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COMPACTNESS AND ISOTOPY FINITENESS FOR SUBMANIFOLDS
WITH UNIFORMLY BOUNDED GEOMETRIC CURVATURE ENERGIES

SLAWOMIR KOLASINSKI, PAWEL STRZELECKI, AND HEIKO VON DER MOSEL

Asstract. We prove isotopy finiteness for various geometric curvature energies including
integral Menger curvature, and tangent-point repulsive potentials, defined on the class of
compact, embedded m-dimensional Lipschitz submanifolds in R™. That is, there are only
finitely many isotopy types of such submanifolds below a given energy value, and we provide
explicit bounds on the number of isotopy types in terms of the respective energy. Moreover,
we establish C'-compactness: any sequence of submanifolds with uniformly bounded en-
ergy contains a subsequence converging in C! to a limit submanifold with the same energy
bound. In addition, we show that all geometric curvature energies under consideration are
lower semicontinuous with respect to Hausdorff-convergence, which can be used to min-
imise each of these energies within prescribed isotopy classes.

1. INTRODUCTION

1.1. Introduction and main results. In this paper, we prove compactness and isotopy
finiteness for several functionals & : (g'r?{,ln — [0, 00] — we refer to them as geometric

curvature energies — defined on the class CKT?{}“ of all compact, m-dimensional embedded
Lipschitz submanifolds of R™. To reach this goal, we use previously established uniform
Cl-*.a priori estimates on local graph representations to not only prove compactness, but
also to gain sufficient geometric rigidity, such that two submanifolds of finite energy that
have small Hausdorff-distance are ambiently isotopic. As a consequence of this two-fold
regularisation of these energies, we obtain isotopy finiteness: each sub-level set

(1) A (B, d) = {z el . E(L)<E, diamI < d}

contains only finitely many manifolds up to diffeomorphism but also up to isotopy. We also
give a crude yet explicit estimate of the number of these isotopy classes. In addition, we
prove lower semicontinuity of all geometric curvature energies with respect to Hausdorft-
convergence, which can be combined with compactness to minimise each energy in a fixed
isotopy class.

The compactness and finiteness theorems for abstract (smooth) Riemannian mani-
folds, in different guises and under several sets of assumptions, date back at least to
dJ. Cheeger’s paper [10]. In particular, [10, Thm. 3.1] states that for n # 4 and any given
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constant C < co there are only finitely many diffeomorphism types of Riemannian man-
ifolds M such that

1/2 n diam M
H [Kml HLoo - Vol (M)1/™ 4 W <C.

The left-hand side is bounded if, for example, the sectional curvature satisfies |[Kyp| < 1,
the diameter of M is at most d and the volume — at least v; the lower bound on Vol M
can be replaced by a lower bound on the injectivity radius. Later on, M. Gromov, see [19]
and [20, Thm. 8.28], generalised Cheeger’s work and introduced the powerful concept of
Gromov—Hausdorff convergence, enabling the study of collapse of sequences of manifolds
with bounded curvature, where in the absence of bounds on the injectivity radius sin-
gularities can appear in the limit. For a proof of Gromov’s compactness theorem with
an improvement on the regularity of the limiting metric, we refer to S. Peters [31]. An-
derson and Cheeger [4] prove that the space of all Riemannian manifolds with uniform
lower bounds on the Ricci curvature Ricy, and the injectivity radius, and uniform upper
bounds on the volume, is compact in the C* topology for any « < 1 (meaning C* conver-
gence of the Riemannian metrics). The same authors in [3] obtain a finiteness theorem for
m-dimensional Riemannian manifolds with uniform upper bounds for the diameter and
|[Ricaq|, uniform lower bounds for the volume, and uniform bounds for the scalar curvature
in L™/2. Newer developments include the papers by A. Petrunin and W. Tuschmann [32],
W. Tuschmann [44], and V. Kapovich, A. Petrunin and W. Tuschmann [23]. In partic-
ular, Tuschmann [44] proves that the class M(n,C,D) of simply connected closed n-
dimensional Riemannian manifolds with sectional curvature |K| < C and diameter < D
contains finitely many diffeomorphism types provided n < 6 (surprisingly, this result
fails in each dimension n > 7).

As Cheeger writes in his survey [11, p. 235], in a passage commenting on one of the
versions of his own finiteness theorem, Intuitively, the idea is that these manifolds can
be constructed from a definite numbers of standard pieces. The same comment applies in
the present paper, with one notable difference: all the submanifolds we deal with are em-
bedded in the same R™, but their Riemannian metrics g induced by this embedding are,
typically, only of class C* and not better, so that there is no way to define the classic cur-
vature tensor of g. Instead of that, we pick up a family of geometric ‘energies’ that can be
defined without relying on the C2 (or C1!) regularity of the underlying manifold; a bound
on each of these energies, combined with a bound on the diameter, yields a bound on the
number of ambient isotopy types (which is stronger than bounding the number of diffeo-
morphism types). Each of these energies can, in fact, be defined also for non-smooth sets,
more general than Lipschitz submanifolds. It also can be minimised in a given isotopy
class.

To state our results precisely, let us introduce the appropriate definitions first. For
an (m + 2)-tuple (xg,X1,...,Xm+1) of points of R™, we denote the (m + 1)-dimensional
simplex with vertices at the xi’s by A(xg,x1,...,Xm1). The discrete Menger curvature of
(x05X15.-+,Xmy1) is defined by

I Ay %men)
(2) :K(XO’ o ,Xm+1) N diam({X07 o >Xm+1})m+2 '
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For m =1, n = 3 we have
AI‘ea(A(X(),Xl,Xz)) 1
max(|xg — x1l, Ix1 — xal, [xa — x0l)® ~ 4R(xq,x1,%2)’

K(xo,x1,%2) =

where R(xg, x1, X2) stands for the circumradius! of the triangle A (xg, X1, X2).
For a Lipschitz manifold £ € %9{,1“, anumberle{1,..., m+ 2}, and p > 0 we set

3) (%) :J sup  K(xg,.. ., Xmy1)? dHEL

The integration in (3) is performed over the product ' = X x ... x £ of | copies of £, with
respect to the m-dimensional Hausdorff measure HH™ on each copy, i.e., with respect to
H™! on I!. Before that, one takes the supremum of K(xy,...,Xm.+1) With respect to all
variables x; with indices i > 1. (For 1 = m + 2, no supremum is being taken). Please
note that formally the integrand is undefined on the diagonal of the product. However,
we tacitly omit this issue: the choice of values of the integrand on the diagonal does not
affect the value of the integral in (3), as the diagonal is of measure zero in the product.

In particular, the functional 8’;1*2 is called the integral Menger curvature of X.

Besides all the 8]13 energies, we consider also two other functionals that are defined via
averaging the inverse powers of the radii of spheres that are tangent to =~ at one point
and pass through another point of £. Namely, we write

@) Riplx,y) = — v
LN 2dist(y,x + T X)

to denote the radius of the smallest sphere which passes through y € £ and is tangent to
the m-dimensional affine plane x + T, X. (Note that for a Lipschitz manifold ~ ¢ (519{,1“ the
tangent plane T,~ € G(n, m) is indeed well-defined for H™-almost all x € £ due to the
classic Rademacher theorem.) Set

5) Tol2) = || Rplx,y) P ce e,
rJx

(6) TS(Z):J sup (Rep(x,y)7P) dH.
X yexr

(Again, in (5) it does not matter how 1/R¢; is defined on the diagonal in X x X.)

For each of the energies & ¢ {8}), Tp, ‘TS 1, we write po(&) to denote the scaling invariant
exponent for €. Since X and 1/R¢, scale like the inverse of length, it is easy to see that
Po(€) equals the product of m and the number of integrals of X in the definition of €.
Thus,

(7) po(€h)=ml,  po(Tp)=2m,  po(T5) =m.

Theorem 1 (finiteness of isotopy types). Let E,d > 0 be some numbers. Assume that
gefel, Tp, TCYand p > po(&). There are at most K = K(E, d, m,n, 1, p) different (ambient)
isotopy types in Aﬁl,n(E, d).

1The triple integral over the inverse squared circumradius also known as total Menger curvature was
an essential tool in G. David’s proof [12] of the famous Vitushkin conjecture on characterising the one di-
mensional compact subsets of the complex plane that are removable for bounded analytic functions; see,
e.g., [43]. The most obvious generalisation to inverse powers of circumsphere radii of simplices turns out to
be too singular for our purposes here; see the discussion in [41, Appendix B].



4 SEAWOMIR KOLASINSKI, PAWEL STRZELECKI, AND HEIKO VON DER MOSEL

Recall that two topological embedded submanifolds Z1, X5 of R™ are ambient isotopic
if and only if there exists a continuous map H : R™ x [0, 1] — R™ such that

Hy = H(-,t) is an embedding for each t € [0, 1],

®) H(x,1) =x forall x € R™, and H(Zg x {0}) = Z;.

(Note that the inclusion mapping fy : £ — R™ yields one embedding of £, in R™, and
fi1 := Hpofyg : g — R™ yields another one, so that (8) agrees with the definition of
ambient isotopy H: R™ x [0,1] — R™ x [0, 1], H(x, t) := (H(x, t), t) between the embeddings
fo and f1 as in Burde—Zieschang [9, p.2].) However, because of the smoothing properties
of all geometric curvature energies described in more detail in Section 1.2 all Lipschitz
submanifolds with finite energy are actually of class C!, so that Theorem 1 is stronger
than diffeomorphism finiteness since it even bounds the C!-isotopy types.

Remark 1.1. We do not have an optimal estimate for the number K = K(E, d, m,n,1,p) in
the above theorem. However, a crude check of constants involved in the argument yields

9) loglogK < c(m,n,1,p) (Ilog dl +1log (EYP +1) + 1)

with a constant c(m,n,1,p) that blows up for p ~\, po(&). (See Section 6, Remark 6.2).
Thus, as expected, for fixed dimensions m and n, K blows up for E — oo (with £ and d
fixed), and for p N\, po(€) (with E and d fixed).

It is also worth noting that no lower bounds for the volume (or lower bounds for the
injectivity radius) are needed in our work. Intuitively, the reason is that the onset of
thin tubes or narrow tentacles is being penalised by each of the energies we consider.
The same penalisation effect takes care of a quantitative embeddedness: if two roughly
parallel sheets of an embedded manifold ~ are too close to each other preventing X to be
described locally as one graph, then there are lots of roughly regular very small simplices
with vertices on £ (and of small tangent spheres passing through a second point of ¥),
causing the integrands X and 1/Ry, in (2) and (4) to be very large on a set of positive
measure. We will describe the energies’ quantitative control on local graph patches more
precisely in Section 1.2.

Our next result states that for any geometric curvature energy all sublevel sets are
sequentially closed and compact with respect to Hausdorff convergence, and that all these
energies are sequentially lower semicontinuous.

Theorem 2 (lower semicontinuity and compactness). For E,d € (0,00) and for a
geometric curvature energy & € {€} ,‘J'p,‘J'G}, where p > po(€) and 1 € {1,2,...,m + 2},
the following holds.
) If % € Aﬁl’n(E, d) for all j € N and if the L; converge to a compact set L C R™ with
respect to the Hausdorff-metric as j — oo, then L € Aﬁlm(E, d), and moreover,

&(X) < liminf &(5;).
)—00

(ii) For any sequence (%j); C .Af;l,n(E, d) there is a submanifold ¥ ¢ Af;l,n(E, d) and a

subsequence (25, )« C (Z;); such that dg¢(Z;,,Z) — 0 as k — oo.

With the energies’ quantitative control over local graph patches described in more de-
tail in Section 1.2 one actually obtains Cl-compactness of these graph patches, which
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considerably improves the Hausdorff-convergence to C!-convergence in both parts of The-
orem 2. Since, roughly speaking, isotopy types stabilise under C!-convergence we can use
Theorem 2 to deduce the following existence result by means of the direct method in the
calculus of variations.

Corollary 1 (existence of minimisers in isotopy classes). Let &, p, E and d be as
in Theorem 2. For each reference manifold Mg € A%n(E, d) there exists Ly € Af;l,n(E, d)
such that

E(Ly) =inf {E(Z) :Xe Afmn(E, d) and X is ambient isotopic to Mo} .

Remark. It is easy to see, via simple covering arguments, that Theorems 1 and 2 hold
under another set of assumptions, with the diameter bounds replaced by volume bounds,
i.e. with classes Afmn(E, d) replaced by

AS W (EH) ={Ze g% &) <E, H™(Z) < H}.

There are numerous papers in the literature dealing with compactness and finiteness
results for immersed manifolds, starting with J. Langer [26] who considers immersed
surfaces in R? of class W2P for p > 2, with LP bounds on the second fundamental form;
for a generalization to immersed hypersurfaces in R™ see [13]. G. Smith [35, 36] consid-
ers compactness of immersed complete submanifolds of class C** with k > 2, « € (0, 1),
assuming uniform bounds on the second fundamental forms (and their derivatives). Re-
cently, P. Breuning [8] has studied compactness for a wide class of (r, A\)<immersions, i.e.,
C! immersions that can be represented as A-Lipschitz graphs at a uniform length scale r.

Our work differs from all these papers in that we deal only with embedded objects. The
upper bounds on any of the geometric curvature energies we consider do guarantee that
the limit of a convergent sequence of submanifolds — even if the convergence, a priori,
takes place only in the Hausdorff distance — is again an embedded submanifold; this is
due to the penalisation effects mentioned before. It is easy to see that under the assump-
tions of [26], [35] or [8] a sequence of embedded submanifolds might converge to a limit
which is only immersed, not embedded.

The only comparable result that we are aware of is due to O. Durumeric: [14, Thm. 2]
ascertains that there are only finitely many diffeomorphism and isotopy classes of con-
nected C1! manifolds with lower bounds on a very specific functional, namely on the
normal injectivity radius r.;, combined roughly speaking with bounds on volume and
diameter. Our estimate (9) on the number of isotopy types is similar in spirit to Du-
rumeric’s [14, Sec. 5] where E/P (which controls the bending of L in a single coordinate
chart, cf. Section 1.2 below) is replaced by the inverse of the injectivity radius. (In [29],
A. Nabutovsky studies the intriguing ‘energy landscape’ of £(X) = volt/ "MZ)/Thi(Z) on
the set of C! topological hyperspheres £ = ™ c R™*1; in particular his energy & has
infinitely many distinct local minima.)

