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Abstract

In this paper we report on a variational problem under a constraint on the
mass which is motivated by the torsional rigidity and torsional creep. Following a
device by Alt, Caffarelli and Friedman we treat instead a problem without constraint
but with a penalty term. We will complete some of the results of [6] where the
existence of a Lipschitz continuous minimizer has been established. In particular
we prove qualitative properties of the optimal shape under a hypothesis concerning
the gradient near the free boundary.
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1 Introduction

In this paper we shall report on the following domain optimization problem:

Let B be a large ball in RY, a(z), b(x) and ¢(z) be positive functions in B and
let p > 1 be an arbitrary fixed number. For any domain D C B we denote the mass
with respect to the density function c¢(z) by

Consider the energy functional

Elu,D] :=p ! /Da(w)|Vup dx — /Db(a:)u dx.
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and the corresponding variational problem

E(D):= inf Elu,D].
W (D)

Since Elu, D] > El[|u|, D] we conclude that
E(D) = inf Elu, D],
K(D)
where K(D) = {v e Wy?(D): v >0 ae. }.

It is well-known that there exists a unique minimizer which is a weak solution of
the Euler-Lagrange equation

(1.1) div (a(z)|VulP"?Vu) +b(z) =0in D, u=0on dD.
Denote by O := {D C B : D open} the set of all open subsets of B.

Optimization Problem (A)

(P)g &= Il)rel%g(D)’ where M (D) = t.

The interesting questions in this context are:
1. existence of a minimizer and of an optimal domain D, C O
2. regularity of the optimal domain if it exists
3. qualitative properties of D,,.
Since for any a € R and u €

1 = re Slu ._f a(x)|Vul? dx
Blo) 2 (= 1)(Sfu, D)7, where S[u, D] = <E= P

every multiple of the minimizer of £(D) is a minimizer of the variational problem

S(D) = lci?ff)) Slu, D].

Consequently Problem (P)g is equivalent to

Optimization Problem (B)

(P)g St = Il)relgS(D), where M (D) = t.

By the previous observation every minimizer of (P)g is a multiple of the mini-
mizer of Problem (P)g and the optimal domain is the same.

Theorem 1 Let 0 < amin < a(z),0 < bpin < b(x), 0 < emin < ¢(x) be continuous
functions in B and a(x),b(z) € C¥Y(B). Then &, (S;) resp. is attained by a func-
tion w which is locally Hélder continuous. Moreover if p > 2 it is locally Lipschitz
continuous .



The proof was carried out in [6] under an additional condition on ¢(z). The basic
tool was the classical lemma of Morrey. Because of Lemma 1 in the next section it
is not difficult to see that this condition is not needed anymore.

A short history

The special case a = b = ¢ = 1 can be solved by means of symmetrization. It
turns out that the optimal domain is a ball B!, vol(B!) = t., ie. & = S(BY)
and equivalently & = &(B!). This extremal property of the ball is also true if
the optimization problem is considered on surfaces or spaces of constant curvature
because the method of symmetrization applies [4]. The method of symmetrization
which goes back to the geometer J. Steiner was used systematically for the first time
in mathematical physics by Polya and Szegé in their pioneering work on ”Isoperi-
metric Inequalities in Mathematical Physics” [18]. One of the motivations was the
torsional rigidity of a cylindrical beam which in a simply connected planar domain
is expressed as the reciprocal of S; for p =2 and a = b =c¢ = 1. In 1856 St. Venant
conjectured that among all cross-sections of given area the circular beam has the
highest torsional rigidity. This conjecture was proved in 1948 by Pdélya, cf. [18].

In multiply connected domains the problem of the torsional rigidity has to be
slightly modified. In this case Pélya and Weinstein [19], cf. also [16], proved that
among all multiply connected cross-sections with given area and given joint area of
the holes, the ring bounded by two circles has the maximal torsional rigidity.

Some extensions of symmetrizations to problems with variable coefficients b and
¢ can be found in [21], [22] and [4]. In all these examples not only the domains vary,
but also the weights are changed.

The question of existence of an optimal shape was studied by Buttazzo and Dal
Maso [8]. It was known before cf. [17] that an optimal Lipschitz domain exists pro-
vided the admissible domains satisfy a uniform Lipschitz condition. Buttazzo and
Dal Maso were able discuss the general situation with only a volume constraint. The
difficulty was to find a topology which makes the functional lower semicontinuous.
Since such a topology didn’t seem to exist they made a detour via the conver-
gence of solutions of elliptic boundary value problems introducing the concept of
~-convergence.

