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Abstract

In this paper we study a variational problem under a constraint on the
mass. Using a penalty method we prove the existence of an optimal shape. It
will be shown that the minimizers are Holder continuous and that for a large
class they are even Lipschitz continuous. Necessary conditions in form of a
variational inequality in the interior of the optimal domain and a condition
on the free boundary are derived.
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1 Introduction

Let D € RY be a bounded domain and let a(x) and b(x) be positive, contin-
uous functions in D. Consider for an arbitrary real number p > 1 weighted
Sobolev constants of the following form

(1.1) Sp(D) = inf/ a(x)|VoulP dx, v € K(D) where
v Jp

K(D) = {w e Wy*(D) : w >0, / b(x)w dx = 1}.
D

It follows from the Sobolev embedding theorem that there exists a minimizer
u which solves the Euler-Lagrange equation

(1.2) div(a(x)|VuP~2Vu) + Sp(D)b(x) = 0in D, u = 0 on dD.
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The first question addressed in this paper is to study the smallest value s),(m)
of Sp(D) when D ranges among all domains contained in a fixed bounded
domain B C RY, with prescribed measure M (D) := [;,bdx = m. We are
mainly interested in the existence of an optimal domain and the regularity of
the minimizers.

For this purpose we follow a strategy used in [19] for eigenvalue problems.
The idea which goes back to the pioneering papers of Alt and Caffarelli [1]
and Alt, Caffarelli and Friedman [2], is to introduce a penalty term depending
on t and to consider a variational problem in B without constraints. It has
the advantage that it involves only the state function and not the optimal
shape which is difficult to grasp.

Such a problem appeared for the first time in the literature in connection
with the problem of the torsional rigidity of cylindrical beams. In this case
D is a simply connected domain in the plane, p = 2 and a(x) = b(xz) = 1 and
B is a large circle such that |B| > m. It has been conjectured by St.Venant
in 1856 and proved by Polya cf. [15] that the optimal domain is the circle.
The same questions have been studied in [6] for the special case p = 2 and
a(x) = 1. A major ingredient there is the isoperimetric inequality which is
not available for non constant a(x). Many references and results concerning
Sobolev constants with different types of weights can be found in [13] and
[16]. For applications to boundary value problems cf. [4] and the references
cited therein.

We shall assume that a(x) and b(x) meet the following assumptions:

(A1) a(z),b(z) € COL(B);
(A2) there exist positive constants i, and ame, such that api, < a(z) <

Omazx;
(A3) there exists a positive constant by,q, such that 0 < b(z) < bpaz-

The plan of this paper is as follows. First we discuss the Sobolev constant
Sp(D) in multiply connected domains D. It turns out that it behaves dif-
ferently from other similar quantities like the smallest eigenvalues. Then we
prove the existence of a minimizer in WO1 P(B) and of a corresponding optimal
domain. The next chapter deals with the variational inequality which has to
be satisfied by the minimizers and the characterization of the free boundary
between their support and the region where they vanish. In the last chap-
ter we prove regularity results for the minimizers, in particular the Lipschitz
continuity.

2 Qualitative properties

In this section we list some general properties of S,(D). Instead of (1.1) it
will sometimes be more convenient to use the equivalent form

[p a(z)|VolP dx
in 5
wir o) (fp bl da)

(2.1) S,(D) =



Every minimizer is a multiple of u where u is the unique solution of
(2.2) div(a(z)|VulP™>Vu) 4+ b(z) = 0in D, u = 0 on dD.

Lemma 1 S,(D) is monotone with respect to D in the sense that if D1 C Do
then Sp(Dl) Z Sp(Dz).

Proof The assertion is an immediate consequence of the fact that every ad-
missible function for S,(D1), extended as 0 outside of D; is an admissible
function for S,(D2). O

Lemma 2 Let X and Y be two domains in RN such that X NY = (. Then
Sy (X UY) 71 = S,(X) 71 + S,(Y) 1.