Let us note that for curves in R3, J. O’'Hara, see [1, pp. 1340-1343], mentions a few
results that use the same analytic mechanism of proof that we deal with: sequences of
knots f: St — R3 that are uniformly bilipschitz and remain bounded in a fixed C* space,
are precompact in C!; moreover, the knot class has to be preserved in the limit. A bound
for the bilipschitz constant of f and for its C>*-norm translates into a bound on the num-
ber of possible knot types parameterised by f. For m = 1, all our energies are valid knot
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energies of that type: upon fixing the length, upper bounds on the energy yield bilipschitz
and C1'* bounds on the arc-length parameterisations of knots, resulting in bounds on the
number of knot classes, on the average crossing number, stick number etc.; see [39] for
more details. The results of the present paper open several questions in higher dimen-
sional geometric knot theory, concerning, e.g., the possible relations between bounds on
the energies of ‘knot conformations’ and bounds on higher dimensional knot invariants.

1.2. The strategy of proofs and more general results for C**-submanifolds. Let
us start by explaining why we assume integrability above scale-invariance for each of
the geometric curvature energies. A simple scaling argument shows that if £ ¢ R™ =
R™1 x R is a cone over an (m — 1)-dimensional smooth manifold £, ¢ R™" !, with vertex
v=(0,...,0,1)and € € {&} ,‘J'p,‘J'G}, then £(X) = co whenever p > po(€). In fact, for such
p the sequence of energies of disjoint pieces of L,

€j :z&(Zﬂ{xeR“: 2771 < x — v <2_j}), j=0,1,2,...,

is nondecreasing (by scaling!), and we have £(Z) > eg+ €1+ ---.

Intuitively, each fold or cusp of X should introduce even ‘more’ small simplices (or small
tangent spheres that contain another point of X), and thereby should lead to an increase
of energy. This strongly suggests that for any p > po(&€) the functional £ should have
nice smoothing properties. This is indeed true; if £(X) is finite for some p above the crit-
ical exponent py(€), then X is an embedded manifold of class C1'*. Moreover, £ can be
assembled from a finite number of standard graph patches — corresponding to the stan-
dard pieces in Cheeger’s words quoted in Section 1.1 above — with the size and the graph
norms (controlling how much X can bend at length scales determined by the energy) ex-
plicitly controlled in terms of £(X). This is the reason why we can obtain compactness
and finiteness results, along with semicontinuity of all these energies.

Here is a precise description of what we mean by standard graph patches.

For o € (0,1], let %nllor‘l denote the set of all compact, C1"*-smooth, m-dimensional em-
bedded submanifolds of R™.

Definition 1 (C**-graph patches). For R > 0,L > 0, d > 0, and « € (0, 1] we define

(ﬁnl{fﬁ(R, L,d) to be the class of those submanifolds £ € %}1(}‘1 that satisfy the following
three conditions:

() diameter bounds: £ c B" (0, d);

(i) size of graph patches: for each point x € I there exists a function fy : T, — T, I+
of class C1'* such that £ N B(x,R) = (x + graph(fy)) N B(x,R), fx(0) = 0, and
Df(0) = 05

(iii) controlled bending: for each x € L, we have ||Dfy (&) — Dfx(n)| < L|§ —n|* for all
&,m e T, X, and Lip(fy) < 1.

We state below — in a version that is adapted for our needs in this paper — a general
regularity result which has been proved in our earlier works, see [42] for the case of
Tp, [25] for ‘J’S, and [24] for all the SL-energies, 1=1,...,m+ 2. (The case of 83”2 for
m = 2, n = 3 dates back to [41]; for curves in R™, see also [38], [37] and [40]).

Regularity Theorem. Fix & ¢ {€! ,Tp,TG} and p > po(€). Assume that a Lipschitz
manifold ~ € CKS{}“ satisfies E(X) < E<oo. IfZ Cc B™(0,4d), then L € %Tlr{f’fi(R, L, d) for the
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exponent x =1 —1py(€)/p € (0,1), with R and L depending only on m,n,1,p,po and E. In
fact, one can take

(10) R=cy(m,n,1,p)E Y P=PelE) [ —cy(m,n,1,p)EYP
for some constants ¢y and co depending only on m,n, 1, and p.

Let us note here that according to Blatt and Kolasiniski [6], for an m-dimensional em-
bedded C'-submanifold & C R™ and p; = m(l — 1) < p (note that po(€},) = ml > p;) the
condition 8%, (L) < oo is equivalent to L being locally a graph of a function in the fractional
Sobolev space W1+$P with s = 1 — m(l—1)/p € (0,1). In combination with the Sobolev
imbedding, this implies that the exponent « in the Regularity Theorem (which is one
of the key technical tools for the present paper) is best possible. Moreover, there are m-
dimensional graphs in R™ with finite curvature energy 8%, for which the graph function
is nowhere twice differentiable, so we definitely cannot work with classic curvatures in
our setting!

Nevertheless, the Regularity Theorem paves the way to our results on compactness,
finiteness and semicontinuity of geometric curvature energies with respect to sequences
L C Aﬁl,n(E, d), but also in the more general subclass of %ﬁloﬁ introduced in Definition
1. The key idea is the following: due to the regularity estimates, energy and diameter
bounds present in the definition of Afh,n (E, d) force all the Z; to be in the same, fixed, class

‘5,111"; (R, L, d) up to translations. Then, the controlled bending condition satisfied by all the
Z; enters the scene: after a technical preparation involving some graph tilting, it enables
applications of the Arzela—Ascoli compactness theorem in all graph patches. Thus, in fact
much more can be said about the convergence of Z;, at least along a subsequence. Let us
make this more precise.

Definition 2 (Cl*-convergence of graph patches). A sequence (Zj)jen C %nlio; is
said to converge in G’ to the set £y C R™ if
(i) dgc(Zj, o) =%, 0,
(ii) Ly is a CL*-smooth embedded submanifold of R™;
(iii) there is an index jo € N and a radius p > 0 such that for each x € £y and for each
j € Nwith j > jg or j = 0 there exists a function fy; € CL*(T Lo, TyZy ) such that
I NB(x, p) = (x + graph(fx;)) N B(x, p)
and
j—oo

1fx; — fX’OHCl’“'(TXZO,TXZ(J;) —0 for each o’ € (0, ).

As suggested above and mentioned in Section 1.1, the following stronger compactness

result on ‘é}loﬁl (R, L, d) holds, from which part (ii) of Theorem 2 follows directly, but which
is also essential to prove the other results stated in Section 1.1.

Theorem 3 (compactness). Let R,L,d € (0,00) and « € (0, 1]. Any sequence of sub-
manifolds (Z;)jen C CKT}{%(R, L, d) contains a subsequence which converges in %Tlnoﬁ to some
submanifold £y € Ch% (R, L, d).

The convergence in %1110; is strong enough to make all the I; with j large enough ambi-
ent isotopic to the limiting manifold Xy. It also turns out that there is a diffeomorphism
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of the ambient space J; : R™ — R™ which is close to the identity in the bilipschitz sense
and maps X; to Xo.

Theorem 4 (isotopy and diffeomorphism of ambient space). Let R,L,d € (0, co),
o € (0,1] and let (L;)jen C (grlr{%(R, L, d) be a sequence of submanifolds which converges
in ‘@”1}10; toXg € CK&{%(R, L, d). Then there exists jo € N such that for each j > jo the mani-
folds Z; and 2y are ambient isotopic. Moreover, for each j > jo there exists a diffeomorphism
of the ambient space J; : R™ — R™ such that

J;(£;) =Zo and biLip(J;) < 1+ Cydgc(Zo, Z;)*/2,
where Cy = Cj(R, L, o, m, n).

Here, biLip(f) denotes the bilipschitz constant of an injective map f : X — f(X) C Y
between two metric spaces (X, dx) and (Y, dy), i.e. whenever A C X,

biLip(f, A) := max{Lip(f, A), Lip(f~*, f(A))}, biLip(f) := biLip(f, X).
As usual,

Lip(f,A) =  sup dv(fx), fly))
X,YEA, X#Y dX (X, y)
denotes the Lipschitz constant of f: X — Y.

We actually establish an upper bound p on the Hausdorff-distance d4¢(Z1, Z9) depend-
ing only on the parameters R, L, &, m, and n, such that if d4¢(Z1, Z3) < p, then Z; and X,
are ambiently isotopic, and such that a global bilipschitz diffeomorphism ] on R™ with
J(X9) = X exists (see Corollary 4.9 and Lemma 4.10). This uniform bound leads not only
to the proof of Theorem 4 but allows us also in the end to give a quantitative estimate on
the number of isotopy types in Theorem 1.

and Lip(f) = Lip(f, X)

The rest of the paper is organised as follows. In Section 2, we gather simple preliminary
material. In Section 3, after a technical preparation devoted to graph tilting for functions
of class C1*, we prove Theorem 3. In Section 4, we construct the isotopies between the
submanifolds &; which converge in %&1";, employing a Cl-version of the tubular neigh-
bourhood theorem; parts of this material seem to be ‘folklore’ but we give the details for
the sake of completeness. This leads to the proof of Theorem 4. Section 5 contains the
proof of semicontinuity and compactness, Theorem 2, and of Corollary 1, and the final
Section 6 lays out the explicit estimate for the number of isotopy types (stated in Theo-
rem 1). The whole exposition is more or less self-contained.

Remark. The letter C will denote a constant whose value may change even in a single
string of estimates. Subscripted constants (e.g. C, Cang etc.) have global meaning and
their value is fixed. We write C = C(«, 3,v) when C depends only on «,  and .

2. PRELIMINARIES

Most of the notation in the paper is standard. In particular, we use the usual ||-||c1«
norms, and
dgc(E, F) := sup{dist(y,F) : y € E} + sup{dist(z,E) : z € F}
denotes the Hausdorff distance of sets in R™.
For a measure u, we write f.u to denote its push-forward, and spt(u) to denote its
support, cf. Federer [17, Chapter 2] or Matilla [27, Chapter 1] for definitions.
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2.1. The Grassmannian. Throughout the paper, G(n, m) stands for the Grassmannian
of all m-dimensional linear subspaces? of R™.

For an m-plane U € G(n, m) we let U* be the orthogonal complement of U. The symbol
Uy, denotes the orthogonal projection of R™ onto U. For U,V € G(n, m) we set

(11) HU, V) = [[Uy — V.
This is a metric, and G(n, m) endowed with this metric is compact.
Remark 2.1. Using [2, 8.9(3)] we have for U,V € G(n, m)
U, V) = Uy = Vil = (U = V5|l = Uz o Vil = [[Ug o V5| = [[V5 o Ug|| = [[Vg o Ug]].
In particular

(U, V) = sup [Vj"e|= sup [Uje|.
ecuns ecVNS

Here and later S = {x € R™ : |x| = 1} denotes the unit sphere in R™.

Lemma 2.2. Assume U,V € G(n,m). If (U, V) < 1, then

o Uylv :V — UWis a linear isomorphism,
e ULNV={0}
e setting L = (Uhlv)*1 :U — V we have

L) = (1— (U, v)?)~ /2,
Proof. If 4(U,V) < 1, then, by Remark 2.1, for eachv € V,v#0
Uyvl2 = W2(1 — UL (/)R > 0.

Hence, ker Uy|y = {0} and, since dim U = dim V, U;|y is a linear isomorphism. In partic-
ularkerU; NV = UL NV ={0}. Observe that, by Remark 2.1,

inf [Use®=1— sup |Ujef=1-—<U, V).
eeVvVns ecVns

Set L = (Uylyv)~! and compute

ILl= sup [Lulu/~'= sup [LUpvlUyv/~"
uelU,u#0 veV,v£0

-1
= sup |V||qu|1:< inf IUh(v/|v|)|> —(1-3Uu,V)2)V2, O
VEV, VA0 vEV,v#£0

Remark 2.3. Let X € G(n,m) and Y € G(n,n — m) be such that 4(X*,Y) < 1. Then, by
Lemma 2.2, XNY = {0} and we can define the oblique projection P : R™ — X along Y, i.e.,
a linear map such that

12) PoP=P, kerP=Y and imP =X.
Note that P can also be characterised by the requirement

(13) {Pvi=(v+Y)NnX.
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Ficure 1. The situation in Proposition 2.4: if x, X, Z are fixed, ® — 0, and z — x € Y, then
z — 0 and |z| < 6.

Proposition 2.4. Let 0 € (0,1, A € [0,1) and k € {1,...,n— 1} Let X,Y € G(n,k) and
Z € G(n,n — k) be such that 4(X,Y) <0 and I(Y,Z+) < \. For any x € Xand z € Z with
z — X € Y one has the estimate

0
1z < m|x| .

Proof. Since ZhLu = Xth = 0, two applications of the triangle inequality lead to
2] < Yozl + Vg 2| < |(Yy — U )zl + Y (z — %) + (Vg — X )x| < Alz| + 0]x]. O

2.2. An elementary topological result. In a few proofs, we need to rely on the follow-
ing standard topological result. For the sake of completeness, we present a proof using
degree mod 2. (There are of course other proofs, relying on the non-existence of the re-
traction of a ball onto its boundary or, equivalently, on Brouwer’s fixed point theorem.)

Proposition 2.5. Let p >0, 0 € (0,1) and F € Co(B™(0, p),R™) be such that
F(x)—x| < op  forallx e B™(0,p).
Then for each y € B™(0, (1 — 0)p) there exists x € B (0, p) such that F(x) = y.

Proof. Fixy € B™(0, (1 — 0)p). Assume thaty ¢ F(B" (0, p)). Then,

_ F(z) — _
G:dB™(0,p) = 3B (0,p),  G(z) = |F(3_:j|p for z € 9B (0, p),

is well defined and continuous. Since [F(x) — x| < op forallx € B (0, p),
| —tz+ t(F(z) —y)l < tIF(z) —z| + tly| < top + t(1 —o)p < p = 2]

2Formally, G(n, m) is defined as the homogeneous space
G(n,m) :=0(n)/(0O(m) x O(n—m)),

where O(n) is the orthogonal group; see e.g. A. Hatcher’s book [21, Section 4.2, Examples 4.53-4.55]. Thus
G(n, m) becomes a topological space with the quotient topology. We work with the angular metric, cf. (11).
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forallz € 9B (0,p) and t € [0,1); hence (1 — t)z + t(F(z) — y) # 0 for all z € 0B™(O0, p)
and for all t € [0, 1]. Thus, the map
(1—t)z+t(F(z) —y) 0
(1 —t)z+t(F(z) —y)l

yields a well defined homotopy of G and the identity map on the sphere 0B" (0, p). Hence
G has mod 2 degree 1. On the other hand, one can extend G to the continuous mapping

H:[0,1] x 3B (0,p) — 3B (0, p), H(t,z) =

JO— — ~ F —
G:B™(0,0) +0B™(0,0), Glz)= 10— Yp.
[F(z) =yl
Thus G has mod 2 degree 0, a contradiction. For the relevant results on the mod 2 degree
one may, e.g., consult [22, pp. 124,125]. O

3. COMPACTNESS

Each manifold £ € %&{%(R, L, d) is assembled from standard graph patches that have
controlled bending at length scales < R. Thus, intuitively, if two such manifolds ¥,y €

CK,}{%(R, L, d) are sufficiently close in Hausdorff distance, their tangent planes at points
X € X1,y € Xg with [x —y| < dgc(X1,Z2) must be close, too, for otherwise the Haus-
dorff distance of the manifolds would be too large. Before giving the precise quantita-
tive statement, let us mention two simple consequences of Definition 1 valid for each
b %&{f’ﬁ(R, L,d): For any r € (0,R] one finds x + v + f,(v) € B™(x,v2r) for all x € Z,
ve TL,ZNB™0,r), since [fx (V)| = [fx(v) — Tx(0)] < [v| < r so that

Ix — (x + v+ fx (W) = P2+ [fx(v)]? < 212,

Secondly, one can improve the estimate for |fy(v)| for such x,v, and r € (0, R] as follows.
1 1

1) )] = H v at] = H

(Df(tv) — Df, (0))v dt‘ < LI+ < Lrl+e,
o dt 0

Lemma 3.1 (proximity of tangent planes). Let R,L,d > 0, «x € (0,1, A > 1, and
L1,%9 € Cm% (R, L, d) such that
dg¢(Z1, L) < min {276AT2RZ, L72/% 1},

and let x € L1 and y € Zg be such that |x —y| < Adgc(X1,Zg). Then there exists a constant
Cang = Cang(L, A) such that

(15) %:(szly Ty ZZ) < Cangdﬂf(zb ZZ)“/z .
In fact, one can take Cang(L,A) = L(1 + (4A)2) + 2A.