Necessary conditions for the linear case p = 2, a = 1 and for smooth optimal
domain can be obtained by means of Hadamard’s formula for the Green’s function
[13]. The classical formula of Hadamard says that if D* is obtained from D by
shifting D by the distance wp(s), in the direction of the exterior normal v of D)
then the difference of the Green’s functions in D is of the form

g (z,y) — g(z,y) = — ]iD ag(;y’ z) ag*a(z’y)

wp(s) dS + O(w?).
From here we get

2
Slos 1= —7{ <g:j> wp dS + O(w?),
oD

where u solves Au+b=0in D, u = 0on dD. If D = Dy, then §,, cwpdS = O(w?).



Hence on the boundary of the optimal domain we must have

(gz)g — (b, )e(x).

(The generalization of this formula to arbitrary p is given in Subsection 3.3.) To
our knowledge no attempt was made so far to apply it to the optimization problems
(A) and (B).

Based on the fundamental paper of Alt and Caffarelli [2] and Alt, Caffarelli and
Friedman [3] a new approach was considered. The idea was to introduce a penalty
term depending on ¢ and to consider a variational problem in B without constraints.
It has the advantage that it involves only the state function and not the optimal
shape which is difficult to grasp.

This approach was carried out for a problem related to (P)g by N. Aguilera,
H.W. Alt and L. A. Caffarelli [1]. Inspired by these papers Lederman [14], [15]
treated optimal design problems similar to the torsion problem for multiply con-
nected domains and its generalization to higher dimensions. She was able to derive
density and non-degeneracy results which led to to the Lipschitz continuity of the
optimal domain.

T. Briancon, M. Hayouni and M. Pierre [7] considered he case p = 2, a = 1,
b€ L*(B)N L™ and ¢ = 1 and proved existence and Lipschitz continuity of the
minimizers u. As a consequence they obtained that the optimal set {supp(u)} is
open. They allowed b and therefore u to change sign. This fact leads to additional
difficulties which could not be treated in [6] where the general case p > 1 was
considered.

The case of general p > 1, but witha=c=1,b=0and u = ¢ > ¢g > 0 on
0B was treated in [12]. They were able to prove that the boundary of the optimal
domain has a finite (/N — 1)-dimensional Hausdorff measure. Even in the linear case
p = 2 this problem does not seem equivalent to our optimization problem.

Theorem 1 implies that the optimal region Dy is open. If, as it was shown for p > 2,
it is in addition locally Lipschitz continuous, 0Dy is continuous. The goal of this
paper is to develop tools in order to obtain more precise results on the smoothness
and the geometry of the optimal domain. We will consider a perturbed problem
which is arbitrarily close to the original one. Unfortunately we are not yet able to
conclude that the properties for the perturbed problem persist in the limit. Notice
that this difficulty does not exist if we prescribe positive boundary data on w.

The paper is organized as follows: in Section 2 we present the perturbed problems
and some simple preliminary results. Section 3 deals with the minimizers of the
above problems. In particular it is shown that the (N — 1)-dim.Hausdorff measure
of the optimal domain is finite. We conclude this section with some open problems.



2 Penalization problems

2.1 General remarks

Let ¢ > 0 and € > 0 be arbitrary fixed numbers. In the sequel we shall use the
abbreviation K for K(B). We consider the functional S¢; : K — R" and E.; : K —
R* given by
Eci(v) == Efv, B] + fe( / c(x) dz) and Se¢(v) := Sv, B] + f( / c(x) dx)
{v>0} {v>0}

where f. is a penalty term. We shall use either

18_ . S
fe(S):{ 6( t) >t

e(s—t) : s<t.
or

$205) = <(s = ).

For v = 0 we set Sc4(v) = oo and E(v) = 0 or (—et) depending on the penalty
function. Notice that fc(s) is for s < ¢ a rewarding term which will be crucial for
the estimates in the next section. We are interested in the following variational

problems

(2.1) Set = iI]%f Jei(v) and E 4 = hiéf Eci(v).

It can be shown (cf. [6]!), that there exist a function u. € K N C’loo’f such that
(2.2) Ect(ue) = Ecp and Set(ue) = Sey.
The minimizer of & ; satisfies the variational inequality
div(a|VuP~2Vue) + b > 0in B.
Since the functionals are monotone in € we have
Eeot <€t < & and Se,p < Sepp < Soyt for €1 < e

For v € IC set
M, = / c(x)dx, Ny:={xe B:v(x)=0}
v>0

A useful observation which was conjectured in [6] and proved in [7] is

Lemma 1 Let u. satisfy (2.2). Then
(i) there exists €y > 0 such that

M, <t foralle < €.