Proof Let uxy and uy be minimizers for S,(X) or S,(Y), resp. which are
solutions of (2.2) in X or Y, resp.. Consequently

1
/ a|lVux|Pdx = / buxdr = S, "~ (X) and
X X

1
/ a|Vuy |Pdx = / buydr = S, 1 (Y)
1% 1%

Choosing as a test function in (2.1)

ux in X
v =
uy inY
we get
1
(2.3) S,(XUY) <

1

(S,,(X)*p% + Sp(y)*ﬁ)p_l'

Let u be a minimizer of S,(X UY’). Then keeping in mind that

p p
/ a|lVulP dz > Sp(X) (/ bu dx) , / a|VulPdz > S,(Y) </ bu dm) ,
X X Y Y

we find

Sp(X) ([ budz)” + S, (Y) ( [y bu dz)”
([ budz + [} budz)” '

Set I:= [ budz+ [, budz, [ budr:= A and [}, budz = (1 — \)I. Then

(2.4) S,(XUY) >

Sp(XUY) > Sp(X)ANP 4+ Sp(Y)(1 — AP =: h(A).
This function h(\) achieves its minimum for

S, (V)1 (=1)
Sp(X)l/(p—l) + Sp(Y)l/(p—l) '

A:



Inserting this expression into h(\) we get

Sp(XUY) >

This together with (2.3) proves the assertion. [J
From this lemma we get immediately the estimate: If S,,(X) < Sp(Y) then

Sp(X) Sp(Y)
2”})71 < S(XUY) < Qppq .

Remark 1 Notice that the formula for S,(X UY') in multiply connected do-
mains differs from the one for the principal eigenvalue

Ap(D) = inf M.
war(p) JpblvlPde
In this case Lemma 2 has to be replaced by
(X UY) = A (X), where \p(X) < Ap(Y).
Definition 1 For all positive M < M(B) set
sp(M) := infpS,(D) where D € {D' C B: M(D') < M}

If for some region Doy with measure M sy(M) = Sp(Dy), then Dy is called
optimal region for s,(M).

By Lemma 1 the infimum is the same if D’ varies in the smaller class of
domains with M (D") = M.
In the chapter on regularity we shall need the quantity

2.5 = inf MPTPIN=1g (pp).
(2.5) Op (07]1\/?(3)) sp(M)

The following lemma will be crucial for our considerations.

Lemma 3 Assume (A1),(A3) and the weaker form of (A2), namely
(A2’) 0 < amin < a(z).
Then o, > 0.

Proof We have

Amin . f |VU’p dx
S, (D) > dmingng ., D IVIL T
P bgmzm WO (D) (fD "U’ dl’)p
Let
Jp IVoP dz

Tp(D) = lan()l,p(D)W
D



If D* denotes the ball with the same volume as D then by a symmetrization
and a scaling argument we get

B p+p/N—1
| 1|> T,(B)).

T,(D) > T,(D*) = (rm
Hence

Sp(D) 2 p DI PN (N, p) 2 g NN (N, ),

binax maz
where ¢(N, p) := |B,[PTP/N7IT,(By),
which implies that
pPtP/N= Y tmin
(2.6) op > %C(va) >0. O

More results on o), is found in [5].

3 Existence

Let B ¢ RY be a bounded fundamental domain, e.g. a large ball, and
let t > 0, € > 0 be arbitrary fixed numbers. We consider the functional
Jet: WyP(B) — RF given by

J a(@)| V()P dz

(gb - |dx> +fe<{vi}b<x>dx>,

where

0 : s<t.

For v = 0 we set J.(v) = oo. At first we are interested if the following

lS— S
fe(S):{ 6( t) >t

variational problem has a minimizer
(3.1) Jer = inf Jeg(v).

Lemma 4 Under the assumptions (A1)-(A8) there exists a function u. € K
such that

Je,t(u) = je,t-

Proof Since the functional is bounded from below there exist minimizing
sequences {ug}tr>1 C K. Assume that Jc,(ug) < co for all k. We normalize
ug such that

/ b(z)up(z) dz = 1.

B

Therefore [ a|Vuy(z)[P dz < co and by [(A2)] also |[|[Vug|||1r(py) is uniformly
B

bounded from above. Hence there exists a u € VVO1 P(B) such that



o Vu, — Vu weakly in LP(B);

e uy — u strongly in LY(B), for ¢ < np/(N —p) if p < N and for all ¢ > 1
otherwise;

e u; — u € K almost everywhere in B.

For the last statement see e.g. [Rudin] Theorem 3.12. This result implies in
1/p
particular that [w(z)b(z)dz = 1. Since {f a(x)|Vu(x)[P dx} is a norm
B B

. 1 . . . .
in W,?(B) and since norms are lower semicontinuous with respect to weak
convergence, the inequality

/a(w)|Vu(x) P dx < liknlgf/a(a:)wuk(a:ﬂp dx
B

B

holds. Moreover since u, — u in L'(Bg) we have fBR bu dx = 1.