Proof. For dy¢(Z1,Z3) = 0 we have x = y and I; = Xy as Cl-manifolds, so that T,XZ; =
TyZ2; hence both sides of (15) are zero. So, let us assume that d;¢(Z;,Zy) > 0. The follow-
ing arguments hold for all u € T,X; with

(16) 0 < [u| = dgc(Z1,Z2)"% < min {2 °A 1R, L1/ 1}.
Since £; € %nl{f’fl(R, L,d) we find
pi=x+u+fy(u) € Z; NB(x,R)
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by our remark preceding this lemma, since [u| < R/(23A) < R/v/2. We thus infer
(TxZ1)g(p —x) = (TxZp)p(u+ fx(u)) =u,

and

(14) 16 1
(A7) dist(p —x, ToZy) = dist(w+ fu (W), TuZy) = [fe (W) < L+ 2 Ly = ful.

In particular,
[p —xI = [ul® + [fx (W) = [ul? + dist®(p — x, Ty 1) < 2huf’.

Next choose a point q € Zy such that [p — q| < dgc(Z1,2Z2) and set v := (TyZa)y(q — y).
Then one finds

v < [(TyZ2)glllg —yl =1q —y
<Iq—pl+Ip —x + x —yl < dgc(Z1, Zg) + V2lul + Adge(Z1, Zp)
(16) 1e 1
<1+ A+ V2] < A2 + V2| < 4A] < —=R,
(14 A) ] 20+ V2| < 7

so thaty +v+fy(v) € B"(y,R) and q —y = v+ f,(v) € graph(fy), by virtue of our remark
preceding this lemma. Employing the identities dist(p — x, TxZ1) = |[fx (W) = [p — (x + u)|
and dist(q —y, TyZg) = [fy (V)| = |q — (y + v)| we can write
dist(u, TyZe) <lu—v| < fu+x—=pll+lp—dql+lqd—(y+v)+y—x|
< (Wl + dgc(Z1, Z2) + Ify (V)] + Afuf?

(14)
< L(uM* + M)+ (1 + A)dge(Zq, Zo)
6

DL+ (4A)2) + 2A] [ = Cang(L, A1,

Since dist(u, TyZs) = I(Tyzg)ul(u)l = |u||(TyZQ) i } = |u|dist (‘ul,T Iy) we arrive at
dist (I i Ty %9) < Cang(L, A)[ul* = Cang(L, A)dsc(Z1, Z2)*/2. Since the requirement (16) on
u € T,Z; does not depend on the direction e := u/|u| € S*! = S we obtain by Remark 2.1

ATxZy, TyZe) = sup \(Tyzz)?dz sup dist(e, TyZg) < Cangdac(Z1,Z9)%2%. O
e€T LS e€T XS

To prove Theorem 3, one applies the Arzela—Ascoli theorem to graph patches of the
sequence Z;. To make this possible, it is necessary to tilt all the graphs (of a subsequence
of the X;’s intersected with a fixed ball of radius ~ R) so that they are all defined over the
same plane. Here is a technical lemma that we shall use.

Lemma 3.2 (graph tilting). Let V € G(n,m), « € (0,1, 9 € (0,135), L > 0, v € V,
r € (0,00] and f € CL*(V, VL) is such that Lip(f) < 1 and

|IDf(x) — Df(y)|| < Lix —yl|* forx,y € VNB(v,1).

Then the following holds. For each U € G(n, m) with 4(U,V) <V if w = Uy(v+f(v)), there
exists a function g € CH*(U, UL) such that

graph(f) = graph(g)
and |Dg(&) —Dgm)|| < Lg(L, 9, x)[E—n|* for &,n e UNB(w, 1557),
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where Lg(L, 9, o) := L (1 + 129)(1 + 39)*/(1 — 49). Moreover, Lip(g) < (1 +29)/(1 —29),
and g(0) =0if f(0) = 0. If f(0) = 0 and Df(0) = 0 then
2 < 9
Remark. By taking r = co we mean B(v,r) = R™.

Proof. If U = V simply set g := f, and we are done. So assume (U, V) € (0,9] in the
following.

(18) |Dg(0

Step 1: defining g. Set L := graph(f) and for py,ps € X define x1 := Vj(p1), xo := Vy(p2),
z1 = Uy(p1), and zg := Uy(p2). Then p; = x; + f(xy) for i = 1,2, and since Lip(f) < 1 and
JU, V) <d < 1—(1)0 we have
(19)  |(xg —x1) — (22 —z1)| = (V4 — Uy) (p2 — p)l < ||V — Uylllp2 — p1l < Blp2 —pil

=9 (xg — x1) + (f(x2) — f(x1))| < 20Ixg —x1] < Z5lxa — x4l
where only the very last inequality is restricted to the case x; # xg. If z; = Uy(p1) =
Uy (p2) = zo then (19) implies 0 < (1 — 29)[xg — x| < 0, hence x; = Vy(p1) = Vy(p2) = xa,
so that

p1 =x1 + f(x1) = x2 + f(x2) = p2.
In other words, if p; # pa then Uy (p;) # Uy(pa), or Uyls : & — U is injective.

Setting q := Uy(0 + f(0)) € U,
d1:Voaxr—x+1f(x) el dg: X5 pr— Uy(p) —q,

we find that ¢ := dgodq : V — Uisinjective, since both ¢ and ¢4 are injective. Moreover,
¢ is continuous, and ¢(0) = ¢po(d1(0)) = $2(0 + f(0)) = 0. Letting x; := 0 in (19), and
setting x := xg, z 1= z9 = d(x9) = p(x) we infer from (19)
(20) [x — d(x)] < 29x]| for all x = Vy(x +f(x)) € Vy(graph(f)) = V.
Notice that the restricted projection Vyly : U — V is bijective, since 4(U,V) < ¥ < 1.
Indeed, since dim U = dim V it suffices to check that Vj |y is injective. But V; (uq) = V; (us)

for uq,ug € U with u; # ug would imply that 0 = 1y — ug € U would be contained in the
kernel of Vj, so that we would arrive at the contradictory inequality

Ve — U] > M(ﬁ)—uu(m)‘—h u2|)—1>HVu Ug|| > 0.

To show that ¢ is also surjective (hence bijective) consider a linear isometry I, : V — R™,
define F € CO(R™,R™) to be F := Iy o Vj|y o ¢ o I}, and estimate for £ € R™

E—FE) = [TvoVy(IyHE) —IvoVy o d(ILHE) =V, (ILHE)) — Vy o d(IL1E))]

< IME) — d(NE)] S 200151 ()] = 201¢).

Thus, F satisfies the assumptions of Proposition 2.5 for each p > 0 and o := 29 < 1, which
implies that F : R™ — R™ is surjective. Therefore Vy|y o ¢ : V — V is surjective, and
finally also ¢ : V — U is surjective, hence bijective.

We are now in the position to define g := U.uL oprodp ot q: U — UL, where
Tq(x) = x4+ q for x € R™ is the usual translation. Since ¢; is of class CL« one finds
¢ € CL*, and so $~! € CL* and hence g € CH*(U,U"L); see, e.g., [7, Section 2.2] for
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a brief self-contained argument showing that the class C1* is closed under composition
and inversion. Moreover, if p € £, Vjp = x and Uyp = z, then z = ¢(x) + q and x +
f(x) = p = z+ ¢(z); hence, graph(f) = £ = graph(g). In particular, if f(0) = 0 then
0 =0+1(0) = z+g(z) for z = U;(0) = 0; hence g(0) = 0. Since x > x + f(x) parameterises
I = graph(f), one has in the point p = x + f(x) € £ the m-dimensional tangent plane
Tp,Z = (Id + Df(x))(TxV) = (Id 4+ Df(x))(V), and likewise, T,Z = (Id + Dg(z))(U) if p =
z+ ¢(z). Thus, if f(0) = 0 and Df(0) = 0, then we find

ToZ = (Id + Df(0))(V) =V = (Id + Dg(0))(U) and <(U, (Id + Dg(0)(U)) = (U, V) <9,
so that we can apply [2, 8.9(5)] with S = Sy := U and S; := (Id + Dg(0))(U), ng := 0,
11 := Dg(0), to obtain (18).
Step 2: Lipschitz continuity of g and oscillation of Dg. By definition, z + g(z) = x + f(x)
for z = ¢(x) + g € U, x € V, so that by (19) and by the assumption Lip(f) < 1,
lg(z2) —g(z1)l = l(z2+g(z2) — (z1 + g(z1)) — (22 — z1)

= |xg+f(x2) — (x1 + f(x1)) — (d(x2) — d(x1)]

< Iflxe) = flxa)l 4 [(xg — dx2)) — (x1 — d(x1))]
< kg —xal U (F(x1) — F(xg)) + Ug (xg — x1)]
Rem. 2.1 19 )1+ 29
< e —xal+ AU VI(IFGa) = fixe)l 4 ke —xal) < 755122 — 2l

With T, = (Id + Df(x))(V) for p := x + f(x) € Z we obtain for any v € V, v # 0,

‘L(V"”Df(x)\’)‘z_ IDf(x)v[? < [[DF[|3, v/ 1
[v + Df(x)v|

2+ DF(x)VI2 T vE 4 ||DFZvE T 2]

since ||Df||c = Lip(f) < 1, and by the fact that for ¢ > 0 the function & — £/(c + &) is
non-decreasing on [0, co). Thus, according to Remark 2.1,

1
(21) ﬁ(T‘szavL) = %:(T’pz) V) g E < 17
which implies
(22) HTpIHUH) = AT, U) < HTHZ, V) + H(V, U) < 1 +d< 1.

V2

Consequently, the oblique projections F,, : R™ — X := T, I along V- with kerF,, = v+,
and G, : R™ — X along Ut with ker G, = U are well-defined, and satisfy ||F,| =
maxecs [Fp(e)l < V2 < 2, and ||Gp| < 2, which can be seen as follows. Assume without
loss of generality ||F,|| > 0. Since

Fole)? = [Fp (Vi(e)) + Fp (Vi ()2 = [Fp (Ve (eD)? < [Py |2(IVs @) + Vi (e)?) = [IFpll,

if Vhl (e) # 0. But S = S™ ! is compact, so that there exists e* € S (not necessarily unique)
with HFp||2 = IFP(e*)Iz, which then necessarily means that VhL(e*) =0,ie,e*eSNV.
For any such e* we can write

Fo(e®) = le* +Fple®) — e*2 2 14 [Fple*) — e = 1+ Vi (Fp (),
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since F, (e*) —e* € V1 and e* € V; see (13). Now, with

1
V2
one finds [F, (e*)2 < 1+ %\Fp(e*)lz, which immediately gives ||F, | = [Fp(e*)] < V2. A sim-

ilar argument for G, using (22) instead of (21) leads to |G, ||? < 1+ ((1/v2) +9)2||G, ||%,
and hence

1 * * 2 *
Vi (Fp(e™))l < 4V, X)[Fp(e¥)] < [Fp(e™)l

1 1
IGpll < <2

Jio o i- (V2 + (17100
For z1,z9 € U and p; := z; + g(z¢), i = 1,2, let x1,x2 € V be those unique points
with p; = x4 + f(x;) for i = 1,2. With T, X = (Id + Df(x;))(V) = (Id + Dg(z;))(U), and
Df(x;)(V) € V+, Dg(zi)(U) c UL for i = 1,2, one obtains forve Vand u e U
v+ Df(xi)v, u+Dg(zi)Jue T, L for i=1,2,
which implies v + Df(xi)v = Fp, (v) and u+ Dg(z;)u = Gy, (u) for i = 1,2. Thus, it suffices
to estimate

[Dg(z1) = Dg(z2)|| = sup [(Gp, —Gp,)(e]l.
ecuns

For any given unit vector e € U NS, we set

de =Fpe—Fpe€ V-, be=Gpe—GpeclUt, ce=Fye—GpecT,I,

and @e = Fp,(Gp,e) — Fp,(Gp,e) = Gp,e —Fp,(Gp,e) € V-,

Since Fp,e € e + V4, we have e + V- = F, e + V!, which means that Fp,,(Fp,e) = Fp,e.
In consequence we may write
(23) |de| < |(FP1 - sz)(Gple - FP1e)| + |FD1(FP16) - sz(FP1e)|
< HFPI - FP2H|CG| + |(Fp1 - FP2)6| '
Recall that (U, V1) < 9 by assumption, and by (22) for p :=p; € I that
1 3
ut, T, =t U,T,,2) < d< =,
a/:( P1 ) 4( P1 ) \/ﬁ + < 4
so that we can apply Proposition 2.4 to the subspaces X := V+, Y := UL, Z := Tp,Z, and
to the points x :=F,, (e) —e € VLt andz:=c. € Tp,Z (hence z — x = —(Gp,(e) —e) € u-+)
to arrive at
(24) cel < 40IFp, (e) — el < 4D(||Fp, || + lel) < 129.
Combining (24) and (23) we get
|Gel < ||Fp, — Fp,|l(14129).
Observe that d. — be = Gp,(e) — Fp,(Gyp,(e)) € Tp,Z. Applying Proposition 2.4 to z :=
be —de € Tp,Z = Z,x :=Dbe € Ut = X (withz—x = —@. € V- =Y, so that 4(X,Y) =
JULHVE) <9 =0, and (Y,Z1) = H(V,Tp,Z) < 1/V2 = A < 3/4 by (21)) yields

|be — @e| < 49|bel, and in consequence, |Gy, (e) — Gp,(€e)] = |bel < [be — Ael| + [de| <
4ﬂ|be| =+ |de" i'e"

1—0—121‘) ”FP
1

Ibe| < ﬁ|de| Fp l-
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sz(Gpl(e))

Ficure 2. A unit vector e € UNS and its corresponding a., b, c. and a..