(ii) If the penalty term is f° then M, =t for all ¢ < &.
(iii) Otherwise we have M, <t and M,  —t as e — 0.

!The proof was carried out for the penalty term f°. The same arguments apply for f..



Proof (i) Suppose that there exists a minimizer u. such that M, =T > t. Fol-
lowing [7] we consider the trial function v := (ue — d)4+ and choose § so small that
t = M, <T'. The minimum property of u. implies

Ee,t (ue) < Ee,t (U) .

Hence
T — M,

p_l/ a|VuelP dz — / bue dx + <0,
{0<u<é} {0<u<sé} €

and in view of our assumptions on the coefficients

(2.3)

Gmin / |Vue|P de + Cmm/ dx < bmax/ Ue dx + (5/ bdzx.
P J{o<u<s} € J{o<u<sd} {0<u<s} {u>6}

We may assume that the set Q5 := {0 < u < ¢} is open ( possibly after adding a set
of zero capacity). The first term in (2.3) will be estimated by means of Carleman’s
inequality. Indeed

/ |Vue|P de > / VAP dz :=C,
Qs Br,\Brg,

where |Bg,| = [{u(z) > 0}|, |Bg,] = [{u(x) > 6}| (we use |A| to denote the
Lebesgue measure of the set A) and h is the p-harmonic function satisfying

Aph = 0in Bg, \ Br,, h(Rg) =6, h(Ry) = 0.

A straightforward computation yields

N—p _N-p N—p

N—p

hr)=cdlr >t =R, "', =[Ry " —R, "N

Hence
_N-p N—p
-

C =~(N,p)d?[R, "' — R, P~~~ D).

Suppose that Ry = Ry — p where p is small. Then

oy (SN
C=m(p,N)OR;” <p> .

This together with (2.3) implies

S\ P
72| = +73— <4,
P de

where ~;, ¢ = 2, 3,4 is independent of d, p and €. For small € such an inequality can
not be true. Hence M,,, <t for € < €.

(ii) The second statement follows from the monotonicity of £(D), (S(D)) with
respect to D. In fact suppose that M, < t. Let D, = {ue > 0}. Because of
our assumption there exists a ball Br(zg) C B with xy € d{uc > 0} such that



Br(z¢) N {ue = 0} has positive N - dimensional Lebesgue measure. Moreover we
can choose R small enough, such that

/ c(x) dr < t.
Due UBR(.T())
Then due to the monotonicity of the functional with respect to set inclusion we get
(2.4) inf{Ec;(v),v € K(Dy, U Bpr(x0))} < Ecp.

By choosing for instance as a test function v = max{u, w} where div(a|Vw[P~2Vw)+
b=01in Br(zg). w = 0 on 0Br(xg) we see that the inequality in (2.4) is strict.
This contradicts the minimality of & ;. Hence M, =t.

(iii) Assume that there exists a sequence €, — 0 as n — oo such that M, —
to < t. Let u be the minimizer of &. Then by (ii)

Elu, B + €(M,,, —1t) < Elu,, B] + ¢(M,, —t) < E[u, B].

Therefore by letting k tend to infinity we obtain E[ug, B] = E[u, B]. By the previous
observation this is a contradiction unless t = 2. ]

Corollary 1 (i) If € has the penalty term f2, there exists a positive &y such that
Eeqot = Eet = &, for all e < €.
(i1) If Ec; has the penalty term fe, then
Eet — &, ase — 0.

It will be shown by the same arguments as in [6] that for the penalty f. we have

| e(z) dx =t for small .
{ue>0}

2.2 Penalisation f,

Theorem 2 Let ue be a minimizer of E.; with the penalisation f.. Then there

exists an € > 0 such that for all € < &y we have [ c(z) dz =t.
{ue>0}

Proof: The proof is done by contradiction. Assume that [ ¢(z)dz <t for some

{ue>0}
0 < e < ¢y. Then by Lemma 1, ue minimizes
1
Ec(u) = ’ /a(x)|Vu]p dx — /b(x)u dr + € / c(x)dr —t
B B {u>0}

The idea is to prove that this implies an estimate for € from below. For that let
xo € {ue > 0} such that Br(zp) C B. We define