Let x{u,>0} denote the characteristic function of the support of uy, i.e.

1 ifuk( )>0

0 otherwise.

X{uk>0}( ) {

Next we want to prove that

k—oo

(3.2) / X{u>0}(2)b(z) dz < lim inf/ X{ug>0} (7)b(7) d.
BR BR

We have, denoting by |G| the Lebesgue measure of a set G,

/ a3 (@) — xquy (@) b(2) da
B

< bag|{u > 0} \ {ur > 0} U {ug > 0} \ {u > 0}
< Ha: |Ju(z) —ug(x)] > 0} 4 bmaz{|z : 0 < u(x) < 0} + bmaz{|z : 0 < ug(z) < §}

for all & > 0. Since u — u a.e. it follows that
Hzx: |u(z) — ug(x)| > 0} — 0 as k — oo.
By the continuity of the Lebesgue measure
]z :0 <u(x) <o} and |[{|z: 0 < ux(z) <} — 0asd — 0.

Hence

k—o0 k—oo

4 /B Xuso(2)b(z) dx

hminf/BX{ukw}(x)b( ) dz > — lim / X {ur>03 (%) — X{uy (z)|b(2) dz



This together with (3.2) implies

Jer(u) < iI’%f Jet(v),

which completes the proof of the lemma. [

In general, the minimizer v of J; depends on €. If we want to emphasize
the e- dependence we shall write ..

Open problem We expect that for € sufficiently small, u,. is independent
of e and Je ¢ = Je0 = sp(t) for all € < ¢.

For simplicity we shall also use the following notation: for any w € IC set

Dy, = {w(z) >0}, M, := / b(x) dz.

w

Theorem 1 There exists ug € KC such that for every positive t < M (B)

Sp(Dug) = sp(t).
Proof Let D’ C B be an arbitrary domain in B such that fM(D,) bdr = t.

Let w € W,?(D') be a minimizer of S,(D’) with w = 0 in B\ D’ and let u,
be a minimizer of J; such that fB bue dz = 1. Then Jei(ue) < Jer(w), ie.

/ alVue|P de + fe(M,, —t) < Sp(D').
B

Then [ a|Vuc|Pdz and by the assumption (A3) also [ [Vue[Pdz are bounded
from above by a constant which is independent of €. Therefore there exists a
subsequence u. such that

ue — ug, weakly in Wol’p(B), ue — ug strongly in L' (B) as € — 0.

Moreover ug € K and by the same arguments as in Lemma 4 we conclude that
M,, <t. This together with Fatou’s lemma implies

a|Vug|P dx
f(fbd) = [ vl dr < 5,0
B

Since this inequality holds for any D’ with M (D’) = t, the assertion follows.
|

4 Necessary conditions

4.1 First variation

Theorem 2 Let u. be a minimizer of Jec; which is normalized such that
[ b(z)uc(z)dx = 1. Then for all nonnegative smooth functions ¢ with compact
B



support in B, the following inequality holds:

(4.1) /a(a:)\VuE(x)\p_QVueVgp(x) dx < /\/b(ac)cp(x) dx,
B B

where \ := /a(a:)|Vu€(:c)|p dx.
B

Proof For short we shall write u instead of w.. Since u is a minimizer we
have J.(u) < Je((u — d¢p) 1) for every § > 0 and ¢ > 0. Set v := (u — Jp)*
and note that D, C D,,. Hence by the monotonicity of f.(t) we have

fe(My) = fe(My)
and thus
[a@|Vu@)Pde [ a(@)|Vo(@)]? de

B <B .
(gb(x)u(w) dx)p - (gb(x)v(x) dw)p

Using the normalization we get

(42) 0< /a(a:)|Vv(x)]p dx — /a(a:)|Vu(a:)]p dx (/ b(x)v(x) da:) .

