2

Then for any given rectifiable Jordan curve ' C R3 there exists a surface X € C(T'), such that

areah(X) = Cl%f) areak ().

In addition, one has the conformality relations
| X,1)> =[X,2|? and X, X, =0 Z%ae. onB, (1.9)

and X is of class C%° (B, R3)NCY(B, R})NW 4B, R3) for some q¢ > 2, and for o := (mp/Mp)? €
(0,1].

A simple comparison argument leads to the following isoperimetric inequality for area-minimizing
surfaces in Finsler space:

Corollary 1.3 (Isoperimetric Inequality). Let F'(x,vy) be a Finsler metric on R satisfying the growth

condition (D*) in Theorem 1.2. Then any minimizer X € C(T') of Finsler area areag satisfies the

simple isoperimetric inequality

= 2
dmmi

2
areal(X) < E_ (,ZF(F))z, (1.10)

where LT .= [ F(D,T) denotes the Finslerian length of T.

3 A possible connection to the harmonic symmetrization of weak Finsler structures in [42] remains to be investigated.



Remarks. 1. Assumption (D*) in Theorem 1.2 is automatically satisfied in case of a Minkowski
metric F' = F(y) since the defining properties (F1) and (F2) guarantee that any Finsler metric is
positive away from the zero-section of the tangent bundle, so that the positive minimum and maximum
of any Minkowski metric on the unit sphere is attained.

2. If T satisfies a chord-arc condition with respect to a three-point condition (see, e.g. [31, Theo-
rem 5.1]) one can establish Holder continuity of the minimizer in Theorem 1.2 up to the boundary in
form of an a priori estimate, a fact that is well known for classic minimal surfaces in Euclidean space.

3. One can use the bridge between the Finsler world and Cartan functionals established here in
the same way to prove existence of Finsler-minimal surfaces solving other geometric boundary value
problems like free, or semi-free problems, where the boundary or parts of the boundary are prescribed
to be mapped to a given supporting set, such as a given torus, possibly with additional topological
constraints (like spanning the hole of the torus). For the solution of such geometric boundary value
problems for Cartan functionals see [27], or [11]. One can also prescribe more than one boundary
curve and control the topological connectedness of Finsler minimal surfaces spanning these more
complicated boundary contours under the so-called Douglas condition in the famous Dougals prob-
lem; see [33], [32] for details in the context of Cartan functionals.

4. Using the full strength of [6, Theorem II] one can extend the existence result, Theorem 1.2
to continuous weak Finsler metrics as defined in [42], [43] or [35], assuming also in our general
assumption (GA) that Fiyy, is merely a continuous weak Finsler metric which is only convex in its
second entry.

Notice that the Finsler-area minimizing surfaces X obtained in Theorem 1.2 are in general not im-
mersed. Branch points, i.e., parameters u € B with (X1 A X,,2)(%z) = 0 may occur, and it is an open
question under what circumstances area-minimizing surfaces in Finsler space (that are not graphs)
are immersed. This has to do with the fact that the area-minimizers in Theorem 1.2 are obtained as
solutions of the Plateau problem for the corresponding Cartan functional. General Cartan function-
als, however, do not possess nice Euler-Lagrange equations, in contrast to the elliptic pde-systems in
diagonal form obtained in the classic cases of minimal surfaces or surfaces of prescribed mean curva-
ture in Euclidean space, or even in Riemannian manifolds. Due to this lack of accessible variational
equations it is by no means obvious how to exclude branch points. Intimately connected to this is
the issue of possible higher regularity of Finsler-area minimizing surfaces. This is a delicate problem
and, in view of the current state of research depends on whether the corresponding Cartan functional
possesses a so-called perfect dominance function. Such a function is, roughly speaking, a Lagrangian
G(z, P), that is positively 2-homogeneous, C?-smooth, and strictly convex in P € R3*2\ {0}, and
that dominates the Cartan integrand, and coincides with it on conformal entries; see Definition 3.11.
It was shown in [27,29], and [30] that minimizers of Cartan functionals with a perfect dominance
function are of class W22 and C'® up to the boundary. According to [28, Theorem 1.3] there is a
fairly large class of Cartan integrands with a perfect dominance function, and we are going to exploit
this quantitative result in the present context to prove the following theorem about higher regularity
of Finsler-area minimizing surfaces.

For the precise statement we introduce for k¥ = 0,1,2, ... and functions g € C*(R3 \ {0}) the
semi-norms

pr(g) == max{|D%g(¢)| : € € S?, |a| < k}. (1.11)
Theorem 1.4 (Higher regularity). There is a universal constant &y € (0, 1) such that any Finsler-area
minimizing and conformally parametrized (see (1.9)) surface X € C(I') is of class VVI?)’CQ(B, R3) N
CY2(B,R3) if the Finsler-structure F = F(x,y) satisfies

pa(F(x,) —|-|) <8 forall xR (1.12)



Moreover, if in addition the boundary contour I' is of class C* one obtains X € W*2(B,R?) N
C1(B,R3) and a constant ¢ = ¢(T') depending only on T" such that

X lw22(p sy + [ Xlora(ars) < ).

Notice that condition (1.12) may be relaxed for the minimizers X of Finsler area obtained in
Theorem 1.2: If I" satisfies a chord-arc condition, we obtain a priori estimates on the Holder norm of
X on B, and therefore uniform L>°-bounds ||.X || (g r3) < Ro, so that it is sufficient to assume the

inequality in (1.12) only for all € Bg,(0) C R3.

Let us finally discuss our crucial general assumption (GA). Is it a natural assumption, and how
restrictive is it? Since generalized, i.e., possibly branched Finsler-minimal surfaces have apparently
not been treated in the literature so far, we return to Finsler-minimal immersions, for which the con-
nection between Finsler area and Cartan integrals turns out to be very useful to obtain a whole set of
new global results such as Bernstein theorems, enclosure results, uniqueness results, removability of
singularities, and new isoperimetric inequalities; see [41]. Also these results require (GA) as the only
essential assumption, and they extend the few results in the literature about Finsler-minimal graphs,
that had been established so far only in very specific Finsler spaces. Souza, Spruck and Tenenblat
considered the three-dimensional Minkowski-Randers space (R3, F'), where F has the special form
F(y) := |y| + by’ for some constant vector b € R3, and they used pde-methods in [46] to prove that
any Finsler-minimal graph over a plane in that space is a plane if and only if 0 < |b| < 1/+/3. This
upper bound on the linear perturbation |b| is indeed sharp, since for |b| € (1/1/3,1), where (R?, F)
is still a Finsler space (see e.g. [7, p. 4]), Souza and Tenenblat have presented a Finsler-minimal
cone with a point singularity* This Bernstein theorem was later generalized by Cui and Shen [10] to
the more general setting of (v, 3)-Minkowski spaces (R™ "1, F) with F(y) := a(y)¢[8(y)/a(y)]
with a(y) := |y| and the linear perturbation term 5(y) := b;y’, and a positive smooth scalar func-
tion ¢ satisfying a particular differential equation to guarantee that F' is at least a Finsler metric; see
e.g. [7, Lemma 1.1.2]. Cui and Shen present fairly complicated additional and more restrictive condi-
tions on ¢ (see condition (1) in [10, Theorem 1.1] or condition (4) of [10, Theorem 1.2]) that could
be verified only for a few specific choices of («, §)-metrics, and only in dimension m = 2: for the
Minkowski-Randers case with ¢(s) = 1 + s if || < 1/v/3 (reproducing [46, Theorem 6]), for the
two-order metric with ¢(s) = (1+ s)? under the condition |b| < 1/1/10, or for the Matsumoto metric
where ¢(s) = (1 — s)~1if [b| < 1/2. By direct calculation one can check that the threshold values
for |b| in these specific («, [3)-spaces are exactly those under which our general assumption (GA) is
automatically satisfied — (GA) does not hold if |b| is larger. Moreover, beyond these threshold values®
Cui and Shen have established the existence of Finsler-minimal cones with a point singularity in the
respective (v, [3)-spaces, which indicates that our assumption (GA) for general Finsler metrics is not
only natural but also sharp. In addition, Cui and Shen present an example of an («, 3)-metric F allow-
ing a Bernstein result, where ¢ is of the form (1 + h(s)) ™'/ with an arbitrary odd smooth function h
with |h| < 1, but also in this case (GA) is trivially satisfied, since one can check that Fyym(y) = |y|.

For general Finsler metrics F'(x,y) our general assumption (GA) may not be verified easily.
Therefore we conclude with a sufficient condition that guarantees that this assumption holds. This con-
dition involves the arithmetic symmetrization (with respect to y) Fy(z,y) := 3(F(z,y) + F(z, —y))

“Technically, the bound 1/+/3 for |b| is the threshold beyond which the underlying pde ceases to be an elliptic equation;
see [46, p. 300]

SFor the Matsumoto metric the threshold value for |b|, beyond which the pde fails to be elliptic and Fyym is no longer
Finsler, is actually 1, but the metric itself is only Finsler for [b| < 1/2.



with its fundamental tensor
2
(9r)ij = (F5/2)yiys,

and antisymmetric part F, of F given by F,(z,y) := 3(F(z,y) — F(z,—y)).

Theorem 1.5. [f the Finsler metric F = F(z,y) on R™ ! with its arithmetic symmetrization Fy and
its antisymmetric part Fy, satisfies the inequality

1
m+1

((Fa)y (a/;,y)wl)2 < (gpg)ij(x,y)wiwj forall we R™!, (1.13)
and if the matrix (Fo(z,y)(Fa) iy (2, y)) is negative semi-definite for all z € R™*! and y € R™ 1\
{0}, then F satisfies assumption (GA).