X v in Bg(zo)
v =
ue in B\ Bgr(zo)



for some v € WP(Bg(z0)) with v = u, in dBg(z¢) in the sense of traces. Mini-
mality of u. implies E¢¢(uc) < Ec+(0). This gives

Eer < ! / a(m)\VuV)dm—i—} / a(x)|VulP de — / b(x)u dx
p p
B\Br(z0) Br(zo) B\Br(zo)
- / b(z)v dx + f. / c(z) dx
Br(xo) {9>0}
1
= bty [ a@ (- vap) det [ d@)w— o)

BR(I()) BR(xO)

+F. / o(z) dz | — 1. / () da

{9>0} {u>0}

Since by assumption [ ¢(z) dz < t we may assume that for R sufficiently small

{u>0}
| c(z)dz <t as well. Consequently
{9>0}
1
- / a(x)|VuelP de — / b(z)u, dx
Br(zo) Br(xo)
(2.5) < ; a(x)|VoulP dx — / b(x)v dx
Br(zo) Br(zo)
+e / c(x) de — / c(x) dz
{v>0}NBgr(x0) {ue>0}NBRr(x0)

We now specify the choice of v. Let v be the solution to
(2.6) div(a(z)|Vu|P2Vov) +b = 0 in Bpg(xo)

v = u in OBg(xo).
Then by the positivity of v the last inequality reads as

! / o) | Vuel? do — / b(m)uede; / o()|Vol? da — / b(z)v di

p
Bg(zo) Bg(zo) Br(=o) Br(zo)

+e / c(x) dx.

{’Ll,e ZO}ﬂBR(Io)

Thus we get
1
» / a(x) (|Vue|P — |VolP) dz < / b(x) (ue —v) do+€ / c(x) dx.

Br(=o) Br(zo) {ue=0}NBr(zo)



Using the inequality for p > 2 and X,Y € R":

Yy — X

D _ D p—2 _
XP =Y P 2 plY PRV (X = Y) + Gy

(see e.g. [10], Lemma 1.3) we get

/ a(x)|Vue —v|P do + / a(z)|Vu|P2VoV (ue — v) dx

Br(zo) Br(zo)

< / b(@) (e — v) da + € / o(z) da.

BR(:E()) {uezo}ﬂBR(xo)

p(2r=t —1)

If we integrate by part the second integral and keep in mind that v satisfies (2.6)
we obtain

1 p
(2.7) ppT=— / a(x)|Vue —vfP do < e / c(x) du.

Br(zo) {ue=0}NBgr(z0)

We will now show that a multiple of the right hand side integral gives a lower bound
for the left hand side integral, which is obviously a contradiction.

This is done in two steps. Following an argument in [3] (Proof of Lemma 2.2)
and [2] (Proof of Lemma 3.2) we construct a lower solution of (2.6). Set

|x—a:0|2

w = k(1 2 ).

A straightforward calculation yields, replacing |z — xg| by 7

2k

p—1
div(ol)Vul9w) = — () (e (4 - 200 ),

Since b is strictly positive in Br(zg) and since the expression in the brackets is
bounded , w satisfies for small k the differential inequality div(a(x)|Vw|P~2Vw)-+b >
0. Because w = 0 < v on dBRg(xg) the comparison theorem yields

2
rT—x
vew=k(1 - k)
and thus
(2.8) v(z) >k <1 - ‘x_RxO‘> in Bpr(zo).

This is the first step. For the second step we let y;, i = 1,2 be two points in Br (z0)
2

(see Figure 1) such that Br(y1) N Br(y2) = 0. Let g € OBgr(z0). Denote by &g, y;
8 8
the line connecting &p with y; for ¢ = 1,2. Let

Aj = {n € &p,yi s ue(n) = 0 and 1 ¢ Br(y;)}



Br(0)

Figure 1

the set of zeros of u. on &g, y; outside Br(y;). Let 7;(§r) the element of A; which
8
is closest to Bz (yi): |7i(€r) — yi| = dist(A;,y;). Then [;(r) denotes the length of
8

Er,mi(ER). If u(€r) > 0 we set n&r) = g. Define
Si = {€r,n(&R) : £r € OBR(x0)}, S:=851US,.
Then by construction
{u=0} N Bpr(z) CS.

We consider the points y; as new centers of the ball after the transformation

Tr — X
x—>(1—‘ i |>yi+x—x0.

) (155 e )
o = o((1-5 o).