B B B

We now discuss the integrals in more detail. Keeping in mind that | pbudx
and [ p bw dx are bounded we find, setting

Iy := / b(x)u(x) dz,
Bn{u>dp}
» P
( / b(w)o(2) dx) _ / b(w) (1 — 60)(x) da
B N{u>dp}
1P — o1 / b(@)p(x) dz + o5).
Bn{u>dp}
Next we compute

/ ()| Vo) di = / a(2) V(1 — 8) ()P d =

B Bn{u>dp}

/ o(2)| V(@) dz — ps / o(2)| V(@) P2 VuVe dz + n.
Bn{u>dp} Bn{u>dp}



The remainder term 7 contains expressions of the form 62 [;(z)a(z)|Vu|?@ dx
with ¢ < p— 1. Since [5a|Vul? dz and |p| are bounded, we have

= 0(6%).
Plugging these expression into inequality (4.2) we get
(4.3) 0< / o(2)|Vu(@)P dz — po / )| V(@) P2 VuVe(z) dr—
{u>d¢} {u>d8p}

/a|Vu|p dx Ig—pélgfl / b(x)p(x)dx | + o(d).
B

{u>ép}
Observing that

/ b(x)u(x)dr =1— / b(z)u(x) dz,
{u<gép}
{u>d0¢}
we deduce from (4.3) that

pd / )| Vu(z) P2 VuVe(z) dx

{u>dp}

< / a|VulP dx p/ bu dzx + pd bp dz » + 0(0).
B {ugdp} {u>d¢}

The expression in the brackets at the right-hand side of this inequality is
bounded from above by
po / by dz.
B

Hence we obtain, dividing by pd > 0 and then letting J tend to 0

/ o(2)| V(@) P2 VuVe(z) dr < / o(2)| V(@) dz / b(@)p(z) do
B B B
This proves the theorem. a

Corollary 1 In the interior of D, , every normalized minimizer u. satisfies
the Fuler-Lagrange equation

(4.4) div(a(:v)|Vu€(x)|p_2VuE(:p)) + Ab(z) =

xo be an inner point in {u. > 0} and suppose that the ball B,(z) centered at
xo satisfies By(zg) C {ue > 0}. Let ¢ € C3°(B,(x0)). Choose ¢ so small that
v:i=1u+0p > 0in By(xo). The same arguments as in the previous theorem

imply that
/ a|VulP2VuVy dr = fy/ by dx.
By (o) By (o)

This proves the assertion. O

Remark The proof of the previous Theorem holds also for ug which is the
minimizer corresponding to s,(M) [cf. Theorem 1].



4.2 Boundary condition

We derive a necessary condition for the minimizers u. which has to be satisfied
on 0D, where it is smooth.

Theorem 3 Let u. be a minimizer of Ji.. On the smooth parts of 0D, the
following identity holds

a(x)|Vu(z)[P = const.b(zx) for x € OD,,.
Proof Consider the function
(4.5) (z) = u(z + on(x)).

1 denotes a smooth vector field in B with compact support satisfying the
additional constraint

(4.6) / b(x)n(x) - v(z)dS = 0.
0Dy,

J denotes a positive constant which is chosen so small, such that z+dn(x) € B
for all z € B. A consequence of this setting is

Lemma 5 Let n be defined as above. Then
(4.7) / b(z) dz = / b(z) dz + o(0).
D; D,

The claim follows by direct computation. We set y = x + dn(x). Then
dx = (1 — ddivn)dy + o(d). Hence we get because of (4.6).

/b(x) drx = / b(y — on)(1 — odivn) dy + o(d) = /b(y) dy — ¢ / bdivn dy

Dy Dy, Du, Duy
— 5/?7~Vbdy+o(6) = /b(y) dy + o(9).
D, D,
This proves the lemma. O

By our assumption

(4.8) Jei(u) < Je(@).

We expand the right hand side with respect to ¢ and get
/a(:c)|Vﬂ($)|p dr = /a|Vu|p dy — 6 / a|VulPdivy dy — 5/77 -Va|VulP dy
Dy Dy, Dy, Dy

+ 5p/a|Vu]p_2Vu - Dn - Vudy + o(9).
Dy

10



We integrate by parts, making use the smoothness of dD,,, and we obtain
/a(m)]Vﬁ,(m) P dx = /a]Vu\p dy — 5p/div(a]Vu\p_2Vu)n -Vu dy
Du Du DU

+d(p—1) / a|lVulPn - v dS + o(9).
0Dy,

Similarly we have
/ b(x)u(z) de = /b(y)u(y) dy — dp / bn - Vu dy + o(9).
Dﬂ Dy Dy,
Inserting the above expansions into (4.8) rearranging terms we get for 6 — 0:
(4.9) / alVulPn-vdS =0
0Dy,

The equality comes from the fact that 7 - v can have any sign and the penal-
ization term drops out by monotonicity. Because of (4.6) this implies

a(z)|Vu(z)[P = const.b(x) for x € ID,,.