Notice that the second condition is, of course, satisfied if the antisymmetric part F, is linear
in y, which is, e.g., the case for the Minkowski-Randers metric F(y) = |y| + b;%’. In that case,
inequality (1.13) yields exactly the bound 1/4/3 in dimension m = 2 that was also necessary to
deduce (GA) directly, and this bound is sharp in the sense discussed before. The same holds true
for the two-order metric F(y) = a(y)¢[B(y)/a(y)], By) = biy" for ¢(s) = (1 + )%, if |b] €
[0,1/4/10), but our sufficient condition, on the other hand, does not include the Matsumoto metric
¢(s) = (1 — )7L, although we can directly verify (GA) for that metric if || < 1/2. Theorem 1.5
does, however, allow for more general Finsler structures because it permits an z-dependence, e.g.,
F(x,y) := F.(x,y) + bjy’, where F, is a reversible Finsler metric. Even without the x-dependence
our result is valid for more general Minkowski metrics than treated before, for instance the perturbed
quartic metric (see [3, p. 15])

m+1 m+1
Fr(y) == S )t+ed (y)?  for £>0.
i=1 i—1

The present paper is structured as follows. In Section 2.1 we explore the connection between
Finsler area and Cartan functionals and prove Theorem 1.1. In addition, we represent the Cartan in-
tegrand A”" with an integral formula (Lemma 2.2) which motivates the m-harmonic symmetrization.
That F' and Fiyy, possess the same Cartan area integrand is shown in Lemma 2.3. Some quantita-
tive L°-estimates and Busemann’s convexity result (Theorem 2.6) lead to the solution of Plateau’s
problem, i.e. to the proof of Theorem 1.2 in Section 2.2. In Section 3.1 we introduce and analyze
the (spherical) Radon transform since one may express the Cartan area integrand A" in terms of this
transformation (see Lemma 3.8). The material of this section, however, will also be useful for our
investigation on Finsler-minimal immersions; see [41]. In Section 3.2 we compare A and its deriva-
tives up to second order with those of the classic area integrand in order to apply the regularity theory
for minimizers of Cartan functionals that is based on the concept of perfect dominance functions. To-
wards the end of Section 3.2 we prove Theorem 1.4; the lengthy calculation for the proof of Theorem
1.5 is deferred to Section 4.

Acknowledgment. Part of this work was completed during the second author’s stay at Tohoku
University at Sendai, Japan, in the Spring of 2011, and we would like to express our deepest gratitude
to Professor Seiki Nishikawa for his hospitality and interest. Some of the results are contained in the
first author’s thesis [40], who was partially supported by DFG grant Mo 966/3-1,2.



2 Existence of Finsler-minimal surfaces

2.1 Representing Finsler area as a Cartan functional

The Finsler area (1.5) is by definition a parameter invariant integral, which implies by virtue of a
general result of Morrey [36, Ch. 9.1] in co-dimension one, i.e., for n = m + 1, that the Finsler-
area integrand (1.4) has special structure. In our context we are interested in the explicit form of that
structure. To deduce that structure we take for any point { € 4" an open neighbourhood W¢ C A
containing £ such that there is a smooth basis section {b; ;Z{l in the tangent bundle TW, C T.#
and then a local coordinate chart %', ..., 4™ on a suitable open neighbourhood ¢ C A such that
the given immersion X : .#Z — ./ satisfies X (Q¢) C W,. Now we can express its differential
dX : T.H# — TN locally as
dX = Xidu® @ b,

and we set VX (u) := (XZ(u)) € RMDX™ for any u € Q, so that we obtain from (1.4)

— H™(B7(0)) (Xl .
- A ({v e R™: F(X (u), W Xbi|x) <1}) ¢ (X(u), VX (u)),

Ux*F(u)

where for z € W¢ and P = (Pg) € RUMHDX™ we have set

™ (BT(0)) : _
of (z,P) = {m({UGR”:FW‘SP@i'm>§1}> if rank P = m, @1

0 if rank P < m.

The following result was probably first shown by Busemann [5]; cf. [47, Chapter 7, p. 229].

Proposition 2.1. Let (.4, F') be a Finsler manifold of dimensionn = m+1. For§, € A, We C A,

and a basis section {b; :f{l on TW¢ C TN chosen as above one can write

af (z,P) = Af (x,PLA...ANPp) forz € Weand P = (Py|Py|...|Py) € RU™TDxm,
where Ps = (Pg);”il C R™H for § = 1,...,m, denote the column vectors of the matrix P, and the

wedge product is given as usual by

m+1
PiA...APyi= det(e|Pi]...|Pn)e
i=1

for the standard basis {e;}"[* of R™ 1. The function Ag : We x R™1 — [0, 00) is defined by

|Z|2™ (BT (0))
Ag($7 Z) = {L%’m({T:(Tl,,..,Tm+1)€ZL:F(%Tibih)gl})a

forx € Weand Z # 0
forz € Weand Z = 0,

(2.2)

where Z+ := {T € R™* . T . Z = 0} denotes the orthogonal complement of the m-dimensional
subspace spanned by Z, and we have the homogeneity relation

Af (2,t2) =tAf (x,Z) forallz e We, t >0, ZeR™™ (2.3)



Using the (globally defined) standard basis {e1, ..., en+1} of R™*! we immediately deduce the
PROOF OF THEOREM 1.1. If .4 = R™! and F = F(x,y) is a Finsler metric on R™"!, and
X € CY(,R™T1) is an immersion from a smooth m-dimensional manifold ./ into R™*!, then we
obtain for the Finsler area of an open subset {2 C .# formula (1.6) in local coordinates (ul, cou™)
Q — Q c R™, with the explicit expression (1.7) for the integrand A" as stated in Theorem 1.1. O

PROOF OF PROPOSITION 2.1. It suffices to consider matrices P = (Py]...|P,,) € Rm+Dxm of
full rank m. Then the linear mapping ¢ : R™ — R™*! given by

((v) :=v"Ps forv=(v!,...,0™) € R™,

has rank m, i.e., £ is injective.
For given x € W¢ we set

Ve = {veR™:F(z,0°Pib],) <1}  and
Y, = {TeR":F(x,T'|,) <1& (PLA...APy)-T =0},

and claim that £(V,,) = Y.
Indeed, for T € £(V},) we find v = (v',...,v™) € R™ such that T' = v° P5 and

1> F(x,0° Pibi|y) = F(z, T'bl,),

so that
(PLA...APy)-T=v(PyA...APy)-Ps=0,

i.e., T € YT,. On the other hand, for T' € T, we find
0= (PLN...APp)-T=det(T|P1|...|Pn)

so that 7" is a linear combination of the Ps, 6 = 1,...,m, (since P = (P]...|P,,) was assumed to
have full rank m), i.e., there are v € R, § = 1, ..., m, such that T = v° P5. Hence

F(z,v°Pib|,) = F(x, T'bi|,) < 1,

since we assumed 7" € Y. This implies v € V,, and therefore T' = ((v) € (V).
Next we claim that for arbitrary z € W

AV, N HT)) = xr,(T) forall T € R™T, (2.4)

where x 4 denotes the characteristic function of a set A ¢ R™*!,
To prove this we observe that for 7' ¢ span{ P, ..., Py} we know that T" ¢ T, since

(PLA...APyp)-T =det(T|Py|---|Py) # 0.

This implies (2.4) for such T. For T € span{P}, ..., Py} ,ie.,T = v°Psforsomev = (v',...,v™) €
R™, we distinguish two cases: If T" € T, in addition, we find

F(z,v°Pib|,) = F(x, T'bi|,) < 1,
hence s#°(V, N ¢~1(T)) > 1. We even have

A (Ve N D)) =1 = x1,(T),



since / is injective. If, finally, T" ¢ Y, but still in the span of the Ps, 6 = 1,...,m, we know by
{(Vy) = Y, that V, N £~1(T) = () and therefore the identity (2.4) holds also in this case.

We apply now the area formula (see. e.g. [17, Theorem 3.2.3]) to the linear mapping ¢ and use
(2.4) to deduce for arbitrary x € W

1
VL) = /V L") = o] o [P A A Pl 427 (0)
veVy m veVe
1 ol4 ol .
= PLA... APy ﬁA'”Aavm‘d‘g (v)
veEVy
1 - m
= BB e +1,%ﬂo(v‘,,crw Y1) ds#™(T)
... m e m
24) 1 1

xr, (T) dA™(T) = A (Te),

|PLA ... A Pp| Jrerm+ |PLA ...\ Pyl

which proves the proposition, since the homogeneity relation (2.3) follows immediately from (2.2). O

Notice that the expression A”" in (1.7) is well-defined on R™*! x (R™*+! \ {0}) and can be
continuously extended by zero to all of R™*1 x R™*1 by virtue of the homogeneity relation (H), as
long as F' is any continuous positively 1-homogeneous function on R”*! x R™*+! The following
alternative representation of A’ for such an I’ will turn out to be quite useful to transfer pointwise
bounds from F to A (see Corollary 2.5) and to quantify the convexity of A in the second variable;
see Section 3.2.

Lemma 2.2. Let F € CO(R™*! x R™ ) satisfy F(x,y) > 0fory # 0, and
F(x,ty) = tF(z,y) forall t>0, (z,y) € R™T x R™+1, (2.5)
Then the expression AY defined in (1.7) can be rewritten as

|Z|2m~ 1 (S™1(0))

AF(SU’Z) =
det(fs - fo) Jgm- 1Wd%m 1(0)

forall (z,Z) e R™ x (R™T1\ {0}).
(2.6)

for any choice of basis { f1,. .., fm} of the m-dimensional subspace Z+ C R™+1,

PROOF: Applying the area formula [17, Theorem 3.2.3] to the linear mapping g : R™ — R™+!

givenby g(t) := t"f, fort = (t!,...,t™) € R™ with Jacobian determinant \/det [Dg(t)TDg(t)] =

\/det(fs5 - f,) independent of ¢, one calculates for the denominator of A" in (1.7)

AT € Z: F(x,T) <1}) = /R " X{TeRm+1:F(2,T)<1,T-z=0} (?) ™ (2)
det(fs - fa)/R X{term:F(at~ f)<1}(C) d-L™(C)
= det(f5 : fU)/S 1/0 X{TgeRWL;F(x’(TQ)KfK)Sl}(SG)Smil de%mil(G)
1/F (0% f)
= Vdet(fs - f5) / / s™ L dsd ™ 1(6)
Sm— 1
—Valfs - fo) |

m—1
m—1 ’I’)’LFm 9”]‘1,{) % (9)’
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where we have transformed to polar coordinates ¢ = sf for = (/|¢| € S™1 with d.£™(¢) =
s 1d#™m=1(0), and we used (2.5) to write 7 F'(x, 0% f,.) = F(z, (r0)" f) < 1 in the defining set of
the characteristic function ¥, and the identity 5#™(S™~1) = ms#™(B7(0)). O

The m-symmetrization Fiyy, of a Finsler metric F'leads to the same expression AT as can be seen
in the following lemma.