Clearly for i = 1,2
Ue; = ue and v; = v on IBr(xo),

We set

and u; (o) = u(yi), vi(zo) = v(y;). We choose polar coordinates with center y;.

— niér) — v
¢ = 1m:(Er) — il € 95:(0)

Ri(§) = [ni(€r) — il

10
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Figure 2

Then
(&) == ni(€r) — yi = Ri(§)E.

Hence from the construction of A; and the definition of 7;({r)

<r < R,u(r§) = 0}.

col

R;(&) = inf{r:

Since u. = v in dBr(zo) we get

R
wli(@) = [ G- )€ dr

R
= / £ V(ue; —v)(ré) dr

3=

R
< (R—Ri()" / 1V (e — v) (FE) P dr
163,

On the other hand we have from (2.8)

vi(7:(€)) = ¢(R — Ri(€)) ,



hence
R
R-Ri(© < [ [Vluei=o)(OP dr
R;i(§)
R
< RO [ [V(uei —vi)(r&)[Pri T dr
R;i(§)

The last inequality makes clear why we introduced the y;’s: We can integrate w.r.t.

§
si< [ r-m@d<e [ V-

9B1(0) BR(IO)\B% (i)
and add the inequalities for ¢ = 1,2. Then

{ue = 0} N Br(zo)| < |S| < / IV (ue — v)P da.

Br(wo)
Clearly, since ¢pin < ¢() < Cpmaq this implies
c(xz)dr <c / |V (ue —v)P de.
{Uezo}ﬂBR(ZQ) BR(:EQ)

We compare this with (2.7) and conclude that there exists an €; = % such that for

€ > €1. From this we get a contradiction if we choose €y = min{ej, €p}. O

From now on we assume ¢ < €y and write u instead of u.. Moreover we may
assume that [ c(z)dz =t

{u>0}
3 Nondegeneracy for minimizer u along the
free boundary

3.1 Density results

We consider the functional

Eeyo(u) = ;/a(x)|Vu]p da — /b(:p)u de + fz, / @z |, p>2,

B B {u>0}

on the space K. In particular we have, choosing €y as in the prvious chapter,

feo / c(z)dz | =é / c(z)dr —t

{u>0} {u>0}

12



From Theorem 1 (see also [6]) we know that the minimizer u is in C’loo’g(B). Thus
for each D CC B there exists a bounded Lipschitz constant L = L(D).

Lemma 2 Let u be a minimizer of Eg ;. Let Br(zo) C D with zg € 0{u > 0}.
Then there exist positive constants 0 < v <1 and ¢y = co(N,p,~, €, L(D),a,b,c)
such that if YR < %’ and

1
— sup u<cg
R 9By (20)

then v =0 in Bygr(xo).

Remark In view of the Lipschitz continuity we have supyp, )t < L(D)R. From
Lemma 2 it then follows that

coRR < supyp (20t < L(D)R.

Proof We derive a local estimate for the minimizer v € C>}(B). Let Br(zo) C D

loc
We define
R v in Bg(zg)
Vv =
u in B\ Br(zo)

for some v € W'P(Bg(xg)) with v = u in OBg(zo) in the sense of traces. By the
minimality of u we have

et < Ego,t(ﬁ)'
Thus we get the local estimate (compare with (2.5))

1
o< [ a@(vep-vur) dot [ bau-v)ds
BR(I()) BR(Z'O)

+fe /C(x) dr | — f /C(:L“)d:z:

(>0} {u>0}

We now specify the choice of v. Recall that zyp € 0{u > 0} and let w be a
solution to

div(a(z)|VwlP2Vw) +b < 0 in Bg\ Byr(zo)

w = sup u in 0Bpr(zo)
OBR(zo)

w = 0 in 8B'yR (‘TO) )

for some 0 < v < 1. The function

6 wle)i=wlal) =k ( s = 13

13



with
B

k= i BRﬁ sup u
L= O0BR(zo)

satisfies the boundary conditions. If 3 is sufficiently large w satisfies the differential

1
inequality, e.g. if v = %5 then /3 needs to be so large that

2p7 ! bmax

Va|R+ (N —-1)a—a(p—1)(B+1)+ RP <0.
’ (5 SUPHBg(z0) u)p—l
(3.1) gives the estimate
1 o
(3.2) sup |G, w|Pt <c(B,7,p) [ = sup wu .
OB Rr(%0) R 9B (a0)

Define
v := min{u, w}.
Clearly v € WYP(Bg(z0)) and v = u in Bg(zo). Moreover v < u in Br(zg) and

v =0 in B,r(xo). Thus

1
- / o(2)|VulP do — / b(x)ude; / a(z) (Vo = [Vul) de
B, r(z0) B, r(zo) BRr\Byr(z0)

+ / b(x)(u —v) dx + fz, / c(z)dz | — fz / c(x) dz
BR\B.\/R(CE()) {f)>0} {U>O}

Since v < w in Br(zp) and since € is so small that M, < t, we deduce that

fe /C(»’U)dx — f& /c(:c)da: < —& / c(z) dz.