Since e € UNS™ ! was arbitrary, we conclude

(25) IDg(z1) — Dglz2)ll < =G IFp, — Fpo | = FEFIDF(x1) — Df(x2)|l.
At this point we know already that 2'_ = graph(f) = graph( ) and that

1+ 29
(26) Lip(g) < 55"

Exchanging U with V and f with g, and using (26) (instead of Lip(f) < 1) in the derivation
of (19) one shows

(27) (xg —x1) — (22 — z1)] <O (1 + H29) |zg — 21| < 39zg — z4],

whenever x; = Vy(pi), zi = Uy(pi) and py = zi +9g(zi) € Tfori = 1,2. Set s = ﬁr.
Ifvelx=VM+gh),z € UNB(v,s) and x; = Vy(z; + g(zi)) for i = 1,2, then
Ixi — x| < (14 33)|zy —v| < (1 + 38)s = r by (27). Hence, employing (25), (27), and our
assumption on the oscillation of Df on V N B(v, 1) one obtains

25)
IDg(z1) — Dglzo)|| < LH22||Df(x1) — Df(xa)||

@7
< 1+12‘9L|x Cxgl® (1+121<>)418+3a Lz

—z9%,
for all z1,2z9 € UNB(v ,1+3{, T). O

Proof of Theorem 3. Applying Blaschke’s selection theorem (cf. [34]) to the sequence (X;);
contained in the class %}{%(R, L, d) we obtain a subsequence (still denoted by (X;);) that
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converges in the Hausdorff metric to a compact set £, C B(0,d) Cc R™. Up to possibly
choosing another subsequence we can assume that dgsc(Z9,Zj;1) < %dg{(zo, ;) for each
j € N~{0}. Then, by induction,

dsc(Zo, Zj1k) < 27 %dge(Zo, 5j)
and in consequence, by the triangle inequality,
(28) dac(Z5, Z5x) = (1—27%)dgc(Zo, )

for j, k € N~{0}.
We will prove in the first step that £y € ‘5111‘}‘1( R,L, d), that is, L, satisfies Definition 1,

and then in the second step that the sequence (Z;);cn converges to Ly in (5#1‘}‘“ i.e., con-
verges in the sense of Definition 2. Note that condition (i) of Definition 1 for £, and con-
dition (i) of Definition 2 for (;);jcy are automatically satisfied.

Step 1: X, € %ﬁ{f}‘l(R, L,d). The convergence of the Z; in the Hausdorff metric implies
that there is an index jy, € N such that

(29) doc(T5,£1) < min {2710R2, L2/ 1] v, 1> o.

Fix a point in the limit set xy € Zy. Choose points x; € Z; which realise the distance from
Xg, i.€.

(30) Ixo — x| = dist(xp, L;) < dgc(Zo,Z;) forjeN.

Then x; — xp as j — oo and

(30)
1) IXj — X5kl < x5 — %ol + xo — Xj k] < 2dgc(Zo, Z5)

(28)
< 4dg{(£j,z)'+k) for all j,k = 1.

Recalling (29), we may apply Lemma 3.1 with A := 4 to deduce, for the above x; € Z; and
x1 € Ly with j,1 > jg, the angle estimate

(32) ATy, 5, Txy L) < Cang(L, 4)dse (T, 51)%/2.

Consequently, (Ty; Z;); is a Cauchy sequence in G(n, m) that converges tosome T € G(n, m),
ie.,

(33) 9 = HTx,Z;,T) = 0 as j — co.

Recall that by Definition 1 we find for each j € N a function f; € C 1""(ij L, Ty Z).L) with
f;(0) = 0, Df;(0) = 0, such that
(34) I; NB(xj,R) = (x; + graph(f;)) N B(x;, R),

with the uniform estimates Lip(f;) < 1 and ||Dfj(x) — Dfj(y)|| < Lix —y|* for all x,y €
Ty, Z;. We can assume by (32) that 9; € (0,1/100) for all j > jo, so that Lemma 3.2 applied
to the radius r = oo leads to functions g; € CL*(T, T+) such that graph(f;) = graph(g;),
g;(0) = 0 and

(35) IDg; (&) —Dgjm)|| < Lilg —=n[* forall £,n € T andj > jo,
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where L := L, (L, 9j,x) — L as j — co. Moreover,
1+ 29; 92
2% .1 onT, and IDg;(0)]* < —
193

o) <
(36) Lip(gj) < 1—29,

—0 asj— oo.

In addition, (34) translates into

37 Z; NB(xj,R) = (x; + graph(g;)) NB(x;,R)  for all j > jo.

Because of the uniform estimates (35) and (36) we can repeatedly apply Arzela-Ascoli’s
theorem to successively choose subsequences (ji;1)i+1 C (ji)i for i € N, such that g;,
converges in C! to a function G; € CH*(TNB(0,1), T+) with G;(0) = 0, such that

(38) [DGi(&) —DGi(m)|| < LI&E —n|*  for all £,n € TNB(0,1),

and with

(39) Lip(Gi) <1 onTnNDB(0,i) and DG;(0) = 0.

In addition, one has Gi+1lﬁ(0’i) = G;i for all i € N. Then the diagonal sequence 9j;

L (T, T1) to some limit function G € CL%(T,T+) satisfying G(0) = 0,
DG(0) =0, Lip(G) < 1 on T, and the estimate

converges in Cl

(40) IDG(E) —DGM)|| < LIE—n|* forall {,neT.
Applying (37) to the diagonal sequence (gj,);; C (g;); combined with (30) one finds
(41) Yo N B(xg, R) = (xo + graph(G)) N B(xg, R),

which concludes Step 1 since X is represented near the arbitrarily chosen point xg € X
as a graph of the C1* function G : T — T satisfying all the requirements in Definition 1
observing, in addition, that since x — x + G(x) parameterises X~y locally near x, one has
Tx, 2o = (Id+DG(0))(T) =T since DG(0) = 0, which a posteriori shows that the m-plane
T does not depend on the sequence x; — xo.

Step 2: L; converges in %Tlnofl to Ly. It suffices to check condition (iii) of Definition 2.
Let jo € N, jo > 200 be such that

(42) dyc(Z;,%o) < min {2—10R2, L%/% 28R (277 Cong(L,4) 1)/, 2—8} forj > js.

Fix x € Ly and set T = T,Z,. As before for each j € N find x; € ; such that [x — x;| =
dist(x, L) < dgc(Zo, Z;) and let fj : Ty, &5 — Ty, )ZjL and fy := fy : T — T+ be the functions
whose existence is guaranteed by condition (ii) of Definition 1. According to Lemma 3.1
(generously for A = 4), we get by (42)

42) . .
(43) HTeZo, T; Lj) < Cang(L,4)dsc(Z0,Z;)2 < 277 < 1k forj > ja.

An application of Lemma 3.2 yields now functions g; € C Lo (T, T+) such that graph(g;) =
graph(f;) and Lip(g;) < % < 2 for each j > jg, or j = 0 where go = fo. Set hj(n) =
gi(m—Ty(x; —x)) +TuL(xj —x) forn € Tand j > jo, and for j = 0 we have hy = gy = fo, so
that x; + graph(g;) = x + graph(h;) and consequently, recalling (42),

(44) I NB(x, (1— 278R) = (x + graph(h;)) NB(x, (1 — 278)R) forj >jgorj=0.

Set p := min{%R, %(2*7/1_)1/“} and note that

(45) {x+n+hjm):n e TNBO0,3p)} C L forj>jsorj=0,
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because Lip(g;) = Lip(h;) < 2. Letn € TNB(0,2p),j € N,j > jo and set p := x+n+ho(n) €
o and q := x +1+ hj(n) € ;. There exists z € L; with |z —p| < dg¢(Zo, Zj). By (42) we
have ds¢(Zo,Z;) < p, and if we write z = x + & + h;(&), thenn — & = Ty(p —x) — Ty(z — x)
so that m — &| < |z —p| < dgc(Zo, &), and therefore £ € TN B(0, 3p). Since Lip(h;) < 2 we
obtain

(46) hom) —hjm)l=lp —ql<Ip—zl+]z—d
<dye(Zo, L) + M — &l +Thy(m) —hy(E)] < 4dgc(Zo, Z5) .

We already know that X, € %%{%(R, L, d) so employing Lemma 3.1 for A = 4, we get
47 HTpZo, TqZ;) < CanglL,4)dac(Zo, L;)*/2  forj >jg orj = 0.

Apply [2, 8.9(5)] with 11 := Dhj(n), ng := Dho(n), S1 := TqLj, Sg := T, X9, and S := T to
obtain, recalling (43) and Lip(hg) = Lip(fp) < 1,

HTqZ;, TpLo)?
1-— <I(Tq %, T)2

(48) [[Dhy(n) — Dho(n)|® < (1+ IDRo(m|?)

< 2
1—-4(Tq%;,T)

5 Cang(L, 4)%dg¢ (55, Z9) .

To analyze the term in the denominator we estimate using (47) and (42)

“nE) _
Mgy, T) < H(TqZj, TpZo) + HTpZo, T) < 277 + (T X, T).

For the last summand we again use [2, 8.9(5)], this time for S := T, n; := Dhy(n), S1 :=
TpoZo = (Id +11)(T), n2 := 0, and Sy := (Id +12)(T) = T, to deduce by virtue of Dhy(0) =
Df(0) = 0 the angle estimate

)

(42
(TpZo, T) < [Dho(m)|| < Lin|™ < 277

by our choice of p. Therefore we can insert the resulting estimate (T4Z%;, T)2 <2712 into
(48) to obtain

(49) IDh; (1) — Dho()]|2 < 3Cang(L,4)2dgc(Z;, Zg) .

Sincen € TN B(0,2p) and j > j, were chosen arbitrarily, the estimates (46) and (49)
hold for any n € TN B(0,2p) and j > jo. Fix a smooth cutoff function ¢ : T — R such
that ¢(n) = 1 forn € TNB(0,p) and @(n) = 0 forn € T~B(0,2p). For j > jy define f, ; €
CLo(T,TH) by fxjMm) :==hjMm)eMm) forn € TNB(0,2p) and f ;(n) = 0 forn € T~B(0, 2p).
Estimates (46) and (49) show that the sequence (f, j)jen converges in CHT,T+) to the
function hg. Since the limit function hy € C1%, it follows that (fx,j)jen actually converges
in CL® for any «’ € (0, ). Moreover, by (44) and (45) one sees that

L NB(x, p) = (x + graph(fy;)) N B(x,p) forj > js orj=0.

Therefore, (Z;);cn satisfies condition (iii) of Definition 2 and the proof is complete. O
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4. ISOTOPIES, TUBULAR NEIGHBOURHOODS AND DIFFEOMORPHISMS

To prove Theorem 4 we proceed as in [22, Chapter 4, Section 5].
We assign to each V € G(n,n—m) an orthogonal projection V;, € Hom(R™, R™) onto V.
By [17, 3.1.19(2)] the set

G ={P € Hom(R™,R™):PoP =P, P* =P, traceP =n —m}

is a C*°-submanifold of R“Z, and the mapping V — V; is a C*-diffeomorphism and an
isometry.

Definition 4.1. Let £ C R™ be an m-dimensional C!-submanifold of R™ and ¢ > 0. A
map @ : £ — G is called an e-normal map for L if ® is Cl-smooth, Lip(®) < oo and if

[O(x) — (W) || <e VxeEL.

Lemma 4.2 (nearly normal spaces of class C!). Let I,R,d > 0, x € (0,1], and I €
%&{%(R, L,d). Then there exists a constant C = C(L,R,,m,n) > 1 such that for each
¢ € (0,1] thereis an e-normal map ®¢[L] : £ — § for ~ satisfying, in addition, Lip(D¢[X]) <
Ce l/x,

Remark. A similar statement for smooth manifolds (including the C!-case) can be found
in [45, Thm. 10A, p.121], but for the convenience of the reader, and to emphasise how the
constants depend quantitatively on the the parameters determining the class %}ﬁl (R,L,d)
we provide the full argument here. We are going to construct ®¢[X] simply by mollifying
the map x — (TxX),. Note that since Z is embedded we do not need to use the center of
mass tool known from Riemannian geometry, which was used in [8].

Proof. For @ : ¥ — G given by ®¢(x) := (TXZL)u for x € X, we first prove a simple Holder
estimate as follows. For x,y € £ we find

2x —yl*
min{R%, (Lv2)~1}

if [x —y[* > min{R¥, (Lv2)~1}. If not, then y € B(x,R) so that we can use the local graph
representation

(50) [@o(x) — Do(y)|| = [[(TxZ)y — (TyD)i || <

>~ NB(x,R) = (x + graph(f)) N B(x, R)

to express the point y as y = x + & + f(&) for some & € T, X and the function f := fy €
CLY(T X, T, Z1) with f(0) = 0, Df(0) = 0, Lip(f) < 1, and the Holder estimate on Df as in
Definition 1. In other words, the mapping F(¢) := x + & + f(&) for & € T, Z parameterises
I over the tangent plane T, X locally near x, so that its differential DF(&) : T,Z — TyZ can
be used to estimate for an orthonormal basis {e1,...,em} of T, X

dist(e;, TyZ) < [e; — DF(&)ei| = ey — (Id + Df(&))e;
< IDF(E) — DF(O)[| S LIEI™ < L{(x + &+ f(&)) —x[* =Ly —x[* Vi=1,...,m,
where we also used that f(&) L & by definition of f. Since |y — x|* < min{R%, (Lv2)~ 1} <

(Lv/2)~1 in the present case, we can apply a quantitative linear algebra estimate [25,
Prop. 2.5] to find a constant C = C(m) such that

[@o(x) = @o(y)| = H(TxE, TyX) < C(m)LIx —yl*.
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Combining both cases leads to the desired Holder estimate for @, with Holder constant

Co = Cp(L,R, ¢, m) := max {min{(l_\/zﬁ)—l RS’ C(m)L}.