Lemma 2.3. Let F = F(x,y) € CO(R™T! x R™H) be strictly positive as long as y # 0 and assume
that (2.5) holds true. Then

Al (z,2) = AT (2, Z)  forall (z,Z) € R™T x R™HL (2.7)

PROOF: By inspection of the definition (1.8) of Fiyy, one observes that the homogeneity condition
(2.5) on F'implies that also Fyy, is positively 1-homogeneous in y and thus extendible by zero to all
of R™*1 x R™*1 5o that also A is well-defined (replacing F' by Fyym in (1.7)) and positively 1-
homogeneous on R™*! x (R™+1\ {0}). Hence A is also extendible by zero onto R™1 x R™+1,
Thus it suffices to prove (2.7) for Z # 0, so that Z+ C R™*! is an m-dimensional subspace of
R™HLIf { f5}7 | is a basis of Z then so is {(—f5)}7",. Moreover f5 - f» = (—f5) - (—f) for all
§,0 =1,...,m,sothat \/det(fs - f5) = \/det((—fs5) - (—fo)); hence we can use Lemma 2.2 twice
to compute

2|27
det(fs - fo) Jom-1 pgryy 4™ 1(0)
21
et(fs - Jo) Jomr srmzess + VAU 5) - (—Jo)) Jomr som gt
Z|m (S )
At (s o) foms | srmizgy + sy | 426 (6)
Z|m (s

det(fs  Jo) Jom s [ o] a1 (6)

(Frry T Py
Z| ™ Sm—l
- 2| A7 E) —  AP(z, 7).

Vdet(fs - fo) Jsms Fgaersy 44 (0)

A (z,2) =

2.2 Solving the Plateau problem

The existence of minimizing solutions for two-dimensional geometric boundary value problems in-
cluding the Plateau problem has been established for general Cartan functionals in [26,27,29]. These
functionals are double integrals of the form

//c (X1 A Xo2)(w) du (2.8)

defined on mappings X : B C R? — R” for n > 2, where the Cartan integrand (or parametric
integrand) C € C°(R™ x RY) is characterized by the homogeneity condition

C(z,tZ) =tC(x,Z) forall (z,Z) € R" xRN, ¢t > 0. H)

11



(Here, N = n(n — 1)/2 denotes the dimension of the space of bivectors £ A 7 for {,n € R™.)
For the existence theory one requires, in addition, the existence of constants 0 < mj < mg such
that
mi|Z| < C(x, Z) <mg|Z| forall (z,Z) e R"™xRY, (D)

and
Z — C(x,Z) 1isconvex forall z € R". ©)

We have already observed in the introduction that (H) holds for the Finsler-area integrand AFso it
suffices to prove (D) and (C) for AF

Lemma 2.4. Let Fy, [y, € COR™FL x R™*Y) be strictly positive on R™TL x (R™+1\ {0}), each
satisfying the homogeneity relation (2.3). If for v € R™ %! there exist numbers 0 < c1(x) < ca(7)
with

c1(z)Fi(z,y) < Fo(z,y) < ca(x)Fi(z,y)  forall y e R™,

then
my(2) AN (2, Z2) < AP (2, Z2) < mo(x) A (2, Z)  forall Z € R™TY, (2.9)

where my(x) := c{*(x) and ma(z) = c§*'(x).

PROOF: The statement is obvious for Z = 0 since then all terms in (2.9) vanish. For Z # 0
we choose a basis of the subspace Z+ C R™*! and use the representation (2.6) of Lemma 2.2 to
compute

26 my (z)| Z| 4™ (S™1)
Vdet(fs - fy) mei1 m dAm=1(0)

|Z| ™ (S 1) B |Z|™ (S 1) @6

d#™=1(6) d#™=1(6
\/det (fs- fo) me 1 (@) x@'gfn Vdet(fs - fs) me 1W9R(fﬁ))

The second inequality in (2.9) can be established in the same way. O

ma(2)A™ (2, Z)

AP (2, 7).

Corollary 2.5. Let F be a Finsler metric on R™+! with

0<cr:=_inf F(, )< sup F(,) = [|F| peomm+ixsm) =: c2 < 0o. (2.10)

Rm+l><Sm Rm+1 xS§m

Then
mi|Z) < AF(z,Z) <mg|Z|  forall (z,7) e R™ x R+ 2.11)

where my = c]* and ma 1= c5".

Notice that the defining properties (F1), (F2) of any Finsler metric F = F(z,y) imply that
F(z,y) > 0 whenever y # 0 so that Assumption (2.10) is automatically satisfied if F' = F(y) is
a Minkowski metric since then

0< nslinF(-) < F(y) < HglaxF(-) < 0o

by continuity of F'.

12



PROOF OF COROLLARY 2.5. The homogeneity condition (F1) on F' implies

(F1)
cilyl < F(z,y/ly)lyl = F(x,y) < e2lyl,

so that we can apply Lemma 2.4 to the functions F} (z,y) := |y| and F5(z,y) := F(z,y) and con-
stants ¢;(z) := ¢; fori = 1,2, to obtain (2.11) from (2.9). O

One easily checks that F' and its m-harmonic symmetrization Fgy,, have the same pointwise
bounds; hence it does not make any difference whether one assumes (2.10) for F' or for Fyyy,. The
following convexity result was first established by H. Busemann [6, Theorem II, p. 28] and can also
be found in the treatise of Thompson [47, Theorem 7.1.1].

Theorem 2.6 (Busemann). If F is a reversible Finsler metric on A = R™! then the corresponding
expression A" = AF (x, Z) defined in (1.7) is convex in Z for any x € R™+1,

We omit Busemann’s proof and refer to the literature, but let us point out that his proof is of
geometric nature, and we do not see how to quantify the convexity directly from his arguments.
Nevertheless, Theorem 2.6 does serve us as a starting point of our quantitative analysis of convex-
ity properties via the spherical Radon transform and its inverse in our treatment of Finsler-minimal
immersion in [41]. At the present stage, however, Busemann’s theorem suffices to solve Plateau’s
problem in Finsler spaces.

PROOF OF THEOREM 1.2. Specifying Theorem 1.1 to the dimension m = 2, and taking the closure
B of the unit disk B = B (0) C R? as the base manifold .# immersed into R via a mapping
Y € C'(B,R?) we find for its Finsler area according to (1.6) the expression

areal (V) = /B.AF(Y(U), (gz; A gz;)(u))dulduz, (2.12)

with an integrand A" € CO(R3 x R3) satisfying (H) (see (2.3) in Proposition 2.1). Consequently,
the Finsler area (2.12) can be identified with a Cartan functional with a Cartan integrand A”". The
Plateau problem described in the introduction now asks for (a priori possibly branched) minimizers of
that functional in the class C(T"), where I is the prescribed rectifiable Jordan curve in R3.

The growth assumption (D*) leads by virtue of Corollary 2.5 to

mi|Z) < AF(z,Z) <my|Z|  forall (z,Z) € R® x R, (D)

where 0 < m; = m% < M% =: mg < 00, so A!" is a definite Cartan integrand if we speak in the
terminology of [31, Section 2]. Moreover, Theorem 2.6 yields

Z — AF(x, Z) is convex for any 2 € R?, ©)

if F is reversible, but we did not assume that in Theorem 1.2. However, the m-harmonic symmetriza-
tion Fyypy, is reversible so that (C) is valid for AFsym if Fyyn itself is a Finsler metric. But this is exactly
our general assumption (GA). Now, with Lemma 2.3 we obtain also (C) for AF | so that we can ap-
ply [29, Theorem 1.4 & 1.5] (see also [26, Theorem 1]) to deduce the existence of a Finsler-area
minimizer X € C(I") satisfying the conformality relations (1.9) and the additional regularity proper-
ties stated in Theorem 1.2. O
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PROOF OF COROLLARY 1.3. The isoperimetric inequality can be established in a similar way as in
the proof of Theorem 3 in [8, p.628]. Let Y be a disk-type minimal surface bounded by the curve I.
Then the isoperimetric inequality for classic minimal surfaces [14, Theorem 1, p. 330] and the growth
condition mp|y| < F(x,y) < Mpl|y| imply that for the Finslerian minimizer X we can conclude
ma

areal; (X) < areal; (V) < mpA(Y) < —=(2(I))% <

ma
~ 4r ~ 4mmy

(£F(1))? (2.13)

which proves the result. O

3 Higher Regularity

3.1 Radon transform

Extending the spherical Radon transform [44] — for m = 2 also known as Funk transform [20] —
to positively homogenous functions on R™*1 \ {0} we will formulate sufficient conditions on the
Finsler metric F' to guarantee the ellipticity of the corresponding Cartan integrand .A”', and moreover,
the existence of a corresponding perfect dominance function for A" leading to higher regularity of
minimizers of the Plateau problem; see Section 3.2.

Definition 3.1. The spherical Radon transform R defined on the function space C°(S™) of continuous
functions on the unit sphere S™ C R+ is given as

RIAQ) - :

— m—1 0/qm m
= Jpmien ) /SmmgL flw)dax™ (w) for f e C”(S™)and ¢ € S™.

This and more general transformations of that kind have been investigated intensively within
geometric analysis, integral geometry, geometric tomography, and convex analysis by S. Helgason
[24,25], T.N. Bailey et al. [2], and many others; see e.g. [21, Appendix C], where some useful proper-
ties of the spherical Radon transform are listed and where explicit references to the literature is given,
in particular to the book of H. Groemer [23].

It turns out that the Cartan integrand AF defined in (1.7) may be rewritten in terms of the Radon
transform after extending R suitably to the space of positively (—m)-homogeneous functions on
R™1\ {0}; see Corollary 3.8 below. We set

Rl(Z) = zRlalsn](777)  for g€ COR™I\ (0, ZER™I\ (0} ®

which by definition is a (—1)-homogeneous function on R™1\ {0}, and we will prove the following
useful representation formula.

Lemma 3.2. For g € C°(R™*1\ {0}) one has the identity

1
- |Z|<%ﬂmfl(Smfl)

R[g](2) /Smlg(Qﬁf,i)d:%ﬂml(G) for Z e R™1\ {0}, (3.1

where {f1, ..., fm} C R™ 1 is an arbitrary orthonormal basis of the subspace Z+ C R™*1,
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This explicit representation of the extended Radon transform R [g] can be used to give a direct
proof of its continuity and differentiability as long as one inserts continuous or differentiable homo-
geneous functions g; see [40]. On the other hand, this fact can also be deduced from well-established
facts on the spherical Radon transform and more general transformations as in [24, Proposition 2.2,
p- 59] (see also [22, p. 118] and the short summary of results in [21, Appendix C]), so we will omit
the proof here:

Corollary 3.3. The extended Radon transformation R is a bounded linear map from C°(R™+1\ {0})
to CO(R™\ {0}), and if g € CH(R™ 1\ {0}) then R|g] is differentiable on R™ 1\ {0}.