{0>0} {u>0} {U>O}ﬂB.YR(mo)

We use the convexity of the function x — 2P for p > 1. In particular this implies

o —ah < pwlf_l(xl — z9) for x1,20 > 0.
Thus
1 a(z) (|[VulP = |VulP) dx
Br\Byr(z0)
—> [ a@(Ver - [vap) ds
Br\Byn(eo)n{usu}
< / a(z)|[Vw P2 VwV (w — u) da.

Br\B~r(zo)N{u>w}

14
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Partial integration gives

a(z)|[VwP2VwV (w — u) dx

Br\Byr(zo) {u>w}
= / div (a(z)|VwP*Vw) (u — w) dx + / a(x)|Vw|P~20,wu dS
Br\Byr(zo) {u>w} 9B (o)
=— / b(x)(u —w) dx + / a(x)|0,wP~ u dS.
Br\Byr(zo)N{u>w} 0B r(z0)
Thus
! / a(z)|VulP do — / b(z)udr < — / b(z)(u —w) dx
pB.YR(aco) By n(x0) BR\B, r(zo)N{u>w}
+ / a(x)|0,wP~ u dS + / b(x)(u —v) dx — €& / c(z) dx.
9B, r(z0) Br\Byr(z0) {u>0}NBr(w0)
Since

b(z)(u—v)dr = / b(x)(u —w) dr
BR\B'yR(xO) BR\B,YR(:C())Q{’U,>’U}}

the last inequality becomes

(3.3) % [ a@)|VuPde< [ a(z)|d,wPludS
Byr(zo) 9By r (o)
+ [ b(z)udr—é S c(z) dx.
By r(zo0) {u>0}NB, r(z0)

We now estimate the right side of this inequality by means of the integral on the
left side. For the first integral we write

a(x)|O,wP ' udS < amer sup |Oyw[P! / udS

OB~ Rr(x
9By r(20) vr(zo) 9B, r(zo)
N
< Gmaz Sup |G,w[P7? / —Ru+]Vu| dx
OB v
’YR(:EO) B m(0)
< N™1D) sup  |Bw]! / () da
Cmin 9B, r(x0)
Byr(w0){u>0}

+Umaz  SUP |8,,w\p_1 / |Vu| de.
8B'yR(xO)
By r(z0)

For the last integral we use Young’s inequality.

1 -1
/ |Vul| dz < / a(x)|Vul|P dz + P / c(x) d.
Aminp

CminP
Byr(wo) Byr(zo) {u>0}NByr(z0)
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Finally we observe that

bmam
/ b(x)udxr < L(D)yR—— / c(x) de.
Cmin
By r(z0) By r(zo)N{u>0}

Inequality (3.3) can then be rewritten as:

! / a(x)|VulP dz < c¢(a) sup ]8,,w|p_l1 / a(x)|Vul? dx
p OB+ r(z0) p
BWR('TO) BWR(IO)
+¢(N,p,a,b,c, L(D)) < sup |G, w|P~t +~R — €0> / c(x) d.
OByR(w0)

{“>0}QB'7R($0)
Now we recall the estimate (3.2). If R is chosen such that
YR < €

then u = 0 in B,g(zo) iff

— sup u<cg
R 9By (x0)

where

Cco = CO(N7p7 gOa v, 67 L(D)7 a, ba C)'
O
Remark In applications this lemma is used as a type of Hopf Lemma for the
minimizer.

Lemma 3 Let D CC B with z9 € 0{u > 0} N D. Then there exists a constant c
such that

[{u > 0} N Bgr(zo)|
| Br(z0)| B

for all R > 0 such that Bar(zo) C D and ¢ does not depend on R and xo € D but
on €.