Notice that the constant Cy does not depend on R or « if R* > (Lv/2)~ L.
Choosing an orthonormal coordinate system in R™ we can represent @ as an (n x n)-

matrix of functions (d)(i)j ){‘jzl and extend each CD(i)j to all of R™ by setting
@Y (x) = inf{®y (z) + Colz — x|*}
z€X

preserving the same Holder exponent o« and Holder constant Cy for each i,j = 1,...,n
(cf. for _t_he proof of [15, Theorem 1, p.80] which carries over to all « € (0,1]). The ma-
trix (@ )1'j—; represents the Holder continuous mapping @; : R™ — Hom(R™,R™) with
®¢|y = ®j and the estimate

(61) [@1(x) = D1(y)]| < Calx —y[* Vvx,y eR™,

where C; = C¢(L,R, ¢, m,n) :=nCy(L, R, x,m). Now let ¢ € CF(B(0, 1)) with ¢(x) = 1 for
all x € B(0,1/2)), 0 < ¢(x) < 1 and [Vd(x)| < 4 for all x € B(0,1), and [. d(x) dx = 1,
and consider for r > 0 the usual scaling ¢,(x) := r "d(x/r) to define the convolution
Oy, : R™ — Hom(R™,R™) as

D3 (X) = by # @1(x) = | prlx—2)01(2) dz.

n

Since
|@1(2)|| < ||P1(%)]] + Cilx —2|* = [|@o(x)|| + C1lx — 2| < 1+ Cyv* < 14+ 2C4
forall x € &,z € B(x,r), r € (0,2], we find
(52) |@1()]| <14+2C; on Z+B(0,2),
where the constant on the right-hand side depends on L, R, «, m, and n. Therefore, we can

estimate for x,y € £ +B(0,1),e € S™ 1, r € (0,1),

63 0g (0l =| | drlx—z)0s(ziedz| < |

B(x,r

) |®@1(2)[|dr(x —2) dz < 1+ 2Cy,

because dist(z,X) < |z—x|+ 1 < 2 for all z € B(x, r), whence

54) o () — @ [y)] < 2(1+2Cy) < 2(1 + 207 XY

for all x,y € Z+B(0, 1) with [x —y| > r, v € (0,1). On the other hand, for x,y € B(0,1) + X
with [x —y| < r and for e € S*~! one estimates
1

(@200~ Oa,u))e = ||

. VOy ., (tx + (1 —1t)y) - (x —y)e dt‘

1 (! et (1t )y
(55) < rn+1H |V (BEEV=2) @, (2) | dzdtlx — yl.
0 JB(tx+(1—t)y),r)

Since dist(tx + (1 —t)y, L) < dist(x,X) + (1 —t)[x —y|forall t € [1/2, 1] and dist(tx + (1 —
t)y, L) < dist(y, Z) +tlx—yl|for all t € [0, 1/2] we find dist(tx+ (1 —t)y,X) < 1+71/2 for all
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t € 0,1]; hence dist(z,X) < 1+ 3r/2 < 2 for all z € B(tx + (1 — t)y,r), r € (0,2/3), which

implies ||®@1(z)|| < 1+ 2C; for such z by virtue of (52), which inserted in (55) gives

@, (x) — a1 (y)| < 4(1+2C1) e — y| < 24(1 + 201 =Y

(56) T T

)Ix—yl
T

= Co(L,R,t, m,n

for all x,y € X +B(0,1) and r € (0,2/3). (We have used that the volume w,, of the n-
dimensional unit ball is at most 6 foralln =1,2,...)
Furthermore, for x € Z,

Do) 2,00 = || (@000~ 02(2)rix D dz= | (@200~ D)ol —2) d
since @]y = @y, so that by (51)

(B7) || Do(x) — Do (x)]| < C1J X —z|%br(x —2) dz < Ci1* < Cor® Vx e X, 1> 0.
B(x,r)

Since G is a C*-submanifold of Hom(R™, R™) ~ an, it has positive reach rg = rg(m,n) >
0 in the sense of Federer [16, Definition 4.1] such that the nearest point projection Pg :
G+ B(0,rg) — G is C*-smooth; see, e.g., [18, Lemma, p. 1531%. In addition, for any 6 €
(0,7g/2] it follows from [16, Theorem 4.8(8)] that Pg has Lipschitz constant Lip(Pg) < 2
on G+ B(0,6).

According to (57) the map @3, := Pg o @y ,|x maps L into G if Cor™ < v5/2. Now choose
for a given ¢ € (0, 1] first

(58) do = 8o(L, R, &, m,n) := min{rg, (2/3)*Cq, 1},

and then 7, := (89/(2C3))/*el/* € (0,2/83). Then ®¢[£] := 3, : L — G as a composition
of Cl-maps is also of class C!, and according to (56) with Lipschitz constant

(59)  Lip(®°[Z]) < Lip(Pg)Ca/re < (2C2)1 (/¥ (§0e) 71/ = C(L, R, o, m,n)e 1/
Finally, ®¢[X] is an ¢-normal map for L, since by (57)

. (57)
Q1) (T L) || = [Pgo@g,r, (x)—Pgo®@q(x)[| < Lip(Pg)||@g,r, (x)—Po(x)[| < 2Cor <.

0

Remark 4.3. An inspection of the proof yields Co < C(m)L+2R™* < ¢(m,n,L,p)(L+ 1),
ax =1—1po(&)/p, whenever R,L are given by (10) for an energy threshold E > £(X) for
a particular energy & € {€},7,,TS}. This gives Cy < c(m,n,1,p)(EYP + 1). Assuming
w.l.o.g.that Cy > %, we obtain 8y in (58) unrelated to Co, and finally, for a fixed ¢ € (0, 1—(1)0)
and o = a(p) =1 —po(E)/p,

Lip(®¢[2]) < c¢(m,n,1,p)(EVP + 1)1“1/“)651/“, where 8y = min{rg, 1}.
3Formally, Foote [18, Lemma, p. 153] mentions only a neighbourhood of the manifold M. However, this

neighbourhood is defined via an application of the inverse function theorem, which — in light of Federer [16,
Theorem 4.8(13)] — is possible on the whole § + B(0,rg).
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Definition 4.4. Let R,[,d > 0, and « € (0,1], £ € %Tlr{f}‘l(R, L,d), and for some ¢ €
(0,1/100) let @ : £ — G be an e-normal map for ~. For 6 > 0 define the d-normal neigh-
bourhood
Ns(Z, D) :={(x,v) e ZxR": D(x)v =, |v| < 8}
and the map W;[Z,®]: Ns(Z, D) — R™, YslZ, Dl(x,v) :=x+V.

Lemma 4.5 (tubular neighbourhoods for C»* manifolds). Assume R,L,d > 0, x €
(0,1], and let * € CK&{%(R, L,d), and for ¢ € (0,1/100) let ® : ¥ — G be an e¢-normal
map for L. Then there is a constant diyp = dtub(R,L, o, &, Lip(®)) > 0 such that for all
b€ (O’ 6tub]
(i) V¥ =VYs[Z, @] is a Cl-embedding,
(i) (1/4)I(x —y,u—v)| < [¥(x,u) — ¥(y,v)| < V2|(x —y,u—v)| for all (x,u),(y,v) €
Ns(Z, @),
(iii) dist(¥(x,v),L) > 1| for all (x,v) € N5(L, D), v # 0,
(iv) Z+B(0,56/2) C Ys[Z, D](Ns(Z, D)).

Proof. For any 6 > 0 the mapping ¥ = W5 [X, @] is the restriction of the smooth function
R™ xR" 3 (x,v) = x+veR"
to the Cl-submanifold

N:=Ns(Z,®)) = | J [x} x (ker (@(x) —1d) NB(0,5))];
XEX

hence V is of class C!. To show that V¥ is an embedding it suffices to prove that it is
bilipschitz, i.e., that (ii) holds, for sufficiently small 6. For any (x,u), (y,v) € N one has

(60) Yix, 1) = ¥(y,v) =[x —y) + (u—v)| < V2I(x —y,u—v)I,
and therefore it is enough to prove the estimate from below in (ii). Set

) R 1/e\l/ex €
(61) ‘Stub = mln{4,4(L> ’41111)((1))’1} .

Assume 0 < & < dtup. For (x,u), (y,v) € N define the subspaces U := im ®(x) and
V :=im ®(y) and observe that if [x — y| > 46 then, on the one hand,

Wix,w) =Y(y,v)| = x —yl—[u — v =[x =yl — 25 > [x —yl/2,
and, on the other hand,
(x—y,u—v)| <Ix—yl+h—v < x—yl+26 < 3x —yl,
so that
1
(62) Wix,u) —¥(y,v)| > gl(x—y,u—VJl.
Thus we have to treat the case [x —y| < 45. Since X € %ﬁ{f’;(R, L,d) and [x —y| < 40 <R,
we can use the local graph representation

X NB(x,R) = (x + graph(fy)) N B(x,R)



24 SEAWOMIR KOLASINSKI, PAWEL STRZELECKI, AND HEIKO VON DER MOSEL

for a function f := f, € CL*(T, Z, T, Z1) satisfying f(0) = 0, Df(0) = 0, Lip(f) < 1, and
the Holder estimate for Df as in Definition 1, to find for y = x +n + f(n) € x + graph(f),
n € TyZ, by means of (14)
(14)
dist(y,x + TxZ) = [f(n)] < Lin/""* < L —y"* < L(48)%x —y|,

so that we obtain by our choice of 64, in (61)

(63) Tz )y ly — )| = distly, x + TZ) < elx —yl.

Using this estimate together with the fact that @ is an e-normal map for X we can write
Uy (x—y)l > [(TD)s(x—y)l— Uz — (TeZ)gllIx — vl

(64) > (1—e)lx—yl—[|®(x) — (D) Ix—yl = (1 —2¢)x —yl,

which implies by means of [U, (x—y)l2 = Ix—yl2 — quL (x—y)l2 the inequality [U, (x—y)l2 <
(1—(1—2¢)%)x —yl?; hence,

(65) Us(x —y)l < 2v/elx —y.

Recall our choice of 6ty in (61) to estimate for u = @ (x)u € UNB(0,8) and v = O(y)v €
VNB(0,d)

(61)
(66) [Uy (u—v)| = [Uyv] = [(Ug — Vy)vl < WI[[@(x) — D(y)]| < SLip(®)x —y| < elx —yl,
so that

(67) Uy (u—v)| =|Id — U ) (w—v)| > lu—v|—elx —yl.
Combining (64), (65), (66), (67) with the triangle inequality, we arrive at
Wixu) —Y(y,v) = (U +U)((x—y)+ (u—v))]
> IUh (x —y) + Ug(u—v)| — Uy (x —y)| — Uz (u—v)|
(65),(66)
p ( (x =)+ Uy =v)[) = (2VE +e)x —y
(67),(64)
> (5(1—36) —2e— 6)\X—y| + \/lﬁlu—VI
1
(68) z  glx—yu—vl,

since ¢ € (0,1/100). So, part (ii) of Lemma 4.5 follows from (60), (62), and (68), which —
as observed above — implies part (i) as well.

We now turn to the proof of part (iii). For (x,v) € Ng(X, ®) with v # 0, denote u :=
(TXZ)hLv and note that by definition of N and the fact that ®@ is an ¢-normal map for £,

(69) u—vl=|(TxZ)g — @(x))v| < [(TkE)g — @IVl < vl

(61)
Since X~ ¢ %&{%(R, L,d), we find for any y € £ with [y — x| < 48¢yp < R asin (63)
(70) dist(y,x + TwL) < Ly —x[""* < efy —x/.
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On the other hand, ify € B(x +u, %Ivl), then
(71) [y = < ly — (x + W)l + [ul < 3vl+ [(TZ); V] < 30,
and by (69)

(72)  dist(y,x + ToZ) = [(TeZ); [y —x)| > [(D);u| — [ (k)5 (y — (x + )|

— = (D) ly— (x| 2 ol — = vl — ly — (x + 1) > (5 — ).

Combining (70), (71) and (72) would yield for y € £ N B(x + u, [v|) N B(x, 451y.p)

) @ _ , (70) a
(5 — &)V < NIy (y—x) =dist(y,x + T,Z) < ely—x| < Selv|

contradicting ¢ € (0,1/100) because |v| # 0. Since B(x + u, %Ivl) C B(x,40¢up) because
lul < [v| < 8 < 8¢ub, this can only mean that B(x +u, 1|v|) N £ = @, which implies by (69)
_ . ) 69) )
dist(¥(x,v), ) > dist(x +u,Z) —[u—v| = g —[u—v| > (5 —¢)lv| > z.

Finally we prove part (iv). For x € £ € %&{%(R, L,d) there exists a function f = f, €
CL(T, L, T, L+) with f(0) = 0, Df(0) = 0, Lip(f) < 1, and the Hélder condition for Df in
Definition 1, such that by (61)

B(x,40iup) N X = (x + graph(f)) N B(x, 46up ).
For any & € T, X NB(0,46¢.p) one can use (14) and (61) to estimate

(14) 1o o
(73) IF(E)] < LIEF™™ < L(48up) *[E] < efE].
Again by (61) in combination with Definition 4.1 we have for { € B(x,46tup) N Z
(714)  ||@(Q) — (sz)jn < @) — ()| + || P(x) — (sz)jn < Lip(®)48¢yp + € < 2¢.
For fixed & € (0, 5+yp) consider the Cl-functions
V:B(0,8) > £ givenby Wb(w):=x+ (TuZ)yw + f((TeL)yw),
F:B(0,8) = N5(L, @) definedby F(z) := (¥(2), D(w(2))(TL); 2) ,
and G = (¥s[Z,0]oF) —x:B(0,5) - R™.

Employing (73) and (74) we obtain for z € B(0, §)

IG(z) —z| W(z) + @(P(2) (T L)z —x — (T L)yz — (T L)y 2

< (@) = (D)sz— x| + [0 (2) (T L)y z — (T L); 2

< F((TeD)z) |+ [ @(W(2) — (T D)y 11T E)g 2l
73),(
<

),(74)
el (TuZ)pzl + 2|(Tu L)7 2l < 2v/2elz] < 2v/2e8,

so that we can apply Proposition 2.5 to get
B(0,5/2) C B(0, (1 —2v2¢)8) C G(B(0,5)) = ¥s[Z, DI(F(B(0,5))) — x;
hence
x +B(0,5/2) C Y5[Z, ®I(F(B(0,0))) C Ws[Z, D](Ns(Z, D)).
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O

Proposition 4.6. Let 6 € [0,1], A,y € [0,1) and k € {1,...,n — 1} and suppose that
W, T € G(n, k) and W,V € G(n,n — k) satisfy I(W,T) <0, T, UL) <A HT,VE) <A
and <(U, V) < v. Given any vectorsw e W, t c T,u € Uand v € V such thatu+t =w-+v
the following holds:

(75) (lal = Z5wl) (1 - 25) < vl < (lal+ Ziwl) (1+ 25)

(76) and [u—v| < 5 (lul+ 15 wl) + 2wl

Ficure 3. The situation in Proposition 4.6: the vectors u — w and v — t are equal.

Proof. Let P : R™ — U be the oblique projection onto U with kerP = T and set u =
P(u—w) € U, so that

wt+(a—u)=w+ (Plu—w)—u)=w—Pw+Pu—u=w—-PweckerP=T.