PROOF OF LEMMA 3.2. By means of local coordinate charts SN Ut]\il V; C R™ and respective
coordinates y; = (y}, ... ,y[”_l) : V; = Q; € R™! we define the disjoint sets A; := V; — Ui;ll Vs
fort =1,..., M and use the characteristic functions 4, of the sets A; to partition the integrand

M
g(0" fr,) = ZXAt g(0" fr) = > gu(6)
t=1

to find (cf. [4, p. 142])

| s yaenio) Z [, a@aro),

In each term on the right-hand side we apply the area formula [17, 3.2.3 (2)] with respect to the
(injective) transformation T} : Q; — R™*! given by T} (y;) := 0:(y;) f; fort = 1..., M to obtain

/Sm_l g(0) dA1(9) = /Q Qt(Qt(yt))\/det(DHf(yt)Det(yt)) dyl - dy;’n—l

B /RM-H gt(et(yt))’ytETtil(O d%m_l<C) - /m+1
- /R Xz (OO OO ) e o 4,

Ocar (0 ()9 (05 (o) i)y e ey 4™ (C)

since 07 (y¢) fx = Ti(ye) = ¢ for y, € Tt_l(()7 and because Ti(y;) € Z* and |Ti(y;)| = 1 by
definition of T}. (Recall that the system {f1, ..., f;, } forms an orthonormal basis of Z+.) Now, for
ye € T;1(C) one has Ti(y;) = 0 (yz) fo = ¢ € R™F1, and therefore

O(yr) = O (i), 07" (W) = (1 Coe oo fm - Q) =1 @7C

for the matrix ® := (f1|---|fm) € R™TDX™ with the orthonormal basis vectors f;, i = 1,...,m,
as column vectors. This implies for any set A C R™ that § = (9',...,0™) = ®7¢ € A if and only
if ( € ®A:= {£ € R™H! . ¢ = dafor some a € A} since TP = Idgm+1. Hence the characteristic
functions satisfy x 4(®7¢) = x#4(C), in particular we find

X O ez = X ().

where the sets ®A; are also disjoint, since any £ € PA, N PA, for 1 < t < ¢ < M has the
representations £ = ®a; = ®a, for some a; € A; and a, € A,, which implies ®a; = alf; = a’ f; =
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®da,, i.€., a; = a, as the f; are linearly independent. But then a; = a, € A; N A, = 0, which is a
contradiction. Summarizing we conclude

M M
K m—1 _ m—1 o m—1
/S g gy dmNe) = /S M;gt(e) A1 () = ; A Atg((:) dAm1(()

= [ s©aemio= | 9(Q) ™ 1(Q),
SmnzZL

smn(2/12))*

since we have the disjoint union Ui\il DA = @(Ui\il Ap) = &(S™ ) =S™N Z+. and therefore,
by definition (R) of the extended Radon transform,

1
|Z’%mfl(gmfl)

/S 90" f) A 0) = R[g(2)  for Z e R™T\ {0},
Od

It turns out that the extended Radon transform enjoys a nice transformation behaviour under the
action of the special linear group SL(m + 1) of (m + 1) x (m + 1)-matrices with determinant equal
to 1; see Corollary 3.5 below. More generally, one has the following transformation rule:

Lemma 3.4. For any (—m)-homogeneous function g € CO(R™*1\ {0}) one has
Rlg] oL =R[go (det L)V L] (3.2)

for every invertible matrix L € R(m+1)x(m+1),

Corollary 3.5. Forall L € SL(m + 1) and all (—m)-homogeneous functions g € CO(R™+1\ {0})
one has

RlgloL=R[goL™T]. (3.3)
PROOF: Relation (3.3) is an immediate consequence of Lemma 3.4 since det L. = 1 for L €
SL(m+ 1). O

PROOF OF LEMMA 3.4. By continuity of R[ . } it suffices to prove the lemma for C''-functions.
For an orthonormal basis {f1, ..., fm} C R™"! of an m-dimensional subspace of R™*! we can
form the exterior product

m+1

fAINfoN A [ = Z det(fﬂfﬂ e ]fm]ez)el € Rm+l,
i=1

where the e; denote the standard basis vectors of R™*1, i =1, ..., m+ 1, and we have (see, e.g., [18,
Ch. 2.6, p.14]

AANfa A AP = (FAAfa A A ) - (LA fa Ao A f) = det(fi - f5) = 1.

Lemma 3.2 applied to the m-vector Z := fi A ... A f, (so that span{fi,..., fm} = Z71) yields

RIg](Fi A A fm) g(0" f) dA1(0)

1
- %mfl(gmfl) /Sml
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for any g € C*(R™*1\ {0}). By means of the GauB map v : S™~! — R™, which coincides with the
position vector at every point on S™ !, ie., v(f) = 0 forany § = (§',...,0™) € S C R™ we
can apply [19, Satz 3, p. 245] to rewrite the Radon transform in terms of differential forms:

1 -1
Rlgl (SN Afm) = ﬁm—l(w—l)/gm 9(0"£)0°v5(0) dA™(0)
1 —
= 0" f)05(—1)* "1 d0' AL AdOS AL A dO™
e e A
= I[g](F), (3.4)
where F' = (fi|fal...|fm) € RUPTDX™ assembles the orthonormal basis vectors fi,. .., fm, as
columns.
Now we claim that ]
Tig|(EB) = Tig|(E 3.5
[9]EB) = -—5T[9]() (3.5)
for any B = (b;) € R™ ™ with positive determinant, and = := (§1/&2...|¢n) € R(m+1)xm
where {£1,...,&y ) is an arbitrary set of m linearly independent vectors in R™*! replacing the f;,
i = 1,...,m, in the defining integral for Z[g]() in (3.4). Indeed, B represents the linear map f3 :
R™ — R™ with 8i(z) = b;-xj for z = (z!,...,2™) € R™ with inverse 87 (y) = aé-yj for

y = (y's...,y™) € R™, where A = (a}) := B~' € R™, and we have df’ = b}da’ for
i=1,...,m,so that df" = a}b7d#’ = a’df", and 6° = a3b767 = b767a3 = 3°(6)aj,. By means
of the matrix

EB = (&1]...|&m)B = (Bi&|. .. |bt,&) € RUmHD>xm

we can write the left-hand side of (3.5) as

- W/Sm_lg(ﬁt(e)@)ﬁa(e)a% 1)l dB AL AGE B A A a A,

Now, it is a routine matter in computations with determinants to verify that the last integrand on the
right-hand side equals

s s—1 1 T8 m
dtB g(BLO)E) B (O)(~1)* B A N dBE AL A dB™,

which is the pull-back S*w of the form

w(f) = ﬁg(et&)as(—l)*l d9' A NdO AN O™

under the linear mapping 3. Since det B = det D3 > 0 by assumption we obtain by the transforma-
tion formula for differential forms (see, e.g., [19, Satz 1, p. 235])

1 1
T =B) = ——MMM— * = T 1/om—1
[9]( ) e%ﬂm—l(Sm—l) Sm-1 B w %m—l(gm—l) /B(Sml)w

1 1
- - - - Tlal (=
Sm=1(Sm-1) /Sm1” de B L),
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where we have used the fact that w is a closed form and that the closed surface 3(S™~!) contains the
origin as the only singularity of the differential form w in its interior, since  as a linear map maps
0 to 0; see, e.g., [19, Corollar, p. 257]. (Recall that g was assumed to be (—m)-homogeneous and of
class C1(R™*1\ {0}).) Hence the claim (3.5) is proved.

With arguments analogous to [36, pp. 349, 350] (or in more detail [48, pp. 7-11]) one can use
relation (3.5) for fixed g € C'(R™*! \ {0}) to show that there is a (—1)-homogeneous function
I 9] () : R™*1 — R™*! such that

Z[g](E) = T[g)(G1 A ... A&n) for E=(&]...[&n) € RITHD™, (3.6)
whenever &1, . .., &, € R™F! are linearly independent.

For a hyperplane (£1 A ... A &y)t € R™FL where &1, ..., &, € R™ ! are linearly independent
vectors, we can now choose an appropriately oriented orthonormal basis {f1, ..., fm} C R™*!, such
that G NE

1/\ ... m
JANRIAN =
N I =l n el

For the matrix F' = (fi|...|fm) € R™FDX™ we consequently obtain by (—1)-homogeneity of
R[g](-) and of 7 [g](-)

1
R Ao N&n) = R AN frp) ————
(3.4) 1
= Tig|(F) 07—
ol ARy
(3.6) 1
= JhN AN fm) e
ol ARy YN
= JgJ@ ... NEm)
3.6 =
= 1g)(3), (3.7)
which is relation (3.4) even for matrices = = (&1]...]&,) € R(™H1)*™ whose column vectors &;,
1 =1,...,m, are merely linearly independent.

According to the well-known formula
LEGA . ANEn) = (det LY(L7TE)ALTTE) A A (LTTE,)
= ((detL)m LT A. .. (det L)m L7TE)

for any invertible matrix L € RM+DXx(m+1) we can now conclude with (3.7) for matrices = =
(&l. .. |&m) € ROPHDX™ of maximal rank m,

RIGNLE A A&n) = RIgJ(det L)w L Tg1) A ((det L) L7T¢p)

37 7 — T
= Z[g]((detL)l/ L T=)

1
= i)
= R[g O (det L)l/mL_T] (61 /\ “e /\ 5771)7

/ g(0%(det L)m LT¢)0°(—=1)* Y d A ... AdOS A ... AdO™
Sm—l

which proves the lemma, since for Z € R™*1\ {0} and any appropriately oriented basis {{1, ..., &n} C
R™F1 of the subspace Z+ C R™*!, we have

N NE,

Z=|7|>— "
| |\£1A...A£m|’
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and therefore by (—1)-homogeneity

R[g](L2Z) = R[g](L(fl/\.../\gm))W

B R[g"(detLW’”L‘T](&A...A5m>W
ZIEL A N
&1 A A

for any g € C*(R™*1\ {0}) and therefore also for any g € C°(R™*! \ {0}) by approximation. O

= R[go(det L)L 7] ( ) =R[go (det L)/™LT](2)

The transformation behaviour (3.3) of R under the action of SL(m + 1) can be used to prove
valuable differentiation formulas for R restricted to a suitable class of homogeneous functions, since
the tangent space of SL(mm + 1) seen as a smooth submanifold of R(m+1)x(m+1) =~ R™+D? can be
characterized as the set of trace-free matrices; see, e.g., [34, Lemma 8.15 & Example 8.34].