C

Proof Let Bar(z9) C D CC B with zp € 0{u > 0}. Then due to the last lemma
there exists a point y € 0Br(zo) such that u(y) > cR. Let r < R be the smallest
radius such that

OB, (y) N o{u > 0} # 0.
For z € 0B, (y) N 0{u > 0} we then have

cR < u(y) = u(y) — u(z) < L(D)|ly — z| = L(D)r
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l.e.

Thus

[{u> 0} N Bag(wo)| _ 1B [ ¢ \V
Bon(zo)l = [Bonlro) (L(D)) ‘

This gives a lower estimate for the density, which does not depend on zg € D. O

Remark A consequence of this estimate is, that
(3.4) |0{u >0}ND|=0

(see e.g. [3], [9], [12]). In fact on one hand we have xy,>o(z¢) = 0 for any point
xo € 0{u > 0}. On the other hand Lemma 3 gives us

lim inf [{u> 0} 1 Br(o)|

>c>0.
R—0 |Br(xo)] -

Thus no free boundary point zg in D is a Lebesgue point for y,~9. However almost
all point must be Lebesgue points (see e.g. [11] Theorem 1 in Chap. 1.7). In
particular this proves that

div (a\Vu|p_2Vu)) + bxus0 =0 a.e. in B.

Remark Assume that a connected component of D,, (denoted by D) contains the
center of the ball B. Then Lemma 3 and the volume constraint allow us to prove
that this connected component is strictly in the interior of B, if the radius Ry of B
is sufficiently large. For any positive integer m

m—2

B= | Bz, \ Big,
=0

Assume now that DY touches the boundary of B in at least one point. Then there
exists smallest index iy and a point x; € 9{u > 0}(783@}%0 for each 7 > ig. Choose
R; = %Ro. Then

|{U>O}QBR (l’l)| )
> (m —1g)c,
Z ’BR sz)| = ( 0)
where ¢ is the constant from the Lemma 3. Since |Bpg,(zo)| = ¢(V) (%) this
implies
m—2 R N
t> / C(ZL‘) dx > cmin Z HU > 0} N BR1($O)| > C(m — ZO) <773>
{u>0} 1=

For sufficiently large Ry this contradictory (see also [15]).

There is also an estimate for the density from above.
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Lemma 4 Let u be a minimizer of E¢, . Let Bar(xo) C D CC B with zo € 0{u >
0}. Then there exists a constant 0 < ¢ < 1 which does not depend on xo € D such
that

]{u > 0} N BR($0)|
|Br(z0)|

Proof We argue by contradiction. Assume there exists a null sequence (), such
that

<l-c

[{u =0} 0 By, (20)]
| Br (o)

as k — oo. Without loss of generality we may assume that B,, (xo) C D. We
construct a comparison function v. Set

= Joe(@) ifz € By ()
(3.5) v (T) = {u(x) if x € B\ By, (z0)

— 0

where 0y, is the solution of
(3.6) div(a(x)|ViRP~2Voy,) + b(x) = 0 in By, (x0), 0 = u on OB, (o).

Then it was proved in Lemma 8 in [6] that for p > 2 we get
(3.7) / a(@)|V (4 — o) dz < c|Ny (1 By, (20)].
By, (z0)

where N, :={z € B:u(x) =0 a.e.}. We now consider the scaled functions

1
up, (y) = aﬂ(ﬂﬁo + rY)
. 1
O, (y) = avk(xo + 1Y)
ar, (y) a(xo + riy)
ka (y) = b(.%’(] + Tky)'

With this transformation (3.6) reads as

(3.8)  div(ag(y)|Vor, P2V, ) + rebr(y) = 0 in B1(0), 0y, = u,, on dB1(0).

and (3.7) becomes

|{u7'k =0} N By, (z0)|
| By, (0)] '

By assumption the right hand side tends to zero as k — oco. From these considera-
tions we now derive a contradiction. The sequences (u,, ) and (0y, )i are Lipschitz

(3.9) / 0k ()| (tr, — 60,7 dy < c
B1(0)



continuous in B;(0) and therefore they are uniformly Lipschitz continuous in B (0).
2
Thus there are Lipschitz continuous functions ug and vy such that

Up, — UQ in B

Up, — o in B

(3.9) then implies that up and vy are equal up to a constant. Moreover if we take
the limit £ — oo in (3.8) we get

(3.10) div(a(zo)|Vie[P2Vig) = 0 in B% (0), 0o = up on (9B% (0).
Thus
(3.11) div(a(zo)|Vug|P*Vug) = 0 in B,1(0).