Thus we can apply Proposition 24 toz:=u—-—ua € U= Zand x:=w € W = X (with
Y := T implying 4(X,Y) <0, (Y, Z+) <A, and z — x € Y) to obtain [ — u| < 0lw]|/(1 —A)
which directly leads to

0 0
—— < —a— <u < u— < — .
(77) [l — 7wl <ul— @ —ul <fuf < ol + o —uf < fuf + 7wl

Applying Proposition 2.4 now to x := @ € U =: X and to
z=u—-v=Pu—-w)-v=u—-Vv—-Pw=w—t—PweT =17

(sothatz—x =—v e V=Y, and hence 4(X,Y) = J(U,V) <yand (Y, Z+) =4V, T+) =
VL, T) < M) to arrive at [ — v| < yhal/(1 —A), and in consequence

[al(1 - %) <lal—a—-vi < <@+ v—a < @i+ 25).
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This together with (77) gives the first part of the proposition. To get the second we use
(77) to write

_ _ 0 v a7 e v 0
—vl<la—v[+a—ul < Kliwl+ bl < Hiwl+ 5 (lal+ 2Zlwl). O

Definition 4.7. For t € R we define the continuous map
me:R" xR - R™ x R™,  my(x,v) = (x,tv).

Lemma 4.8 (bilipschitz diffeomorphisms). ForR,L,d € (0,00), o € (0,1], ¢ € (0,1072)
let¥Xq1,29 € %&{%(R, L,d) with p := dgc(Z1,X2) < dtup/8, and with e-normal map ©1 : X1 —
G for X1, where di,p = dtup(R, L, &, ¢, Lip(®D1)) is the radius of the tubular neighbourhood
of L1 established in Lemma 4.5. Set V¥ := Vs,  [X1, 1] and define

F:Zg - R"™ by F:=W¥Yom,y O‘l’_1|22,
G:X9g—R"™ by G:=F-1Id.
Then L1 C im(F), and there exist C; = C(L, Lip(®1)) > 1 and pg = pg(R, L, &, ¢, Lip(Dq))
€ (0, dtub/8] such that for all p = dg¢(Z1,Z2) € (0, pg)

(i) Lip(G) < Cip*/?,
(ii) |G(x)| < 4dist(x, L) for all x € Lo,
(iii) Fis a bilipschitz diffeomorphism onto its image X1 satisfying

(1= Cip™?)x —yl < [F(x) = Fy)l < (1+ C1p*"?)x —y| ¥x,y € L.

2

Ficure 4. The definition of F: £, — X;. Thin nearly vertical lines represent ¢-normal
spaces to ;. We have x = ¥(a,v), so that ‘i’fllg2 (x) = (a,v) € R?". Next, my(a,v) = (a,0),
and ¥Y(a,0) = a + 0 = a. This yields F(x) = a.

Proof. Notice that ¥~ is well-defined on a neighbourhood of Ly by virtue of Lemma
4.5 (iv), since dx(X1,%9) < dtup/8, so that for x € Xy we find a unique pair (&,v) €
N5, (21, P1) such that x = £ +v =VY(E,v).
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By definition of the map F it is clear that im(F) C £, however, the converse X; C im(F)
is not so obvious. To establish that we use a topological argument by means of the degree
mod 2 as follows. For the l-plane P € G(n, 1) denote the 1 — 1-dimensional sphere

SYYE,r,P) =8+ {veP =1} for{eR", >0,
and observe that for £ € X1, v € (0, d(up),
STTMT(E, 1,im (D4 (8))) = Y(E, im(D4(E))) N 3B(O, 1),

so that by virtue of Lemma 4.5 (iii) S* ™ (&, r,im(®(£))) N Z; = ¢ and, in addition,
Stm=1(g r,im(®1(£))) and Z; are nontrivially linked for all r € (0, 8¢.1), that is, the
map

w—z

e sl
w — z|

T3 x SMMTHE, T, im(@4(E))) 3 (w, 2) =

has non-vanishing degree mod 2, for each £ € ¥; and r € (0, 6¢,p), Since X1 is a com-
pact m-dimensional C!-submanifold without boundary. Since d¢(X1, Z39) < Stup/8 also
Yo and ST (&, v, im(D;(&))) are non-trivially linked for each & € X; and for all r €
(8tub/2, dtub), because dgc(Z1,Z9) < dgc(Z1, ST ™ L(E, r,im(D1(&)))), again by virtue of
Lemma 4.5 (iii). Therefore, each n — m-dimensional disk

(78) D™, 1, im(D(&))) i= EH{v € im(@1(E)) : v < 7} = im (Y(E, im (D (E))NB(O, 1))

for {, € 1 and r € (8tub/2, dtup) contains at least one point of Zy; see [25, Lemma 3.5].
Take for fixed & € £; and r = 36¢,p/4 one of those points

z€ ZyND™ ™(E,301up/4,im(D(E))),
and use (78) to express zas z = & +v = Y(§,v) for some v € im(D(§)) with |v| < 36¢yp/4
to find
F(z) =Wompo¥ 1(z) =Womg(&,v) =V(E,0) =&,
which establishes ¥; C im(F).

Remark. One can also prove that £; C im F later, right after proving that F is bilipschitz
(i.e. after proving that G is Lipschitz): once this is established, F is a C1* diffeomorphism
onto its image. Thus, the image of F is a submanifold of R™ — actually it is a submanifold
of £, of the same dimension as ¥;. Hence, it is open in X;, which can be seen using a
local graph representation; it is also closed in £; as a continuous image of a compact set.
Therefore, X1 ~im F is a connected component of £;; assuming £; ~im F is not empty and
using the definition of %}{f}&(R, L,d) one sees that X; ~imF is at least R away from im F
which contradicts the assumption dq¢(Z1,X3) < dtup-

Proofof (i): If p = d4c(Z1,Z3) = 0then £; = X5 and F = Id, and there is nothing to prove.
Assume p > 0 from now on. Let x,y € Ls and set
a:=Fx), b:=Fy), X=®(a), Y=0b).
Observe that, by Lemma 4.5(iii), [x — a| < 4dist(¥Y(a,x—a),X;) <4pfor¥Y(a,x—a) =x €
X1, and in the same way, [y — b| < 4p, so that we infer immediately
IG(x) = Gyl < la—x|+[b —yl

™ < 8p < 8y/plx—yl for all x,y € Ly with [x —y| > \/p.
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Assume now that x,y € Iy satisfy [x —yl < /p. Note that by Lemma 4.5(ii)
(80) Lip(F) < Lip(¥) Lip(mo) Lip(¥ 1) < 4V2;
hence, |a—b|=[F(x)— F(y)| < 4f|x—g| <4/2p.
Set
00 := min {2*36mb , (2L)" ¥/« 976R2 g-12/ec, (1 ,4)" ¥ 270 Lip(®1)’2} :

As b6iup < 1, cf. (61) in the proof of Lemma 4.5, we have py < 1. If we require

(81) dgc(Z1,Z2) = p < po,
then, as |a — x| < 4p, we can use Lemma 3.1 with A := 4 to write
(82) H(TaZ1, TxZ2) < Cang(L,4)p%/?.
Moreover, by (80) and the choice of py above,
3) F(X,Y) = [|®1(a) — @1(b)|| < Lip(®q)la — bl
< 4V2 Lip(®q)x — y| < 4\ﬁL1p %

Thus, by (83), (82), and our choice of pg
(84) AV, TZo) < HYHXH) 4+ X, TaZy) + H(TaZy, TuZs)

(83)
< 4v/2pLip(®1) + [ @1(a) — (TaZ1)5 || + A(TaZy, T Z2)

(82)
< 4v/2pLip(®1) + ¢ + Cang(L,4)p™/2 < 1.

Similarly,

(83)
®5) (YN, TaZi) < HYH XD+ XN TaZr) < 4y/20Lip(01) +e < 3.
These angle conditions imply by Lemma 2.2 that YN ToZ; = YN Ty Iy = {0}, Therefore,
there exist points b, § € R™ (see Figure 5) such that
(86) (y+Y)Nn(a+TeZy) ={b}, and (y+Y)N(x+TZy) ={G}.

Indeed, the characterisation {P(y — a)} = ((y — a) + Y) N ToX; of the well-defined oblique
projection P : R™ — T,X; along Y (see Remark 2.3) immediately gives b := P(y — a) + a,
and similarly one finds §.

To prove that G is Lipschitz we need to estimate |G(x) — G(y)| = |(x — a) — (y — b)|. To
this end, we shall first estimate |(x —a) — (§—b)| treating |(§—b) — (y—b)| < [b—Db|+[§—y]
as a small error term. Employing (76) of Proposition 4.6 with

u:=y, V=X, W:=TZ%, T:=T.X;,
u={-b, v=x—a, wi=ij—x, t:=b—a,
in combination with (82), (83), (84), (85) to estimate the angles by our choice of pg

HW,T) < 0:=Cang(L,4)p*?%,  J(U,V) <y :=4V2Lip(®;)lx —yl,
1

max { (T, U), (T, V) } <= 7,
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x+X

I; a+Ta21

Ficure 5. An enlarged fragment of Ficure 4. We have G(x) = a—x, G(y) = b—y. However,
to prove that G is Lipschitz, we do not_deal with (a —x) — (b—y) directly_. Instead, we use
Proposition 4.6 to estimate |(a —x) — (b —§)|, and add an error term |b — b| + |y — g|, which

is small as both £; and I, are of class 4% (R, L, d). The final dependence of Lip(G) on a
power of p is due to this error term.

we obtain
87 I(x—a)—(§—b)
€' 8V Lip(@1)x — y/ (19— bl + 2Cang(L, 4)0™/2(g — /) + 2Cang(L, 4)0*/ g — .
By (80) and the choice of pg we have
la—b| < 4/(2p) <4(275R)VZ <R,  Ja—b"* < (4V2)2x —ytt* = 25|x —y[tF ¥,

Thus, sincej —y € Yand b —b = (b —y) + (y —b) € Y (we use (86) and note that
y=Y¥Y(b,y—b) withy —b € ®1(b) =Y), it follows from (80), (84) and (85) that

2L|X o y|1+oc

2dist(y,x + TxZg) <
dist(b, a + TeZ;) < 2LJa— b1 T® < 280 x —y[P+e,

<
<2

88) Ig—y\
and |b—b|

where we estimated 51m11ar1y as in (17). Hence, since we observed |y — b| <

4p earlier,
and [x —y| < /p < = 75 < 1, we obtain

[G—bl <I[g—yl+y—bl+[b—bl <2'Lix —y[*"* +4p < (2'L + 4)p~/2,
Ig—xlglg—yl—l—\y—xlgIy—x|(1+2Lp°‘/2)<2lx—y|<2\/5<1.
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Therefore, plugging these two estimates into (87), and adding the error [j — y| + [b — b
which can be estimated by (88), we compute

IG(x) — G(y)l
(x—a) = (y—=b) <l(x—a) = (G —=b)+[F—yl+[b—b|

(87

~

,(88)
< e—ylp*/2{8V2Lip(®1)[2"L + 4 + 2Cang(L,4)] + 4Cang(1,4) + 2L + 2°L | .

As p < 1, taking into account Cang(L,4) = 257L + 8 (cf. Lemma 3.1), we finally obtain an
estimate of the Lipschitz constant of G,

(89) IG(x) —G(y)l < Cp*?x —yl,  Cp = Cy(L,Lip(®;)) := 10*(Lip(®) + 1)(L + 1).

Proof of (ii): Directly from the definition of ¥ we infer W(F(x),x—F(x)) = F(x)+x—F(x) = x
for any x € X, so that we obtain from Lemma 4.5(iii)

L.4.5(iii)
dist(x, Z1) = dist(W(F(x),x — F(x)),L1) > %|x —F(x)| = %|G(X)| Vx € Lg.

Proof of (iii): Since F is a composition of C!-smooth functions it is C!-smooth. We can find
pg = pc(R,L, &, Lip(®1)) € (0, pg) so small that

(90) Cp®2<1 forallpe(0,pg),
and then

[F(x) = Fly)l < [x =yl + [F(x) —x — (F(y) —y)
(89)
=[x =yl +1G(x) = Gyl < (1+Cp*/?)x —yl.
The lower estimate in (iii) follows in the same manner; hence F is bilipschitz and, in con-
sequence, a diffeomorphism. O

As a corollary we can can establish a bound on the Hausdorff-distance d4¢ (X1, £3) under
which two submanifolds ¥{,%9 € %%{%(R, L, d) are actually ambient isotopic. Moreover,
in Lemma 4.10 we construct a global diffeomorphism of the ambient space mapping X,
onto X;. Both results will be essential ingredients in the proof of Theorem 4.

Corollary 4.9 (ambient isotopies). For R,1,d € (0,00), x € (0,1], and ¢ € (0,1/100) let
11,59 € %&{%(R, L, d) with e-normal map @ for X1, such that ds¢(X1,X3) € (0, pg), where
pc = pc(R,L, o, e, Lip(®1)) is the constant of Lemma 4.8. Then £, and X are Ct-ambient
isotopic.

Proof. According to [5, Theorem 1.2] it suffices to come up with a Cl-isotopy h : Zy x
[0,1] — R™, i.e., a family of Cl-embeddings h((-) := h(-,t) : Lo — R™, with

91) Zl = h(ZQ X {O}) and h(ZZ X {1}) = 22.

Indeed, the map h(x,t) :==VYom¢o ‘1’*1|z2 (x) for (x,t) € Lo x [0,1], and with m¢(y,v) =
(y,tv) and ¥ :=V¥s, [Z1, 4] for y,v € R™ will do. Here 8,1 is the constant from Lemma
4.5 defined in (61), and ®; is an e-normal map for X;.

Observe that part (iv) of Lemma 4.5 implies that X9 C W(N;s, (21, ®1)), since we have
dsc(Z1,Z9) < pg < Stub/8 (see Lemma 4.8). Therefore, ¥~ ! is a well-defined Cl-map in
an open neighbourhood of Xy, which implies that h itself as a composition of Cl-maps
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is of class Cl. With Lemma 4.8 (iii) we obtain h(Zy x {0}) = F(X3) = Z;, and h(-,0) is a
bilipschitz diffeomorphism from X5 onto ~;. Moreover, one immediately sees that h(x, 1) =
Yom; oW 1(x) =xforall x € Iy by the very definition of m for t = 1, so that h(Zs x{1}) =
Y9, which proves (91).