Theorem 3.6. Let k € N and g € CF(R™\ {0}) be positively (—m)-homogeneous. Then the
Radon transform R[g] is of class C*(R™*! \ {0}), and one has or Z = (Z',...,Z™*Y), y =
(yl, o ,ym'H) c R+l \ {0}

0 0 0 0
/A S 7V = (—1)F T1 .. g0k Z), )
where we have set Z; := 6, Z".

PROOF: We will prove this statement by induction over £ € N. Notice first, however, that for
a differentiable curve v : (—eg,9) — SL(m + 1) with a(0) = Idgm+1 and &/(0) = V €
Tia... .. SL(m + 1) ¢ RmHDx0m+D) e with trace V = 0, we can exploit (3.3) to find

Rlgloa(t)=R[go (a(t)”T] forall t€ (—cp,e0).

According to Corollary 3.3 the left-hand side is differentiable as a function of ¢ on (—&g, €g), so that
upon differentiation with respect to ¢ at £ = 0 we obtain

CZM {Rlg] o a(t)(2)} = tho {R]go (a(t)7](2)} 3.9)
for arbitrary Z € R™*1\ {0}. The left-hand side of this identity can be computed as
jthzo {Rlg]ca()(2)} = jtu:o (Rlg](a(t)2)}
— 2R @)% (@02 = 2RIV 2

whereas the right-hand side of (3.9) yields (because of the linearity of R[])
d _ rd _
{Rlgo(a®))(2)} = R|Z {go(®) |2

a\t:O -a\tzo
O Ty O] (2)
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where we have used that

N ;tt-oldRm“ N cclith_o {a®™a®)"} = (@71)(0) + o (0)".

0
Setting W := VT and recalling that Z; = 5jtZt we can thus rewrite (3.9) as

0
0Z;

: )
Wiz~ R[g|(Z) = —R [W;yﬂ 8yl.g(-)] (Z) for g€ CHR™\ {0}). (3.10)
This relations holds for any trace-free matrix W e R(m+1)x(m+1)
In addition, we will also use the (—1)-homogeneity of R [g} and the Euler identity to obtain
0
Zia—ZR[g] (Z) = —Rlg](Z2) for Z e R™\{0}. (3.11)
i
Now we are in the position to prove (3.8) for £ = 1. We choose for fixed 7,0 € {1,...,m + 1} the
trace-free matrix )
W .= (WJZ) = ((53_5]0- — mézég)

to deduce by means of (3.11) for the left-hand side of formula (3.10)

.9 . L g, O
WijaziR[g}(Z) = (6707 — mﬂ@)ZJTZZ,R[Q}(Z)
0 1 9 o
= ZT@ZUR[Q](Z)_m—i—lZZ(‘)ZlR[g](Z)(ST
G.11) 0 1 o
= ZT@ZJR[Q] (Z) + o 17€[g] (Z)o7, (3.12)

R W;y]

whereas for the right-hand side of (3.10) one computes with the homogeneity of g
m4+177
= Ry 9() — v a()97](2
v ayfg() 1 8ylg() 71(2)

e00)](2) = R[50 9] (2)
) 1,0
I g a m (o
= Ry 590+ 79007 (2)

= R[5 790) - 8790) + 0157 2)
= R[a0) a2
= R[5 (9] @)+ R[] (2)

which together with (3.12) leads to

ZTaaZUR[g] (2) = R[g(; (y"g(-))} (2),

that is, the desired identity (3.8) for £ = 1 establishing the induction hypothesis. Let us now assume
for the induction step that (3.8) holds true for [ = 1,. .., k, and we shall prove it also for [ = k + 1.
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Repeatedly applying the product rule and by virtue of the induction hypothesis for [ = k and forl = 1,
we find

/A A 8301 . 3ka+1 Rly](2Z)
+Zagzk+1 e Ty T Ty ZT’““aggl " azagkR[g] (2)
_ Zr., 8Z(jk+1 {Zn e ZT’%?ZH . 8Zagk R[g] }(Z)
@8 forl=Fk ZTk+laZi+1 {(—1)’“72[8571 ---8; (y"1~--y"’“g)} }(Z)
GO frt=1 (-1)’?*173[8;“1 (yg'““ajn”'ajm (y™! '-‘y"’“g))}(z)'

Using the product rule one can carry out the differentiation on the right-hand side to obtain

0 0

Zry -+ Ty a7z ... 7 R[g] (Z)
8 8 ag a g,
= (—1)k+1 {R[ﬁyﬁ 8y7k+1 (yor - yTky k+1g)] (2)
387 o o9 0 0
k‘-‘rl Tk o o
R [ 5 +1 8y7—1 e ayTl_l 8y7—l 8y7-l+1 P aka+1 (y ... y kg) (Z)}
0 0
— _N\HIp | . O1 ... qOkqC
= CUMIR[ g 7 ) (2)
k ——
0 0 0 0 0
k+2 § : Tk o o
Hy = R layﬁ Gyt Oy Oy Oy W™ yg)| (2)
(3.8) forl = k 0 0 - or o
= <—1>’““R[%'" Gy U7 )| (2)
2k+2z Tkl - 0 0
5 o Tl 1Z0k+1ZTl+1"'ZTk+182 ”'aZ R[g](Z),
o1 ok
which proves (3.8). O

For a function g € C*(R™*!\ {0}) we recall from (1.11) the semi-norms (here for arbitrary
dimension m > 2)
pi(g) :=max{[D%(£)| : £ € S, |a| <1} (3.13)
forl =0,1,...,k.
Corollary 3.7. There is a constant C = C(m, k) such that for any (—m)-homogeneous function

g € CK®R™1\ {0}) one has
pr(R[g]) < C(m,k)pi(g). (3.14)

PROOF: By definition of R one has

R[9](Z)] < max|g|. (3.15)

x |g] <

|Z| smnzt IZ!
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Contracting (3.8) in Theorem 3.6 by multiplication with Z™ --- Z" and summing over 7y, ..., Tk
from 1 to m + 1 we obtain
0 0 PV AERERV AL 0 0
e RIigl(Z) = (-1 [ e
0Zy,  0Zs, 9)(2) = (-1) |Z |2k dym Oy

(yo* - -y"’“g(y)] (Z).  (3.16)

Combining (3.16) with (3.15) leads to

0 0 1 0 0
R Z‘<— 1)k ‘ [ . o1 Ok ]Z‘
0z, 97, [9](2)| < \Z\k(m+ )" max oy o ¥t 9(y))|(Z)
1< eeyigy <1
(315 1 . b o .
S gElm AT maxomaxig a5 m Wy ’“g(y))‘ (3.17)
1<iq yernyig, <1
Now for any choice i1, ...,ix € {1,...,m + 1} one can write by the product rule
9 9 (o Ok o, B a Y (P DY
TR A g(y))‘ = ‘Dy (y g(y))‘ = | > L) Piw”) Dy ()
0<y<a
«
< | > ( ) >D3(y6)pa_7(g)
0<7<a
for some multi-indices o, 3 € N™*! with |a| = |3] = k and y € S™. Hence (3.17) becomes with
this notation
8 1 k « N pr(g)
‘DZRM(Z)‘ < 1z (m 1) pu(g) max > ( -y >D;(y )| = Ok B),
0<y<a
which implies the result with C'(m, k) := maxgj<;, C(m, k, B). O

3.2 Existence of a perfect dominance function for the Finsler-area integrand

One further conclusion from Lemma 3.2 is that the Cartan integrand AF defined in (1.7) can be
rewritten in terms of the Radon transform:

Corollary 3.8. Let F € CO(R™ ! x R™*Y) satisfy F(x,y) > 0fory # 0, and F(x,ty) = tF(z,y)
forallt >0, (v,y) € R™T x R™L Then

Al (z,2) = for (z,Z) € R™! x (R™F1\ {0}). (3.18)

1
R[F-"(z,](2)
PROOF: According to Lemma 2.2 we can write

|22 (B1"(0))
1 -
Jom=1 mpmizgegey A€ HO)
for an orthonormal basis {f1,..., fm} of the subspace Z+ C R™*!. Now apply Lemma 3.2 to

the function g := F~™(x,-) for any fixed x € R™"!, and use the identity m#™(B7(0)) =
™ 1(S™1) to conclude. 0

Al (z,2) =
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Lemma 3.9. For every fixed v € R™"L there is a constant C = C(m, k,ma(x), c1(x)) depending
only on the dimension m, the order of differentiation k € N U {0}, the constant ma(x) from Lemma
2.4, and on the lower bound ¢, (z) := infsm F(z,-) on F(x,-), such that

pr(| - | = A (@, ) < Cm, kyma(@), e (2))pr(| - | = F(a, )" T (F(x, ), (3.19)

where we set p(f) := max{1, pr(f)}.

PROOF: We start with some general observations for functions f,g,h € CK(R™*1\ {0}) with
fyg > 0 on the unit sphere S". Henceforth, C'(m, k) will denote generic constants depending on m
and k that may change from line to line.

By the product rule we have

D(fg) =Y ( p )DﬁfD“—ﬁg,

0<B<a

so that for |a] < k

ol < ¥ (5 )onhmest

0<B<a
< (o) ) = Clm, k)pi(Her(9),
Pk pkgogﬁ:@(B) p(f)pr(g
which implies
pr(fg) < C(m, k)pr(f)pr(g)- (3.20)

Inductively we obtain

(DA™ < Clm, k)pr(fon(f™ 1) < C2m, k) pp(f)or(f™72%) < - < C™(m, k) (f),

whence
pr(f™) < C™(m, K)o (f)- (3.21)

One also has

() - 3 (5) P

0<p<a
= « D:Bh < o — 5 ) DY l Da—ﬁ—fy 1 ' (322)
0£%£a< p ) Oggég_ﬁ gl (f) <g)

To estimate some of the derivative terms we set
fo:= min{l,rg%n f} andrecall pp(f) :=max{l,pr(f)}.

Claim: Forall k = 0,1,2,...and p > 1 there is a constant C(m, k, p) such that
1 k
Do (5) @] < B k) toran €€ 87 o] <k (3.23)

fp k+p
f 0
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We prove this claim by induction over k£ and notice that for £ = 0 this is a trivial consequence from
the definition of fy and pj. For the induction step we may assume that for all [ = 0, ...,k there is a
constant C'(n, ) such that

a1 C(m,1
‘Da(ﬁ)(f)) = Wﬁé(f) forall |a| <.