5 Regularity

This section is devoted to the regularity of the minimizers J. ;. The notation
will be the same as in the last section. If p > N it follows immediately from
the embedding theorems that the minimizers are Holder continuous.

Theorem 4 FEvery solution u of (4.1) belongs to L*°(D) and satisfies

Y

A\ =T8N p+ Np— N

oo < { — —
P p

provided fB budr =1.

Proof By testing (4.1) with (u — t); we obtain, setting D(t) := {z € D :

u(z) >t} and M (t) := M(D(t)),

(5.1) / a|VulPdr < )\/ b(u —t)dx.
D(t)

D(t)

Using the fact that o, > 0 we have

p
op (/ (u— t)bd:c) M8 P(t) < / a|VulPdz
D(t) D(t)



This together with (5.1) implies

— T 1-%- U — xT.
(5.2) o, </D(t)(u £)bd ) M“=FP(t) < A/D(t) b(u — t)d

Integration by parts yields
/ (u—t)bdx = / M(s)ds =: M(t).
D(t) t

Inserting this expression into (5.2) we get

1 _
(@) p+p/N—1 < _M/M—#I\l,_l
A\ < .

1 ~
Put for short v = (%)P—H-P/N and a = Z’Jrlp;/% Since M(O) = 1 we find
after integration

Y1 —a)t <1— M)

Hence

DL <>\>p+p/1N1p+Np—N
T (1-a)y p

This establishes the assertion. [

Op

Next we we shall prove the Holder continuity of the minimizers. For this
purpose we need an additional assumption on b.

(A4) Let ey > 0 be an arbitrary fixed constant. Then there exist positive
constants cg and ¢; < N such that for all 1 < 4 <1+ ¢y and for all x € B

—co(1—p) < b(f) —b(z) < er(1 — p)b(x).

Remark The condition (A4) holds for all polynomials. In the sequel ¢ denotes

a constant which is independent of R.

Theorem 5 Let B be convex. Assume (A1)-(A4}) and1 < p < oco. Letu € K
be any minimizer of s(M) . Then u € C?(B) for all0 < 8 < 1.

loc

The proof is done in several steps. Let us first collect some useful auxiliary
result.

Our arguments rely heavily on a lemma of Morrey [14].

Lemma 6 ( Morrey’s Dirichlet growth theorem). Let u € WiP(B), 1 <p <
N. Suppose that there exist constants 0 < ¢ < oo and 3 € (0,1] such that for
all balls Br(xo) C B

/ \VulPdr < cRN=PHFP,
BNBRg(xo)

then u € C%9(B).
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In order to apply the above lemma we shall also need

Lemma 7 Let ¢(t) be a nonnegative and nondecreasing function. Suppose
that

o(p) <a|(%)" +0] o(R) +bR7

for all 0 < p < R < Ry, where a, b, a and 3 are positive constants with
B < a. Then there exist positive constants 6y = dp(a, e, 3) and ¢ = C(a, «, 3)
such that if § < g, then

ooy < e (L) [o(m) + b7

r
R
for all0 < p < R < Ry.

For the proof of this Lemma we refer to [11], Lemma 2.1 in Chapter ITI. Next
we construct a comparison function for the functional s(M) which will play
an important role in the proof of the Holder and Lipschitz continuity of wu.
Let u be a minimizer of s(M). Let Bgr(zo) any ball of radius R centered at
xo such that Bog(xg) C B. Set

o(z) if x € Br(xo)
(5.3) v(z) = qu(z) ifx € D, \ Br(xo)

0 otherwise,
where ¢ is the solution of

div(a|Vo[P~2Vd) 4+ Ab(x) = 0 in Br(20), © = u on dBg(xo),
)\:/ a|VulP dx.
B

div(a|VulP~2Vu) + Ab(x) > 0 in Br(zo),

Since

the maximum principle gives © > u in Br(xg). Also observe that

(5.4) / a|VolP dz < / a|VulP dz + )\p/ b(0 — u) dx.
Br(zo) Br(wo) Br(zo)