So, it remains to be shown that h(-,t) : ¥ — R™ is an embedding for each t € (0,1).
Note that ¥ : Ng(Z;, D) — R™ is bilipschitz for all 6 € (0, dy,,] by Lemma 4.5 (ii),
and hence so is W~ ! on W(N Seup (21, @1)). In addition, m, is bilipschitz for t € (0, 1), and
m¢(Ng(Zq,DP1)) C Ng(Z1,Dq) for all t € [0,1], & € (0, dtup). Recall again from Lemma
4.5 (iv) that dg¢(Z1,Z2) < pg < dtuvn/8 implies that o C Y(Nag, (5,5, (X1, P1)), s0
that ¥~!|5, is just the restriction of a Cl-bilipschitz map, and in consequence h(, 1) is
bilipschitz and C!-smooth, and therefore a C!-diffeomorphism onto its image h(Zo,t) for
each t € [0, 1]. Consequently, h(-,t) : X3 — R™ is an embedding for each t € [0, 1]. O

Lemma 4.10 (diffeomorphisms of the ambient space). For R,L,d > 0, x € (0, 1] there
exist constants pg == pg(R,L, x,n,m) and Cj = C5(R,L, o, n, m) > 0, such that for any two
manifolds X1,Lg € %&{%(R,L, d) with p = dgc(Z1,Z2) € (0, pyl there exists a bilipschitz
Cl-diffeomorphism ] : R™ — R™ satisfying

(D J(E2) =Ly,

(2) J(x) =xfor x € R™ ~(Zg +B(0, pg)),

(3) (1—Cyjp*/2)|zy — zo| < J(z1) — J(2z2)| < (1 + Cyp*/2)|z1 — zg| for all 21,25 € R™

The constant pg was introduced in Lemma 4.8.

Proof. Set ¢ :=1/200. Lemma 4.2 guarantees the existence of e-normal maps ®; : ; — §
for i, 1 =1,2. Define ¥y = Vs, , [Zo, o] as in Definition 4.4.
Choose pg = po(R, L, &, Lip(®1), Lip(®D3)) € (0, min{dy1, /16, pg/2}) so small that

1
92) 4Cp < e 500 for all p € (0, pgl,

where we denote by dtup = dtub(R, L, &, Lip(®5)) the tubular radius for Ly established
in Lemma 4.5 for our fixed ¢ = 1/200. Moreover, pg = pg(R,L, &, Lip(®;)) and C; =
Ci(L, Lip(®1)) are the constants estimating the maps F,G : £ — R™ in Lemma 4.8 for
¢ = 1/200. Consider the projections 711, 79: Ng := Nj  /9(Zg, D2) — R™ via mm1(x,V) := x
and 7o (x,v) := v for (x,v) € Ny, define the map A : Ny — R™ by A(x,v) := F(x) + v, and
finally,

J:Za+B(0,p0) > R™, J=Ao0oy,!
and themap I:Xy+B(0,p0) = R"™, I(z)=](z)—z.
measuring the deviation of J from the identity. According to Lemma 4.8(ii) one has for
X E Xg

IG(x)[ =[F(x) — x|

< 4dist(x, 1)
(93) <4

doc(Z2,Z1) =4p < 4pg < drup/4 for all p € (0, pol,
and therefore, for z € £y + B(0, pg) with W;l(z) = (x,V),
94)  I(z) =J(z) —z= (F(x) +v) — (x +v) = F(x) =x = G(x) = Gom o ¥, }(2),
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S0
(95) 1(z)] < 4p < Stun/4,

whence J(Z5+B(0, pg)) C Za+B(0, dtup/2). The identity (94) together with Lemma 4.5(ii)
applied to Xy and ¥y and Lemma 4.8(i) implies

(96) Lip(I) < Lip(G) Lip(¥, ') < 4Crp*/2.

Thus, we can estimate the difference J(z;) — J(z2) = 1(z1) — I(zg) + 21 — 29 using (94) for
Z1,29 € 22 + IB(O, p()) as

97 (1 —4C1p™?)|zy — 29| < [J(2z1) — J(22) < (1 +4C1p*?)|z1 — 2ol
]

so that by our choice of pg in (92), ] turns out to be bilipschitz, and since ¥, lis C! on

\PQ(NQ) and
Lem.4.5
Zo+B(0,p0) C Lo +B(0,0¢ub/4) C  Wo(Ng),

and A is C! on Ny, the map | is a C!-diffeomorphism from Xy + B(0, pg) onto its image.
Note that this image J(Zy + B(0, pg)) contains L1, since by Lemma 4.8, F maps X, diffeo-
morphically onto ;. In particular, for any & € X; there is exactly one x € £y such that
F(x) = &, so that for z = x + 0 one has J(z) = A(x,0) = F(x) 4+ 0 = &. This also shows that
J(Z2) = L1. 3

To construct the global diffeomorphism we smoothly extend ] to all of R™ by the identity
in the following way. Let & € C(R) be a cut-off function satisfying 0 < ¢ < 1 on R,
¢(t) = 0for t < po/8, d(t) = 1 for t > pg/4, and |¢’(t)] < 16/pg for all t € R. Define
1n:2Z9+B(0,p9) - Rasn(z) :=|my o‘l’gl(z)l, and the transition term T : £, +B(0, pg) — R™
as T(z) := ¢(n(z))1(z), which is of class C! since ¢(n(z)) vanishes for 0 < n(z) < po/8. In
addition, we can estimate the Lipschitz constant of the transition term using Lemma
4.5(ii) for Xy and ¥y, (95), and (96) as
(98)
: . . 162 /2 /2
Lip(T) < Lip(¢ om)|[If|o + [|b oo Lip(I) < AL 4C1p* = < Crp™=,  p € (0, pol

for Ct := 162/ pg 24 4C;. The global diffeomorphism | : R™ — R™ can now be defined as

(2) = J(z) = T(z) forze L5+ B(0,po)
) z otherwise,
which is of class C! since T(z) = I(z) (and hence J(z) — T(z) = z) if z is contained in the
transition zone Xy + B(0, pg) ~B(0, pg/2). Indeed, then z = x + v for some (x,v) € Ng
satisfying, by Lemma 4.5(ii),

% < dist(z, £p) = dist(Wa(x,v), Lz) < [Wa(x,v) — Ya(x,0)] < V2|(x —x,v — 0)| = V2],

so that [v| > po/(2v2) > po/4, from which n(z) = |my 0 W5 ! (2)| = Ima(x, V)| = [v| > po/4
follows, and thus ¢(n(z)) = 1 for such z in the transition zone. Combining (97) with (98)
we arrive at the desired bilipschitz estimate

(1— (4C1 + C1)p*?)lz1 — 22| < J(2z1) — J(22)l < (14 (4C1 + C1)p*?) |21 — 23],

which establishes Part (3) of Lemma 4.10 if we set Cj := 4C; + Cr, and if we choose pg =
pg(R, L, &, Lip(®1), Lip(®s)) € (0, po) so small that Cjp*/2 < 1 for all p € (0, pgl. Recall
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that we have fixed ¢ = 1/200 and that Lip(®) and Lip(®3) depend only on ¢,R, L, &, m,n
according to Lemma 4.2, which means that py, and hence also pg and Cj actually depend
on R, L, @, m,n only. O
Remark 4.11. Inspecting the above proof one can see that

162C1 0(/2

7p .

Po

Proof of Theorem 4. According to Definition 2 we have dg¢(Xy,%;) — 0 asj — oo, so
that we can choose jo such that ds(Zo,%;) < pg < pg/2 for all j > jo, where pg is
the constant from Lemma 4.8 for fixed ¢ := 1/200. Therefore, by Corollary 4.9, Z; is
ambient isotopic to Ly for all j > jo. Moreover, by means of Lemma 4.10 we can find

for each j > jo a Cl-diffeomorphism of the ambient space J; : R™ — R™ such that
blLlp(]]) < 1+ C]d;}((Zl, Zg)cx/z and I] (Z)) = ):.0. ]

Lip(J —Id) = Lip(I—-T) = Lip(I(1 — p on)) <

5. SEMICONTINUITY

5.1. Preliminaries. Before passing to the proof of Theorem 2, we set up some notation,
and prove two technical lemmata which explain how our discrete curvatures change un-
der small bilipschitz perturbations of the identity map.

Definition 5.1. Let N € N and p1, v € .#Z(R"N) be Radon measures. We set
V(BN (x,1))
D = lim — >
) = I BN )
where we interpret 0/0 = 0.

Definition 5.2. For any function F: X — Y and any | € N, we define F*!: X! — Y! by the
formula F*'(xq,...,x1) = (F(x1),...,F(x1)).

Definition 5.3. Let 1 € {1,2,...,m+ 2} and £ € En5%. For L < m + 1, we define

XuZlyo,---»y1—1) = sup  K(yo,..-,Ym+1) forye,...,y1—1€Z
Yt Ym+1€L

for K given in the introduction by formula (2). We additionally set X, ;o[Z] = K.
Definition 5.4. Let A C R™ and 1 € N. We define the l-diagonal of A

AIA:{(X(),...,XI)EAIZXOZXlz---:Xl}.

Formally, the integrands X and Rt_pl are defined only off the diagonal A'Z. It does
not matter how one defines them on the diagonal: it does not affect the integral, since
H™(A'L) = 0. Below, we also freely use the equivalence of measures H™! L It ~ (™ 1)t
which holds aslong as X is an embedded submanifold due to [17, 3.2.23]. (Actually, it holds
even if X is just a subset of the image of a single Lipschitz function.)

Remark 5.5. Let N € N and p, v be Radon measures on RN. The Radon-Nikodym theo-
rem (cf. [28, Theorem 2.12]) implies that if v is absolutely continuous with respect to L,
then for any f € L1(RN,v)

Jf(x) dv(x) = Jf(x)D(v, w,x) du(x).
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Lemma 5.6. Let ¥1,X9 € ‘5&1(}‘1, F:R™ — R™ be a bilipschitz homeomorphism such that
F(Z1) = Zg. Set u = J—lel_Zé and v = (FXIJ*(:}lel_Z}). Then p and v are mutually
absolutely continuous and

D(v,u,x) < Lip(F )™ and D(u,v,x) < Lip(F)™
for all x € R™.
Proof. Ifx € R™ ~ 1} thendist(x, ) > 0,sofor 0 < r < dist(x, £}) we have p(B™!(x, 1)) =
0 = v(B™(x, 7)) and, according to Definition 5.1, D(y,v,x) = D(v, u,x) = 0.
Note that Lip(F*') = Lip(F) and (F*!)~! = (F~1)*l. Furthermore, observe that for
er%andO<r<oo
SN (FHTHB™ (k1) = L1 0 (FY)HEENB™ (x, 1) = () HE5 N B™ (x, 1))
hence
vB™(x,7))  H™H(FH LI NB™(x,1)))
nB™(x, 1) HmYZLNB™H(x, 1))

and consequently D(v, u, x) < Lip(F1)™!. The estimate for D(y, v, x) is obtained by writ-
ing

< Lip(FHm™

LENB™ (x, 1) = PP L nB™ Y (x, 1)) O

Lemma 5.7. Let X1,Y5 € ‘52{,1“, 0 < e < 1/2. Assume F : X1 — R™ is bilipschitz and
satisfies F(X1) = Lg, F(z) = z+ G(z) for z € L1 and some G : X1 — R™ having Lip(G) < ¢.
Then forany T € Lt ~A'Z; and 1 €{2,...,m + 2}

| K [Z2) (FH(T)) — K [24](T)| < eCs7diam(AT) T,
where C57 = C57(m) > 0.
Proof. First we treat the case 1 = m + 2. Let T = (xg,...,Xmy1) € Z}~A121. Set u; =

Xi — X, Vi = F(xi) — F(xp) and e; = G(xi) — G(xg) fori = 1,2,...,m + 1. Observe that
vi = u; + e; and that |e;| < ¢|uy|. We compute

AT = I AT = g b A Avial = i A Al
m+1 ‘ )
< ﬁdiam(& T)m+1 Z (mjl)e1 < (zmmi;l)!diam(A T)m+le,
i=1

Since (1 —¢)diam(A T) < diam(A F*YT)) < (14 ¢) diam(A T) and recalling ¢ < 1/2, we
obtain

99)  |X(FUT)) —K(T)| < 15 (K(T) + «
where C = C(m) > 0.

Incase2 <l<m+2for T =(xg,...,x1_1) € Z} ~Al'Y; we employ the assumption that
F is bilipschitz, so that we can write

(K1[Zg] o F¥Y)(T) = sup  K(F(xo),...,F(x1-1),Yt,---»Ym+1)

2171.+1£ 1
m+1)!(1—e) diam(AT)

) < Cediam(AT) L,

= sup  K(F(xo),...,F(xm+1))
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and using (99)

sup  K(F(xo),...,F(xm+1))

Xl,...,Xm+1€ZI

< sup (K(XO,---,me)+Csdiam({xO,-.-,me})‘l)

Xl Xm+1€21

< K [Z1])(T) + Cediam(AT) L.
In the same way we obtain the lower bound

sup  K(F(xg),...,F(xms1)) = Ki[Z1)(T) — Cediam(AT) L. O

A similar lemma does hold for the R¢, function.

Lemma 5.8. Let £1,25 € ‘519{,1“, 0 < e < 1/2. Assume F : X1 — R™ is bilipschitz and
satisfies F(X1) = Xo, F(z) = z+4 G(z) for z € £1 and some G : X1 — R™ having Lip(G) < .
Then for H™-almost all x1,y; € X1, X1 # Y1, we have

1 . 1 < C5.8 £
Rip[Z1)(x1,y1)  ReplZal(F(x1), F(y1))| ~ Ix1 —y1l’

where Csg = C5_8(m) > 0.

(100)

Proof. Set xo = F(x1), yo = F(y1). Without loss of generality, by the classic Rademacher
theorem, assume that G is differentiable at x; and the tangent spaces to both manifolds,
U; := Ty, Xy, are well defined for i = 1, 2. Then,

1 2d;

- b i’ — 172’
Rip[Zil(xi,u1)  Ixi —yil?

where d; = dist(y; — xi, U;). By the triangle inequality,
1 1 ‘ < 2|d; — dg

101 —
(10D) Rep[Z1l(x1,y1)  ReplZal (F(x1), F(y1)) Ix1 —y1l?

1 1

+2dy _
Ix1 —y1l2  Ixg —ysal?

We shall show that each of these two terms is controlled by a constant multiple of ¢[x; —
y1/~!. Indeed, since d; < [x; —yi| and

(1 —e)lx1 —yi1l < Ixg —yal = [F(x1) — F(y1)l < (1 + ¢€)lxg —yil,

we easily estimate the second term on the right hand side of (101),

1 1 2|xg — ya 9 2
2d — < X1 —y1l” —Ixa —yal
2 Ix1 —y1l2  Ixg —ysal? x1 — y1l2lxe — yal? 17 2792
2
(102) < - e(2+ e)lxg —y1?
(1—e)bxg —yiP 179
10e 1

< — as e € (0, 3).
X1 — Y1
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To estimate the first term on the right hand side of (101), it is enough to check that
|dq —da| < Celxq —yil. Note that d; = dist(x; —yi, Ui) = [(xi —yi) — (Ui)y(xi —yi)l, so that

|d1 — da| < |(x1 —y1) — (x2 —y2)| + [(U1)5(x1 —y1) — (Uz)y(x2 —ya)
elx1 —y1l+ | (Up)y((x1 —y1) — (xe —y2)) | +1((U1)y — (Ug)y) (x2 — y)|
2elx1 —yal+ |[(Ug)y — (Ug)yl| - (1 + €)lxq —yal.
By the assumption on F and x1, we have
Up = DF(x1)(Uy) = (Id + DG(x))(Uy), IDG(x1)]| < e

The estimate of the angle between m-planes, see [25, Prop. 2.5], yields ||(U;); — (Ug)y|| <
Ce for some constant C = C(m), and the lemma follows. O

(103) <
<

5.2. Semicontinuity, compactness and existence of minimizers. We are now ready
to give the proof of Theorem 2 and Corollary 1. We begin with lower semicontinuity which
is crucial for the compactness of sublevel sets of geometric curvature energies and the
existence of energy minimizers in isotopy classes.