For a multi-index o with |o| < k + 1 we find a standard basis vector ¢; and a multi-index & with

|&| < k such that « = & + ¢;. Then we compute at £ € S™
a '\ ps a-p
()2 () (o)

(5| = ()= | (- gaar)] =] 3
= |garrase ¥ (§) P (50 (o))

0<p<a

o<p<Lla
B#0
_ fpﬂmam%a(g) éﬁ(@m(ﬁ)pﬁ v(;) o= (arf)|

Using the induction hypothesis in each of the summands and the definition of fy and p; we arrive at

°(35) )] < i
0

C(m, |vl,p) . C(m,|B—,1) 5- .
p> < > { 2 <§>Wﬂlzi(f) (f0|ﬁﬁv+?| )pgj/(f)] Pla—pl+1(f)

o<p<La 0<~<
BF#0 <y<p

a C(m, |, p)C(m, |8 =+, DA (N |
< ‘f+1’ﬁk+1(f) + D ( 3 > > < 5 > PEE = Pr+1(f)
0

0 0<B<a 0<~<
B#0 =v=h

at £ € S™, which implies the claim since |3| < |a| < k and fy < 1, pr(f) > 1.
As an immediate consequence of (3.21)—(3.23) we estimate

o h a OL—B C(m7’7|71) A7 a—fB— 1
(e = a ¥ (5) (77 ) Sl oo (s
‘ (fg> ‘ F Ogﬁ;a 8 Ogg_ﬁ 5 PR ‘ (g(g)>’

< pk’(h‘)ﬁﬁ(f) ( « > C( ’| ”1) ( Oé—ﬂ > Da—ﬂ—'y L

=k Og%a 8 Ogg_ﬁ e ) (g@))‘

=: C(m,k,g)%ﬁ%(ﬂ forall |a] <k, and £ € S™ (3.24)

0
so that forg > 1
ol 1 1 af9d—f14
(55— 52)©)] (%) ©)

e C(m,k,gq)pk(gq_fq)ﬁg(fq) forall £€S™  (3.25)
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Using (3.21) and the identity
gt = f1=(g = N+ fgi P+ f1)

one obtains (with new constants C(q, k, ¢g)) the inequality

a 1 o i B ~qk ~ ~q—1 1
D(55 = )@ < COnbaapelg = DA D[+l +o 4 7] e
. - 1 m
< Clmk.ag)orlo = DBy forall €57 626
0
After these preparations we are ready to prove (3.19). To estimate py(| - | — A (z,-)) for fixed = €

R™*1 where the derivatives are taken with respect to Z € R™*!\ {0} we first write by means of
(3.18)

o v 619 paf 1 1
(1= A"w) 2 D (R[\-I‘m] _R[F‘m(%')ﬁ
_ Da(R[F’"(x,-)—"‘m] )

R -I7m]R[F~™(x, )]

(Here we used linearity of the Radon transform R | - |.)
According to Corollary 3.8 and Corollary 2.5 one has

-m X _ 1 1 m+1
R[F™(z,)](Z) = A (2. 7) > i @Z] forall Z € R™™\ {0}, (3.27)
so that we can use (3.24) for h := R[F~"(z,-) — |- |7™], f := R[F"™(z,-)], and g := R[] - |7™]
for fixed € R™*! to obtain
(3.26)
pr(| - | = A (z,)) < Clmyk, 1ma(2)pp(RIF™ (@, ) — [ |7 (R[F™(x,)])
(3.14)
< Cl(mv k, 1,m2(m))pk(F7m(x, ) - ’ ’ ‘7m)p€k_1(Fim(x’ ))7

the last inequality follows from (3.14).
We estimate further by means of (3.26) and (3.23) for f := F(z,-)and g := | - | and ¢ := m to
find for fixed x € R™t!

(|| = AP (2,)) < C(m, kyma(z), er(@)pr(l - | — Fla, )ay™ D (Fa, ) D (F(x, ),

where now the constant depends also on ¢; (z) = infgm F(z,-), which is (3.19). O

In order to apply the existing regularity theory for (possibly branched) minimizers of Cartan func-
tionals to the Finslerian area functional area’” we need to prove that under suitable conditions on the
underlying Finsler metric F' the Cartan integrand A satisfies the following parametric ellipticity
condition (formulated in the general target dimension n with N := n(n — 1)/2, cf. [28, p. 298]):

Definition 3.10 ((Parametric) ellipticity). A Cartan integrand C = C(x,Z) € C*(R™ x RN \ {0})
(satisfying (H) on p. 11) is called elliptic if and only if for every Ry > 0 there is some number
Ac(Ro) > 0 such that the Hessian Czz(x, Z) — Ac(Ro) A% ,(z, Z) is positive semi-definite® for all
(z,Z) € Bpo(0) x (RV\ {0}).

®The stronger form of uniform ellipticity, i.e., a positive definite Hessian Czz (z, Z) cannot be expected because of the
homogeneity (H), which implies Czz(x, Z)Z = 0.
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(Recall from the introduction that A¥(Z) = |Z| denotes the classic area integrand generated by
the Euclidean metric E'(y) := |y| in place of a general Finsler metric F'(z,y).)

The concept of a dominance function was introduced in [28] for Cartan functionals on two-
dimensional domains (but for surfaces in any co-dimension, i.e. with n > 2). Denote by

¢(z,p) := C(z,pr Ap2) for p=(p1,p2) €R" x R" ~R*, z € R",
the associated Lagrangian of C.

Definition 3.11 (Perfect dominance function [28, Definition 1.2]). A perfect dominance function for
the Cartan integrand C with associated Lagrangian c is a function G € C°(R™ x R?") N C?(R"™ x
(R27\ {0})) satisfying the following conditions for = € R™ and p = (py, p2) € R*":

(D1) c(x,p) < G(z,p) with

(D2) c(x,p) = G(z,p) if and only if [p1|* = |p2|* and py - p2 = 0;

(D3) G(x,tp) = t*G(z,p) forall t > 0;

(D4) there are constants 0 < py < g such that puq|p|* < G(x,p) < palp|?;

(E) forany Ry > 0 there is a constant A\g(Ro) > 0 such that

& Gpp(z,p)€ > Aa:(Ro)[€|* for [z < Ry, p # 0, & € R*™.

We quote from [28] the following quantitative sufficient criterion for the existence of a perfect
dominance function.

Theorem 3.12 (Perfect dominance function, Thm. 1.3 in [28]). Let C* € CO(R™ x RY) N C?(R™ x
(RN \ {0})) be a Cartan integrand satisfying conditions (H), (D) (see pages 11, 12) with constants
m1(C*), mo(C*). In addition, let C* be elliptic in the sense of Definition 3.10 with

ACY) = Ro»ieI(lof,oo] e (Ro) > 0. (3.28)
Then for
k> ko(C*) := 2[ma(C*) — min{A(C*), m1(C*)/2}] (3.29)

the Cartan integrand C defined by
Clz,Z):=k|Z|+C"(x,2) (3.30)
possesses a perfect dominance function.

We can use this result and the scale invariance in Definition 3.11 to quantify the C2-deviation of
a general Cartan integrand C(z, Z) from the classic area integrand A(Z) := |Z| that is tolerable for
the existence of a perfect dominance function for C.

Corollary 3.13. If .

zeR™

then C possesses a perfect dominance function.
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PROOF: For Z € RV \ {0} and = € R™ one estimates

LC(gc,Z) D e, 2/)2))

>
> 1=po(Clz,) = A())
> 1-4

which implies RC(z, Z) > R(1 — §)|Z| for any scaling factor R > 0. Thus if we take R > (1 —4§)~!
we obtain
RC(x,Z)— A(Z) > [R(1—0) —1]|Z| >0 forall Z # 0,

and similarly,
RC(z,Z) — A(Z) < [R(1+6) —1]|Z| forall Zec RV,

Hence for each R > (1 — §)~! we obtain a new Cartan integrand Cg(z, Z) := RC(z,Z) — A(Z)
(satisfying the homogeneity condition (H)) and the growth condition (D) with constants

0 <mi(Cr):=R(1—6) —1<my(Cr) := R(1+6) — 1. (3.32)

Regarding the parametric ellipticity we estimate for fixed z € R” and Z € RV \ {0}

ZI¢- Caulw. 2)§ = §-Czale, 2/|2)E 2 € Azz(2/|21)€ - |¢ - [Cazle. 2/12]) — Az2(2)\2))|¢
> & Azz(Z)1Z))6 — Uz &P pa(Cla, ) — A()) = [Tz €7 (1 - 9),
which implies for any scaling factor R > 0
|2 - RCzz(w, Z)€ > R(1 - 8)[T4.€],

where I1,,. denotes the orthogonal projection onto the (N — 1)-dimensional subspace Z+. Hence the
Cartan integrand Cr(x, Z) = RC(x,Z) — A(Z) is an elliptic parametric integrand in the sense of
Definition 3.10, even with the uniform estimate

AMCrR—A)>R(1—-6)—1>0 (3.33)

aslongas R > (1 —6)"1.
Now we write the scaled Cartan integrand Cr, as

Cr(z,2) = A(Z) + (Cr(z, Z) — A(Z)) =: A(Z) + Cg(x, Z),

which is of the form (3.30) with £ = 1. By virtue of (3.32) and (3.33) one can calculate the quantity
ko(Cj,) in (3.29) of Theorem 3.12 as

Ko(Ch) = 2[ma(Ch) — 2ma(CP)]

2
< 2[3(1+5)—1—R(12‘5)1

|=R+3Ré—1. (3.34)
As R tends to (1 — §)~! from above the right hand side of the last estimate tends to 46/(1 — 4),
which is less than one, since § < 1/5 by assumption (3.31). Hence we can find a scaling factor Ry
greater but sufficiently close to (1 — §)~! such that kg (Ck,) < 1=k so that according to Theorem
3.12 the scaled Cartan integrand Cr, = RoC possesses a perfect dominance function. All defining
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properties of a perfect dominance function in Definition 3.11 are scale invariant which implies that
also the original Cartan integrand C possesses a perfect dominance function. O

PROOF OF THEOREM 1.4. Assume at first that

p2(F(z,-) —|-]) <1/2. (3.35)
Then . 1
F(m,y)z\y|—|F(x,y)—|yH>|y|—§:§ for all xeRgvyGSQ

so that the quantity c¢;(z) = infg2 F'(x, ) appearing in Lemma 3.9 is bounded from below by 1/2.
Analogously, one finds co(z) < 3/2, which implies m;(x) > 1/4 and ma(z) < 9/4; see Lemma 2.4.
Thus the constant C' in (3.19) of Lemma 3.9 depends only on k, since we have fixed the dimension
m = 2. Moreover, again by our initial assumption (3.35), one finds for any multi-index o € N3 with
|a| < 2 and any z € R3

1
IDGF @ y)l < po(|- N+ pal | = Fla,y)) <C+ 5 forall ye§?,

so that po(F'(z,-)) < C + 1/2. These observations under the initial assumption (3.35) reduce (3.19)
in Lemma 3.9 for m = 2 and k = 2 to the estimate

po(A() — A (z,))) < Cpo(| - | = F(x,-)) forall z € R3

with a universal and uniform constant C'. Choosing now dy < 1/(5C) in (1.12) of Theorem 1.4 one
finds according to Corollary 3.13 a perfect dominance function for the Cartan integrand A%, and we
conclude with Theorem 1.9 in [29] and Theorem 1.1 in [30]. d

4 Proof of Theorem 1.5

We start this section with an auxiliary lemma involving binomial coefficients

(Z) for ne N, keZ,

where we set
(Z) =0 ifk>norifk<O0.
Lemma4.1. Let m € Nand a € (0,1/y/m — 1) if m > 1, then
EJ

fla,m) = ko{( %"11 ) - ( ;’Z )}a% > 0. (4.1)

If m is odd or if m = 2, it suffices to have a € (0, 1).