Since © > 0 in Bgr(z¢) by the strong maximum principle (see e.g. [18]), we
have D,, C D,. Hence in general v(z) cannot be used as a test function in the
variational principle for s(M). We therefore define w(z) := v(uz) and choose
@ > 1 such that M,, = M, = M. Since B is convex, D,, C B and w(x) can

be used as a test function of the variational characterization of s(M). In the
sequel we shall frequently use the notation

Ny :={u=0}nB}

The following elementary estimate will be needed later on.
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Proposition 1 Let u be a minimizer and let v and p be defined as above.
Under the assumption (A4) the following estimates holds true for R < Ry(€o)

bmaw ‘Nu N BR(J:O)|

5.5 1<pu<1
(5.5) susle o i

Proof To simplify notation we write By instead of Br(xg). For i > 1 set

o) =i [ W) de

By definition we have

By (A4)

IN

o) <Yk - ) [ ba)do

IN

BN+ e (1—R) {/ b(z) dz + byaz|Nu N BR|}

bmax|Nu N BR|>

= NA+e(l-p))M <1+ i

If we evaluate the expression above at

|Nu QBRH _

o=1+c i =:1+cn,

we obtain
9(jio) < Mig™N (1 + (ce1 + bmaz)n + O(7)) as n — 0.

Choosing ¢ = J%mf“gl we find for R sufficiently small that g(fg) < M. This
together with g(1) > M proves the assertion. O

Lemma 8 Let u € K be any minimizer of s(M) and let v and p be defined
as above. Then

M|

(5.6) / a(z)|V (u — 9)[P doz < cRN-PI=D|N, N Br(zo)|
Br(zo)
for1<p<2and
(5.7) / a(2)|V(u = 8)|P d < | Ny N Br(xo)|
Br(zo)

forp>2.
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Proof By definition we have, with w(z) = v(ux) as above,
Vuwl? d
(5.8) s(M) < fBa’—M_
(Jp bw dz)

Observe that
/ a|lVw|P dz = upN/ a,|VolP dx
B D,

/ bw dx = ,u_N/ byv dx,
B v

where a,(z) =a (%) and b,(x) =b(%). From (5.8) and the definition of w
I o 12 m
it then follows that

and

p
(5.9) s(M)uN_p_Np< b,v d:n) §/ a,|VolP dx.
DU DU

We write D, = D,, \ Br U Bg and get, using (A4)

(5.10) / buvda;:/ buvdm’—i—/ b, dx
v DU\BR BR

:/ buudx—i—/ by (0 —u) dx
u BR

:/ budx+/ (bub)udx+/ bu(0 —u) dx
u D, Bgr

>/ budr —c(p—1).
Dy

For the last inequality we used the boundedness of u (cf. Theorem 4 and the
fact that & > u in Bp. Proposition 1 together with [ D, budzr = 1 then implies

(5.11) / b dz > 1+ O(|N, N Bg|).

v

In order to estimate the right hand of (5.9) side we use the Lipschitz
continuity of a and obtain

(5.12)
/ a,|Vul|P dx < / a|VulP dz +/ la, — al|Vol? dz
Dv Dv D’U

< / a|VulP dx—l—/ a|VolP da:—/ alVulP de +c(p—1).
u Br Br
By Proposition 1 and the definition of s(M) we conclude that

(5.13) /aHWUV’dfcgs(M)—i—/ a([VéP — [VulP) dz + ¢| N, O Bal.
D, Br
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for R small enough. Thus (5.9) yields

s(M)u™P=NP (1 4+ O(|Nu 0 Brl))" < S(M)Jr/B a(|Vol? — [Vul?) da

+ O(|Nu. 0 Bgl),

and rearranging terms we find for the expression
I ::/ a(|VulP —|Vo|P) dz,
Br
the estimate

(5.14) Jg(l_uN—p—Np)/ a|VulP dz + O(|N, N Bg|) = O(|N,, N Bg|).

u

Let u(x) := tu(x) + (1 — t)0(x) for 0 <t < 1. Then we have

1
I:/ a(x)/ i\VutV’ dt dx
Br o dt
1
= p/ a(:r)/ |V P2V - V(u — 0) dt d.
Br 0

Since v > u

/ a(2)|VOIP2V6 - V(u—d)de = A | b(a)(6—u) dz > 0,
Br Br

and thus
1
I> p/ a(m)/ (IVw [P~2Vuy — [VO[P2V4) - V(u — ) dt da.
Br 0
Replacing u — © by %(ut — ) we get
1
(5.15) 1> p/ t/ a(@) (|[Vug[P~2Vuy — [Vo[P~2V4) - V(uy — ) d dt.
0 Br