Proof of part (i) of Theorem 2. Fix1 < {1,2,...,m+2}. Forj ¢ NU{0}let Z; € Afmn(E, d).
Assume that Z; converges in Hausdorff distance to £ and, without loss of generality, such
that

(104) lim &(£;) = liminf &(%;).

J—00 J—00

Hence for some fixed x € X we find a sequence of points x; € Z; such that x; — x as
j — o0, so that the shifted submanifolds %; := Z; — x; converge in Hausdorff-distance
toX := X —x. Hence 0 € Z and 0 € X;, and by translation invariance of the geometric
curvature energies, £(X;) = €(Z;) < Eforallj € N. Thus, by the Regularity Theorem, Z; €
%Tlr{f’;(R, L, d), for appropriate R, L given by (10) depending only on the fixed p and on the
uniform energy threshold E. Hence, by the compactness result in %ﬁ{f}‘l(R, L,d), Theorem
3, we find a subsequence still denoted by ij and some submanifold £, € %%{%(R, L,d4d)
such that £; — £ in €% (see Definition 2), which immediately implies that £ = £ is
contained in ‘5111107‘1 (R,L, d), so that we can apply all results of Section 4 to ij and ¥, and, in
addition, we may evaluate the energy at £ = X + x to obtain £(X) = £(X), so it is enough
to establish &(£) < lim;_, o 8(5:)- ). To simplify notation, we identify £ with £, and ij with
Z; from now on.

We may also assume that for each j

dsc(Z5,2) < pg, where pg is given by Lemma 4.10.

Now, forj € Nset pj := H™' L I}, = H™ L T, and let J; : R — R™ be the diffeomorphism
constructed in Lemma 4.10 such that J;(X) = Z;.

Observe that, by Lemma 4.10, biLip(J;) < 14+ Cjdgc(Z, &5 )%/2_Moreover, the restriction
Fj: =Jj |z satisfies
(105) Fj(x) =x+Gj(x) onZ, Lip(G;j) =: ¢j, g =0 asj— oo,
since by Lemma 4.8 ¢; < Cydgc(Z;, £)%/2.

Step 1 (fixing the domain of integration). We shall first check that if F € {8%), Tps TS} is
one of the energies considered, then —in order to check that F(X) < liminf F(Z;) — we can
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consider the limes inferior of a sequence of integrals over a fixed domain X, with appro-
priately perturbed integrands. (In our application we could write actual limits because
of (104), but that does not affect any of the following arguments.)

Indeed, in each of the cases considered we have

(106) F(X) = J (Ks)P dg™t for an appropriate integrand Ks: Z!' — [0, 0] .
>l

(To fix the ideas, we assume in all cases Ky = co on A'Z; this does not affect the value of
F as H™(A'X) = 0.) Thus, changing the variables and using Lemma 5.6, for a sequence
of £;’s with sup; F(Z;) finite we obtain

‘?(Zj) —J(sz O]le)p du‘ — | (sz)p du; —J(sz o ]fl)p du'
= | (xz)” any —J(sz)p d((I]-”)*u)’

r

N

C <sup§(zj)) dac(Z;,5)%/2 122 .
j

The last inequality follows from the fact that by Lemma 5.6 applied to v = ( ]].XLLk u and
1 = u; we have the density estimate

1
. ml <
(LipJj)
Therefore, as biLip(J;) < 1+ Cjdg(Z, Zj)“/2 — 1, we have

D(U7Yem w5, ) < (Lip); )™

(107) 1= D(Y) k15, 7)| < Clael3,2)272,

All this yields

(108) lim ian (Kg; o ]).Xl)p dp = liminf F(%;) .
j—ro0 j—o0

Below, we work with the left hand side of (108).

Step 2 (energies with at least two integrals over the manifold). Suppose now that 1 > 2. If
F =&}, 1> 2, with the integrand

Ks = K 1[Z]: £t — [0, 00)

being the discrete curvature from Definition 5.3, then, by Lemma 5.7, we have
C(m) g;

< Ky, (FXU oAby,
(109) Kz (T) < Kg; (F] (T)) + diam T’ TeX*~A'X
If on the other hand J = 77, (so that | = 2), and
1
Ks L x X —[0,00],

" ReplZ)
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with the tangent—point radius R, defined on £2~ A2% by (4), then inequality (109) holds
by Lemma 5.8. Thus, in both cases we can use (109) to write, for a fixed T € L' ~AlL,

o Cim)e;\?
P x1 hdSiacho }
KD < hjrgg)lf <sz (FM) + diamT)

= liminf Ky (JFY(T))"  (as]; =Fjon 5.
)—00

Since H™Y(A'Z) = 0, we can now ingrate both sides w.r.t. u and invoke Fatou’s lemma
(cf. [17, 2.4.6]) to obtain

F(X) :JKZ(T)p dp < Jliminf Ks; (].Xl(T))p dp

j—r00 )

< liminf Jsz (]).XXL(T))]D du
]—00

— liminf (5;)
J—00

by (108). This concludes the proof of Theorem 1 for F = 8}9 with 1 > 2 and for J = T,,.

Step 3 (energies with a single integral). The case | = 1, i.e. when F = 8119, resp. F = TS,
needs a separate treatment. We shall now work with the auxiliary integrands

Ks: I x I [0,00),

using Ky = Ky[X] for F = 8%, resp. Kz = 1/Rgp[Z] for T = ‘.Tg.

The argument from Step 2 does not work here, as for | = 1 we deal with simplices T
that degenerate to one point, and (109) would yield nothing. To avoid this problem, we
remove a small neighbourhood of the diagonal, and pass to the limit twice. Here are the
details.

For a fixed s € N, set

(110) Kz s(x)= sup Ksz(x,y), xeX.
yex
ly—xI>1/s
Define

F(Z) = L Kp | d3e™.

Note that 0 < Kg,l < KE,2 <.l KE,S /' KP as s — oo, so that by the monotone con-

vergence theorem, we have in each of the two cases (F = 811) or F = ‘Ig) that are being
considered

(111) F(Z) = sup Fs(Z) = lim F¢(X).
sEN S—00

Repeating Step 1 for each of the F, we obtain
(112) limian (Kg;s 0J5)" du = liminf F¢(5;).
J—00 ]—00
Rewriting (109) for L =2, T = (x,y), x # y € L, for the auxiliary integrands Ky, we obtain
C(m) g;

(113) Kz(xy) < K, (F () Fiw) + 5 — 7
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We shall use this estimate for s fixed and j > 1 so large that ¢; < ¢11 (keep in mind that
1

¢j — 0 as j — oo). Then, for points x,y € £ with [x —y[ > ¢, we have

1 1 1
F(x)—Fy)l>1—e)x—yl>(1- S
R0~ By > - ek—ul> (1= 55 ) § =15
and upon taking the suprema of both sides of (113) with respect toy € L, [x —y| > %, we
obtain

(114) Ks,s(x) < Kgjs41(Fj(x)) + C(m)s - ¢5.

Thus, for each x € Z,

Kz, s ()P <liminf Ky, ¢4 1(F;(x))P.
)—0o0

Integration and Fatou’s lemma yield now

FAD) < liminf [Ke o (0007 du
j—00
(115) U2 Jiminf F,(Z;)
]—0
< liminf F(Z;5),
j—o0
as Fs < Ffor all s € N. Upon taking the supremum of the left-hand sides with respect to
s € N, in light of (111), we conclude the proof for ¥ = &} and for F = 75. a

Proof of part (ii) of Theorem 2. As in the proof of the first part we can assume that all
Z; contain the origin, so that the Regularity Theorem implies that Z; %}{f}‘[(R, L,d) for
all j € N, where the parameters R,L are given by (10) and do not depend on j. Thus,
Theorem 3 implies that there is a subsequence (still denoted by Z;) and a submanifold
re ‘5,}101‘1 (R,L,d),suchthat ¥; — Zin ‘Kﬁlo‘n, i.e., in the sense of Definition 2, which implies
in particular that Z; — I in Hausdorff-distance, that diamZ < d, and that = ¢ %?{,ln
Therefore, we may evaluate the energy € on L. Part (i) implies that X € flfn’n(E, d. 04

Proof of Corollary 1. Notice that the class
C={Xe Ai,n(E, d) :  is ambient isotopic to M}

contains the reference manifold My, so that we can find a minimising sequence (%;); C C
with €(Z;) — infe € as j — oo. The uniform energy bound E implies by the Regularity
Theorem that Z; ¢ CK&{%(R, L, d) for all j € N, where the parameters R, L depend only on
the energy bound and on the integrability parameter p, so that we can apply the improved
compactness result, Theorem 3, to deduce the existence of a subsequence (still denoted
by ;) that converges to a limit submanifold X, € %&1"1‘1( R,L,d) in %&1"1‘1 Then the isotopy
result, Theorem 4, implies that Z; is ambient isotopic to X, for j sufficiently large, which
implies that Xy € C. Part (i) of Theorem 2 finally leads to
iréfccl < €(Xp) < liminf E(X;) = iréf g,

)—0o0

which concludes the proof. g
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6. BouNDS ON THE NUMBER OF DIFFEOMORPHISM AND ISOTOPY TYPES

Proof of Theorem 1. Fix an energy & € {€! ,‘Tp,‘TS} and ap > po(€). Let £ € Afn,n(E, d)
be a manifold with controlled energy and diameter, cf. (1). Translating £ if necessary, we
have X € ‘KTln"fi( R,L, d) by the Regularity Theorem, where the parameters R and L depend
only on E and p. Thus, £ C [—d, d]™.

Now fix ¢ := 1/200 and let § ={Q1, Qg,...Qn} be a minimal collection of closed cubes
of edge e := pg/(2y/n) covering [—d, d]™; here pg > 0 is the constant of Lemma 4.8 and
Corollary 4.9 for ¢ = 1/200. Notice that the dependence of pg on the Lipschitz constant
of an e-normal map for X boils down to pg = pg(R, L, &, m,n) since we have fixed ¢; see
Lemma 4.2. Clearly, the cardinality of § satisfies

2
(116) JO(F) =N<k", with k= [ d\/ﬂ .
PG
Following Durumeric [14, Section 5] (see also the remarks in Peters [30, Section 5]), to
each X ¢ %ﬁ{%(R, L, d) we assign the subset P(X) C § which consists of those cubes Q € §
that intersect X, i.e.

QeEP(I)CF <« QNI#£0D.

If P(£;) = P(Xy), then obviously ds(X1,Zs) does not exceed the diameter of all the
Qi which equals ey/n = pg/2. Hence, by Corollary 4.9, £; and Xy are ambient isotopic.
Therefore, the number of distinct isotopy classes of manifolds £ € Afﬁ,n (E, d) is not larger
than K = 2N, the number of all subsets of §.

Finally, since pg = pg(R,L, x, m,n) depends only on R and L which are given, for a
particular energy £ and an upper energy bound E, by (10) in the Regularity Theorem,
and on & = 1 —pg(&)/p, it is clear that K = K(E, d, m,n, p). O

Remark 6.1. The estimate K < 2N is obviously not optimal for connected manifolds. If
Y is connected, then the union of all cubes in P(X) is connected, too; thus, one only needs
to count those subsets of § which have connected unions. (For n = 1 there are 2¥ subsets
of the family of intervals and only O(k?) connected subsets!) One can prove [33] that the
number Ko, of such subsets of § satisfies

(117) (2—am)N <Ken < (2=bm)N, N <K,

where a,b: N — (0, 00) are positive (but go to zero as the dimension n — oo).

Here is the gist of the argument. Assume for the sake of simplicity that the closed cubes
in § have disjoint interiors, and that k = 2d/¢ is divisible by 3.

To obtain the upper bound, divide [—d, d]™ into larger cubes Q, each of them consisting
of 3™ of the initial Q;’s. In each Qg, one Q;, — call it central — contains the center of Q
and is separated from other Qi’s by a layer of small Q;’s. Now, if for a connected X the
subset P(X) contains one of the small central Q;’s, then it must contain at least one small
cube from the layer around this Q; unless the whole P(X) ={Q;}. This limits the number
of possible choices of P(Z) and yields the upper bound in (117).

To obtain the lower bound, one constructs a specific family of subsets of § with con-
nected unions, e.g. as follows. Let X C § consist of k™! little cubes adjacent to a fixed
(n — 1)-dimensional face of [—d, d]™ (think of it as the bottom face) and of (k/3)™ ! thin
vertical, symmetrically placed ‘towers’ standing on the bottom face, each of these towers
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consisting of k — 1 little cubes and reaching to the top of the whole box [—d, d]™. Thus,

1
the number of cubes in X = k™1 + ﬁkn_l(k —1).

Note that adding to X any subset of §~ X, we obtain a family of cubes with connected
union (because each of the cubes in §~ X touches one of the towers in X). From this, one
obtains the lower bound for K.qp,.

It is however clear that (117) does not take into account any global information on X
(e.g., it does not exclude those subsets of § that are too small or too flat to cover a X with
E(X) < B).

Remark 6.2 (Explicit bounds). One can track an estimate of N (the number of little
cubes in ¥) in terms of the energy bounds &(Z) < E etc. as follows.

(i) Note that R and L given by (10) in the Regularity Theorem satisfy R*L = c(m,n, 1, p).

(ii) Lemma 3.1 with A =4 yields Cang(L, 4) = 257L + 8.

(iii) Lemma 4.2 gives the Lipschitz constant of the ¢-normal map, cf. (59) and Re-
mark 4.3.

(iv) The number pg for fixed ¢ = 1/200 emerges in Lemma 4.8 and Corollary 4.9, via
the constant Cy; a combination of (89)-(90) with (i) above shows that we can have,
e.g.,

pl O < o(mym, 1, p) (L4 1)22ec+1)/e?
G

)2(20c+1)/oc2

<6(m,n,l,p)(E1/p+1 , a=1-—

Plugging the last estimate into loglog K < log N < nlog (1 +2dy/n/ pg), one obtains the
bound (9) stated in the Introduction.
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