(]
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PROOF: We distinguish the cases m = 2¢+ 1, m = 2(2¢+ 1), and m = 4q, for some g € NU {0},
and we can assume that m > 1 since for m = 1 the statement is trivially true.
Case 1. m = 2q + 1 for some q € N. We write

Aiem) = 2i{<2k+1)_<$€>}“M_§{<2kﬁl>_<;€>}a%
+Zq:{< Cieny ) () o

where we used the well-known identity

(1)=(2) “2

in the last sum. Inserting m = 2q + 1 and substituting [ := g — k we can rewrite the last sum as

2{(5) - ()

o= $((o32) - (2

k=0

to obtain

Since 0 < @ < 1 we realize that the second factor is nonnegative if and only if 2(q¢ — k) > 2k <
q > 2k, which is exactly the inequality that ensures that the first factor is nonnegative by means of the

general identity
n n - n+1-2k( n+1
(-Gl =mm () “

If 2(¢ — k) < 2k < q < 2k, both factors in the k-th term of the sum are negative, which proves
2f(a,m) > 0foroddm € N,ifa € (0,1).

Case Il. m = 2(2q + 1) for some g € N U {0}. We extract the last term of the sum and write

o = (a8 ) (5
2q
- Z{%(ﬁi)‘&(mzil )}—“’"7

k=0
n n n—1
<k>:n—k< . ) 4

for all binomial terms. Separating the first term (k = 0) and using the trivial inequality

where we used the general identity

m m

>
—(2k+1) = m —2k

for k=1,...,2q, (4.5)
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we obtain

m—1 m—1 2% m
(a,m >1—|—Z —2k{<2k+1)_< 2% >}a —a', (4.6)

since

m m—1 B m m—1 1
m—(2-0+1)\ 2-0+1 m—2-0 2-0 a
m m—1 m m—1
=1+ — - .
m—2-0<2-0+1> m—2-0< 2-0 )
According to (4.3) the terms in the sum in (4.6) are nonnegative if and only if £ < ¢ and negative for

k > q, so that we can split the sum in two: one summing over k from 0 to ¢, and the other from ¢ + 1
to 2q. Rewriting the second sum by means of (4.2) as

2q

kz mT2k‘{< m—lm—_(21k+1))_<mT1_—12k >}“2k’

:q+1

which upon substituting [ := 2q — k yields

q—1
m—1 . m—1 a2(2q71)
—m— 2qfl) 21 20+1 ’

so that (4.6) becomes

fla,m)>1—a™

q—1
m—1 moogp m S
+kzo{<2k+1) ( 2k >}[m—2ka m—2(2q—k)a ? ], 4.7

since the isolated term for £ = ¢ vanishes according to (4.3) in this case:

m—1Y ([ m—1Y\a3m—2(2¢+1) m _0
2q+1 2q N m 2q+1 )

Also, by (4.3), all binomial differences in (4.7) are positive7, since 0 < k < q. For the same range
k=20,1...,q— 1 one also estimates

m 2% m 2(2q—k) - m 2k M 2(2¢—k)
m—2k"  m—202¢— k)" = m_2%" ~ 2¢
m 2% m 4q—2k—2
w2 T 2mo”
m 4q—4k—2| 2k 2k 2k -
— 0
- m—2k “ m—2k" =

since m > 1. Here we used the assumption (m — 1)a? < 1 for the first time. Consequently, f(a,m) >
1—a™>0.

"If ¢ = 0 < m = 2, the sum in (4.7) vanishes altogether, so that f(a,m) > 1 —a™ > 0 for every a € (0, 1).
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Case Ill. m = 2(2q) = 4q for some ¢ € N. In this case we isolate the terms for £k = 0

k = |m/2| = 2q, and k = 2¢ — 1 from the remaining sum in the expression for f(a,m), and use
(4.4) and (4.5) as in Case II to deduce

2q—2

o = oo E L (1) ()

A () e as

Now we split the remaining sum in (4.8) in half, and in the second sum from k = g to k = 2¢ — 2 we
use (4.2) and the substitution [ := 2qg — k — 1 to obtain

2q—2

g]mil%{<m—lm—_(2lk+l)>_<mr—n1_—12k>}a2k

qg—1

m—-1Y) [ m-1 2(2a—1-1)
lzlm 2q—l—1) 21 20+1 '

Inserting this into (4.8) we arrive at

a

fla,m) > (m—1)+ [mm(”;_l)] 42 gm

q9—

Z {( 2k +1 ) < m2; : )} [m T_nzka% m - a2(2q_k_1)] . (49)
k=1

—2(2¢—k—1)

As in Case II the remaining binomial differences are positive for £ < ¢, and for the last term we
estimate

m m

m
< =_—for k=1,...,q—-1
m_202q—k—1) ~m—22¢—2) 2 e d T
so that by means of the assumption (m — 1)a? < 1

m 2% m 2(2q—k—1) m 2k M m_2k—2
m — 2k m—22q—k—1)" = m-_2" " 2¢
m 2% m m—2k—4
Z m—2%Y T am-n°
m m—4k—4| 2k m 2k
— > —1 0 for k=1,...,q—1.
> ok a }a _[m—Qk ]a > or , ,q

Consequently, we have the final estimate

3m —m?

3 —
flom) = (m‘l”zam”—a’”><m—1>+mam_4‘am
3— 1
> (m—1)+ 27nCLm_4—am>%_am>07

since (m — 1)a® < 1, and because m > 4 in this case.
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PROOF OF THEOREM 1.5. Since f := Fyy is automatically as smooth as F and satisfies the
homogeneity condition (F1) it is enough to show that its fundamental tensor g = (f%/ 2)i; =
(F2,)ij is positive definite on the slit tangent bundle R™*! x (R™*1\ {0}); see COIldlthIl (F2) in the
introduction. For that purpose we fix (z,y) € R™*! x (R™*+1\ {0}), and by scaling we can assume
without loss of generality that the symmetric part Fy of F satisfies Fs(z,y) = 1, which we will use
later to apply Lemma 4.1.

For any w € R™*! there exist o, 3 € R such that w = ay + 3¢ for some vector ¢ satisfying
€ (Fs)y(z,y) = 0, since one easily checks that F; > 0 and that F is positively 1-homogeneous,
which implies that the m-dimensional subspace (Fy),(z,y)" together with y span all of R™*!. One
can also show that F itself is a Finsler structure, a fact which we will use later on in the proof.

In order to evaluate the quadratic form

glwiwl = o®glyiy + 2089l + BglEie .10)

at (z,y) we look at the pure and mixed terms separately. Wherever we can we will omit the fixed
argument (x,y).
By virtue of (F1) for f = Fyn we immediately obtain

d =y Fyify + L)y E F2 @.11)

Before handling the mixed terms in (4.10) let us compute convenient formulas for the m-harmonic
symmetrization f of F'. Differentiating the defining formula (1.8) with respect to y/ we deduce

my . __ m— o 2 _ij(:E?y) ij(:E?_y)
™) =mi™ Uy = G E R | et
_ _mf2m|: ij(xa_y) . ij($,y) :|

Frtia—y) ~ F*H(a,g)

which implies

Fyi(z,y) Fyi(z, —y) } . (4.12)

f i = lferl Y o
Y 2 Fm+1(x7y) Fm+1(x7 _y)

Differentiating (4.12) with respect to y* leads to the following formula for the Hessian of f at (z,v).
m + 1 I: yJ ('1“ y) ij (fL’, 7y) :l fm+1 ( Fyiyj ($, y) Fyiyj ($7 7y)

v = 5 i)~ Pt ) T T2 \ () T Ee @y
. (m + 1)Fy1 (x7y)Fyi (J:‘, y) . (m + 1)ij (iL', _y)Fyi(xv _y))
Fmt2(z, y) Fmt2(z, —y)
“.12) m+1f2m+1[ Fy(@y)  Fulz,—y) ] [ Fy(z,y)  Fu(z,—y) ]
4 Fm—i-l(x’y) Fm—i—l(x’ _y) Fm+1(x,y) Fm—i-l(x’ _Z/)
m+l / Fooi(w, Fii(x,— Fi(x,y)F,(x, Fi(x,—y)F,:(x,—
T (i + Pt~ ) [Pty 2+ ™ ey

(4.13)

_l’_

Concerning the mixed term in (4.10) we use (4.12), the identities y fyz = [, Fyiyi(z, y)y' = 0 both
due to (F1) for f and F, respectively, and § L (F)y(z,y) = —(Fs)y(x, —y) to find

Fm+1($)y) - F’m—i—l(l" _y)
1 1
Fm+1(x7y) Fm-l—l(x’ _y)

= g |Eeae @
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where we also used that the gradient (F7,), of the antisymmetric part is symmetric with respect to its
second entry.
For the last term in (4.10) we use (4.12) and (4.13) to compute

Foii . mMA2 o0 1 1 2 2
91 g = TfZ +2 |:Fm+1<x7y) _Fm+1(x7 _y)] ((Fa)y(x,y)f)

oLt { Fyiy (@,9)8¢7  Fyiyi(a, —y)&i¢d
2 Fril(e,y) Pz, —y)

~m+1) [Fm+21<x,y> + g —y>] ((Fa)y o) ‘5)2} SR

Inserting (4.11), (4.14), and (4.15) into (4.10) we can write for any € > 0

. 1 1 ?
glfjw’wj = {a6f+ gefml |:Fm+1($’y) T Fm(g, —y)] (Fa)y(%?/)‘f} +(1—e)a’f?