Now we use the following inequalities, which can be found e.g. in [12], Lemma
5.7

(1P~ = 1€P72€) - (€ =€) 2 e(N,p) (Il + 1) "l - €1 i 1<p<2,
and
(P26 = [P2¢) - (€ =€) = e(W,p)l€ =€ if p>2
for all £,¢ € RYN.
Inserting the second inequality into (5.15) we get for p > 2



I>¢(N,p)p / / x)|V(ug — 0)[P dzx dt
Br(zo)
:c(N,p)p/ tp—ldt/ o(2)|V (1 — 9P dz
0 Br(zo)
— (N, p) / o) |V (u — 0[P da.
Br(zo)

From inequality (5.14) we deduce that

(5.16) /B ( )a(x)|V(u—f1)|p dz < O(|N,, N Br(o))).

This proves the second assertion (5.7) of the lemma.
For the case 1 < p < 2 we have

| X .
I> C(Nap)p/ t/ a(@)|V (uy — 0)* (V| + [VO)))P 2 da dt
0 Br
1
> o(Np)y [t [ a@IVia= o) (Vul+ Ve do
2 Jo Br
1 N R _
= 4C(N,p)/ a(z)|V(u = 0)]* (|Vul + VO da.
Br
We use Holder’s inequality and get
/ a|lV(u— )P dx
Br
P R “ (p—2
=/ az|V(u—0)[" (IVul + Vo))
Bgr

)p

a' =5 (IVul + Vo) F de

[NIiS]

< (/BR alV(u —9)2 (|Vu| + |V]))P > dx)g (/BRaqw + Vo)) dx)l_ .

Rearranging terms gives:

/B a(@)[V(u — )2 (IVul + [Vo) )2 da

2 1—2
</ a|lV(u—10)[P dw) </ a|VulP dw) ,
Br Br

where we have also used (5.4) Thus

3N

> 2!~

N

I>¢(N,p) (/BR a(z)|V(u — o) dw) ’ (/BR a(z)|Vul? d:c) o

17
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For the case 1 < p < 2 inequality (5.14) then implies

P

1 2
/ a(x)|V(u—20)Pde <c (/ a(x)|VulP dx) |N, N Bg|*
BR BR

The integral | By, A(@)|VulP dz can be estimated by means of a Caccioppoli
type inequality, based on inequality (4.1), as follows

(5.17) / a(x)|VulP de < C/ uP dz < clu|oo RN 7P,
Bgr RP JByp

where ¢ depends only on amin, Gmazs Omaz, (M) and p. For a derivation of
the first inequality with a discussion of the optimal constant ¢ we refer to [17].
The second inequality in (5.17) uses Theorem 4. Thus

(5.18) / a(x)|V(u—0)P dx
Br
(5.19) < cRN-P)0=3)|N, N Bp|?
for 1 < p < 2. This completes the proof of the lemma. O

After this preparation we are in position to proceed, as in [19], to the proof
of the Theorem 5.

Proof of Theorem 5 We use the setting as given by the previous lemmas.
For r < R and 1 < p < oo we estimate

/ a(x)|VulP dz < / a(x)|V(u—0)P d +/ a(x)|VolP dx.
Br(z0) Br(zo) By (x0)

The first term on the right-hand side can be estimated by Lemma 8. In order
to estimate the last term we use the regularity result of [9] which states that
v € CYY(B,(w0)) for any fixed p < R. Hence

/ a(z)|VolP de < erlV,
By (z0)

where ¢ depends only on p and not on r < p. Next we consider the auxiliary
function h, defined as the unique solution of

div(a(z)|Vh[P~2Vh) =0 in  Bpg(x)
h=u in OBRr(xo)

Thus we have by the minimality of h

/ o(2)|VulP dz > / o(2)| VAP do =: e1.
Br(zo) Br(o)