2

o {<m w2 )P iy~ e =] (e "5)2}

LB { Fyiyi(z,y)E€  Fyiyi(x, —y)€'¢s
2 Fmtl(z y) Fmtl(z, —y)

4 D) | s+ | (e €)'} @10

We should mention at this stage that the now obvious condition

((Fa)y(fcay) §>2 < §- F(z,y)Fyy(z,y)§ forall § € (Fs)y(x,y)J‘

m+1
to guarantee a positive right-hand side in (4.16) (for 1 > €2 > #H) would be too restrictive as one
can easily check in case of the Minkowski-Randers metric F'(z,y) = |y| + b;y’ for m = 2.

Now we focus on the last three lines of the expression (4.16) for ngjwiwj , with the common factor

%2 f™+2 and define for

25 = 28(m, ) := mT—}—Z - % and B = ((Fa)y(a:,y) -5)2 4.17)
the term
1 1 2
P(y,0,m) = 2§f™ Fri(sy)  Fofis, —y)} B (4.18)
1

+W{F(fva Y)Fyiyi (2,9)€'€ — (m + 1)B}
+Fm+z(1x,_y){F (@, —y) Fyiys (w, —y)€'€7 — (m + 1) B}.

To prove the theorem it will be sufficient in view of (4.16) to show that a suitably rescaled variant
of P(y,d,m) for some choice of ¢ (which determines § = d(m, €) according to (4.17)) is strictly
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positive. For a more detailed analysis of this expression we need to use the splitting /' = Fs + F in
the definition of the m-harmonic symmetrization f = Fyn, to compute

2 2F™(x,y) F™(x, —
Fm(xvy) Fm(.Z’7—y) ’ ’
where .
m _ m k m—k
F (x,y)—Z( k‘ >Fa($7y)Fs (l‘,y),
k=0
and by symmetry of Fs; and asymmetry of Fj, in y
FP (@ 9) = (D) + B =3 () DR ),
k=0
such that
m m - m m—
0< (w0, —y) + F"(a.y) = Z( v ) e (0 1)
k=0
L5
- 2 ( ) e Er ),
=
Inserting this last expression into (4.19) and the resulting term into (4.18) we find for
5]
Q.0.m) = F a2 o) Y () e B )Pl
1=0
the formula
2
Qy.6.m) = 25(F"(w,y) — F™(z,~y)) B (4.20)

+ ( ol ) F2! () F =2 { P23, —y) [ F(2,9) By (2, 9)€'67 — (m + 1) B]

+F" 2w, y) | F (@, ~y) Fyyi (2, )€’ = (m+ 1)B| |
With the same splitting F' = F 4+ F, as before we can express the square
k3 2

(F™(@,y) = P (2, —y)) =4 §3<2Z+1 )F”% FA|
=0

vf3

and the powers
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and

+2

Fm+2 _ < m+ 2 Fk: Fm+2—k

(ZE,y)— Z /{ a(xvy) S ($7y)’
k=0

as well as the Hessian expressions

Fyyp@y)F(ey) = (Fu(z,y) + Fale,y) [ (B (2.9) + (Fa) o (2,9)]
Fygp (2, =) F(2,=y) = (Fy(w,9) = Falw,9) [ (F2) iy (2,9) = (Fa) iy (2,)]
to rewrite (4.20) as
5] ?
Q(y,6,m) = H+ B8 2 ( o+ 1 >F3l+1Fy—2l (4.21)

\_%J m-+2
—(m+1) < g’lb )FQQZFSm—ﬂ Z ( ml—:2 )FfF;n-f—Q—k((_l)k n 1k) ’
1=0 k=0

where the fixed argument (x, y) is suppressed from now on, and where we have abbreviated all terms
involving the Hessians (F),i,; and (Fy),:,; by H, which may be written as

L5 ) m mi2
_ 20 ;rm—21 k rm+2—k
H = 3 ( ol )Fa F! {kz_o ( L )Fan (4.22)

/

[FS(FS)yiyj + Fa(Fa)yiyj} (—1)F +1%) - [FS(Fa)yiyj + Fa(Fs)yiyj} (1% — (_1)k)) }

With the identities

s m 4+ 2 i m+ 2
k +2—k k k\ _ 2 +2—2
Z( L )FF’” (-DF 1% =2 > ( on )FG”F:”‘ " (423
k=0 n=0
and
m+2 |t +1
m+2 k 42—k 1k ky _ m+ 2 241 m+2—(20+1)
S ("B Rt 0l = ) prey
k=0 =0
=0 +2
_ m 2n—1 pm+2—(2n—1)
_2§%<M4)WIT \
n=

(recall that the binomial for n = 0 vanishes in the last sum), we can regroup
Faanlesﬁlﬁ’Q*(anl) — anF;VLfQTLFS
to summarize all terms within the braces in (4.22) involving the symmetric Hessian (Fy),, as

!

2 ; {( m2:2 > B < ;771"_‘21 )}anF;n+2_2n(Fs(Fs)yiyj€i€j>,
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where we also used the fact that

m+2\ o om+1
( om >—0 forn—LTJ+l.

In an analogous fashion we can summarize all terms involving the asymmetric Hessian (F7)y, in
(4.22) to obtain

~

H = 2 < ¢ >Fley—2l{(FS(FS)yingigj) (4.24)

m+ 2 2n rm—+2—2n
(353 )

)
) E () (220

Recall our initial scaling Fs = Fy(x,y) = 1, which implies | Fy,| = |Fy(x,y)| < 1 since F(z,y) > 0
and F'(z,—y) > 0lead to |F,| < F by definition. But the assumption of Theorem 1.5 implies more:
If one takes w := y in (1.13), one can use homogeneity to find

2 (1.13) 1
Fl(z,y) = ((Fa)y(m,y) : y) < lom)i(e )y
_ 1 2 2 B 1

so that one can apply Lemma 4.1 for a := |F,(z,y)| < (m + 1)~/ replacing the m in that lemma

by m + 2 to find that the last line in (4.24) is non-negative since the matrix F,(F,),, is negative
semi-definite by assumption?.

We use the resulting inequality for H and fix € := 1 in (4.16) such that 8§ = 2(m + 1) by means
of (4.17) to obtain comparable terms in (4.21) to estimate

g 2
]. - ]. m + ]. m + 1 2[+1
Q== - >
L5 ] [5]+1
. ( " )Ffl ( m;; 2 )Ff” (4.26)
=0 n=0
1% [ 41
 giej m 21 m—+ 2 _ m 4+ 2 on
+(Fs)y1yJ££;<2l>Fa ZO {< m ) <27’L—1 Fa :

One can check directly by virtue of (1.13) that Q > 0 if F,(y) happens to vanish, since then

(recall that £ € (Fs)j) so that we may assume from now on that |F,| € (0, (m 4 1)~1/?).

®If F,,(z,y) happens to vanish then Lemma 4.1 is not applicable but the last line in (4.24) vanishes anyway
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To produce comparable terms in the first term on the right-hand side of (4.26) we use the well-

known binomial identity
n+11\ n n
<k+1>_(k+1>+<k) 427

to write for the first sum on the right-hand side of (4.26)

El 2 my 2

m+ 1 241 | _ m 2+1
S (i) m] = |2 ()

L5

+22 < m >F2Z+IZ < 2n+1 >F2n+1 4 Z ( /;rlb >F21+1 . (428)

1=0 =0

Y 2

Substituting 2n + 1 = 2k — 1 in the product of sums in the second line and regrouping the powers of
F, we can rewrite this product as

L5 L3 ]+1

0> (o) e ()R

=0 k=0

Sk

Similarly, the substitution 2/ = 2k — 2 for the last square of sums in (4.28) leads to

£ 21 131+ £ 2

m+ 1 41| m 2 m+ 2 2% _ m 2041

- m L m+ 2 m m
21 o
_z—o<21>Fa kZ_O {( 2k )_2<2k—1>_<2k_2>}F , (429

where one can use successively the binomial identities
9 m n m _ n m
2k -1 2k -2 N 2k—1 2k—1 2k -2
_ m+1
N 2k —1

and then
m + 2 B m+1 _f m+1
2k 2k—1 ) 2k ’
and finally
m—+ 1 B m m
2k 2k —1 2k
to deduce
| 2 |m |mj+1
~(m+1 A =~ (m 2 . M2 pok
20+ 1 21 a 2k a
1=0 1=0 k=0
13, 2Tz 2
_ 20+1| 2
_ <2H_1>Fa <21>F C@30)
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the right-hand side of which is negative since F2 < (m + 1)~! which can be used in each term of the

left sum to obtain
m 2 m
<2z+1>Fa<<21>

foreach [ = 0,...,|m/2]. We have used before that our central assumption (1.13) leads to (m +
1)B < (Fy),i,:&"¢ which in combination with (4.26) and (4.30) leads to the strict inequality

E 2
1 " m
_ . €le] 2[+1
2Q>(Fs)y’yﬂff ;( 2041 >Fa
E |75 +1]

m 21 m+ 2 m+ 2 m o
+1=o<2l)Fa g {< 2k >_<2k—1>_(2k>}Fa ; (431

where we have also used that for n > |m/2] the binomial i > vanishes. Repeatedly using (4.27)

2n
we can reduce the difference of three binomials in (4.31) to

m B m+1
2k —1 2k—2 )’
and the substitution 2k — 1 = 2] + 1 then leads to
| ™

2 1(m)-(a e

for the last sum in (4.31). Now adding and subtracting equal products of sums we arrive at

L5 L%

1 i
3@ > (Fo)yy €' l; ( 20t 1 )F‘fm Z{< okt 1 > - < ok )}ngﬂ

k=0
3]

() 2 () (5)

)l

Using (4.27) for the first two binomials in the last sum, and a shift of indices as before allows us to

take out a factor L
]

24 ) - (a0 )

and regroup powers of F, to obtain

NE



Both sums over k on the right-hand side are non-negative according to Lemma 4.1, which finally
proves Theorem 1.5 O
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