Thus we obtain

. erV
/ a(x)|VolP de < / a(x)|VhP dx
B'r(xo) €1 Br
< (N, P, Grmin; Grmaz) (f)N / a(x)|Vul? de.
R Br(wo)
Taking into account (5.6) and (5.7) we arrive at

r

N
/ |vu|p dx < C(Na D; Gmin, ama:v) <*> / |Vu|p dx + CRN_p+gp,
B’"(mO) R BR(Z’O)

for 1 < p < 2and

r

N
/ |Vul|P dz < e(N, p, amin; Gmaz) (*) / |VulP de + CRN,
By (20) R Br(zo)

for p > 2.
Now we apply Lemma 7 and we obtain in the first case 1 < p < 2
ryA 5
(5.20) |[VulP de < C (—) |VulP dz + const.R
By (x0) R Br(zo)

with 3=N—p+ Lp and we set § = L. We apply Lemma 6 and get u € C’loo’f
for all 0 < 8 < £. We easily extend this result to all 0 < # < 1. Indeed if we
set 31 = 5 we can use the fact that u € C’loo’cﬂ1 in inequality (5.17) and obtain
a bound with a higher power in R. Following the same procedure then gives
u € CO% with B2 > (1. After finitely many repetitions we obtain u € b

loc loc

for any 0 < 8 < 1.

For p > 2 we use (5.6) and derive (5.20) for any 0 < § < N. We write 3 as
B =N —p+ Bp for any 0 < 8 < 1. The assertion now follows from Morrey’s
Dirichlet growth theorem. ]
Based on this we now prove the Lipschitz continuity of any minimizer.

Theorem 6 Assume (A1)-(A4) and p > 2. Let u € K be a minimizer of
s(M). Then u e C ' (B).

loc

Proof The proof follows closely the proof of theorem 2.3 in [2]. Set d(z) :=
dist(x, N,). Since w is continuous the set D, is open. We will use (5.7):

/ |V(u— )P de < ¢|Ny N Bgr(xo)].
Br(zo)

Let zy be any point in B be such that d(zo) < $dist(zo, dB).

19
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Figure 1

We prove, that the estimate u(zg) < ed(xg) must hold for some positive
constant ¢ which does not depend on xy. The idea of the proof is to assume
that there exists a positive number M independent of x(y such that

(5.21) u(zo) > Md(xo)

and then to derive an upper bound for M. This implies that there is a constant
M’ such that u(zg) < M'd(xg). Let R = d(zp) and consider the ball Bg(zo).
It is contained in D,,. Since

(5.22) div(a(z)|Vu(z)P~2Vu(z)) + Ab(z) =0  in Br(zo) C D,
we can apply Harnack’s inequality cf. e.g. [10] and we have
(5.23) inf wu > cu(zg) > cMR.

B p(xo)

by (5.21). Since R = d(z¢) the boundary 0Bg(zo) touches N, in at least one
point. Let y € 0Bgr(xo) N N,. After translation we may assume that y = 0.
Next we consider the ball Br(0). Let ¢ the solution to

div(a(z)|Vo|P~2Va) + Ab(z) =0 in  Bgr(0)
b=u in 0BRr(0)

This is the same function as in (5.3). Thus © > w in Bg(0) and (5.7) holds.
From (5.23) we deduce

(5.24) 0(x) > cMR in B%R(xg) N Br(0).



We apply Harnack’s inequality once more and get
(5.25) o(x) > C* in B%R(O)
with C* = ¢M R. We introduce the function
w(z) = C* (6_“|$|2 - e_“’RQ)
Direct computation gives
div(a(z)|Vw(z)|P2Vw(z)) + b(z) > 0 in Bpg\ B%R(O)

if 11 is sufficiently large. (This is only true for p > 2.) Since w = 0 in 0Bg we
get

w<C*<0 in 8B%R(O).
The maximum principle then implies
(5.26) o(z) > w(z) > cC*(R — |z|) in Bpr\ B%R(O).
(5.25) then implies
(5.27) o(z) > cM (R — |x|) in Br(0)

With exactly the same arguments as in [1] Lemma 3.2 we now derive from
(5.27) the inequality

eM|S| < / V(u— )| do
S

for some set S in Br(0), which contains N,, N Br(0). This implies

3=

1

cM|S| §/|V(u—@)|dx <|S /\V(u—f))p da
S S

Hence
MP|S| < / IV (u— )P dz < ¢|No 1 B(0)|
Br(0)
and this gives an upper bound for M. Hence we proved
u(z) < cd(x)

for some positive constant c¢. Together with interior regularity estimates in
D, we obtain the result. O
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