Since also ug(0) = 0 the strong maximum principle [23] gives ug = 0 in B1(0). But
2
then we must have

€0
Sup u, <

9B, (0) 2
2

for ry, sufficiently small. The nondegeneracy lemma (Lemma 2) then implies u,, =0
in B1(0) for 7 sufficiently small. This however contradicts that zo € 0{u,, >
2

0}. O

3.2 Estimates for the Hausdorff measure

In the last part of this paper we prove that the free boundary has (locally) finite
perimeter. First we use the fact that

= div(a|Vu[P2Vu) + bX {u>0}
is a nonnegative Radon measure with support in 9{u > 0}, that is
u(p) = —/a|Vu|p_2Vqu0 dx + / bX{us0yp dr >0
B B

for all nonnegative ¢ € C}(B). (By an approximation argument the measure y can
be extended to nonnegative p € CJ(B)). The following two estimates are proved as
in [9].

Lemma 5 Let D CC B with g € 0{u > 0} N D. Then there exist constants 0 <
¢ < C < oo independent of xg € D and on R, such that for almost all Br(xy) C D

cRN-1 < / dp < CRN-1

Br(zo)
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Proof The second inequality follows easily from the Lipschitz continuity of u in
D. Let (& )i be sequence of nonnegative functions in C’g’l(B) which approximate

XBg(z0)> €-8-

1 ifr e BR({L'())
(RN 2—faN 2,
(3'12) ék(x) = (R_;'_%)N—Q_RN—Q ifz e BR+%(‘TO) \BR(J;O)
0 if:EEB\BRJF%(:L‘O).
Then
[ oG = [ avur Vg - by ds
By (@o) By (@o)

IN

1
a|VulP~29,u dS < C(R + %)N—1
OB 1 (0)
where the last inequality holds for almost all R with Br(z9) C D. C depends on
L(D) , amaz, p and N. Now let k& — oo. This gives the second inequality. We

now prove the first inequality. Assume it is false. Then there exists a sequence of
minimizers (ug)x such that xo € 0{ur > 0} and

/ duy =: € — 0
Br(zo)

as k — oo. Since the sequence (uy)x is Lipschitz continuous, we can assume that

there is a Lipschitz continuous function ug such that ug — wug uniformly on Bz (z¢)
2

Let

gr = a|Vug[P "2 Vuy.

Passing to a subsequence (again denoted by (gx)x) we conclude that there exists a

function gy € L*°(Br(x¢)) such that g converges to go in the weak* topology of
2

L. Assume we can show that

(3.13) 9o := a|Vug|P*Vug in B%(SUO))-

Then we have

/ a|Vug[P~2Vug Ve — bX {uo>0} ¥ dT
Bg (z0)

k—oo
B%(Io)

= lim / a|VurP~2Vup Vi — bX {u, >0 dx

20



for all ¢ € C}(B). Thus

/ ¢ dpo = lim ¢ dug < HQOHLW(B%(xO)) Jim e, = 0.

B R (20) B (0)
2 2
Then we have pg =0 in Br(z9), i.e. ug solves
2
div (a|Vuo[P~2Vug) + DX fuo>0y = 0 in B% (x0).

Since we also have ug(0) = 0 we get ugp = 0 in Br(z). As in the proof of Lemma 4

we now get a contradicition because of the nondegeneracy of u close to a free bound-
ary point. It remains to show (3.13). Choose any ball B,(y) C B. We distinguish
between two cases.

Case 1. B,y(y) C {up > 0}: In that case we can pass to a subsequence (again
denoted by (ug)) such that uy converges to ug in C1*(B,(y)) (locally). Thus
(3.13) holds.

Case 2. By(y) C {up = 0}: For any ¢ > 0 there exists an index k& = k(9)
such that u,, = 0 in B,;_s)(y) for k& > k(d). This follows from Lemma 2. Thus
go = 0= a|Vug[P~2Vug in B,(y).

To complete the proof we need to show that [0{ug > 0} N D| = 0. Due to the
remark after Lemma 3 it is sufficient to show that

|{U() > O} N BT(Z())’ > .
| Br(20) -

for all B,(z9) C Br(xo) with zg € d{ug > 0} N Br(xg). Each zg is the limit point
2 2

of a sequence xy € {ur > 0} N Br(xg). As a consequence Lemma 2 also holds for
2

(3.14)

up. Then estimate (3.14) follows from Lemma 3. O

We are now able to formulate the Representation Theorem for our problem. For
the proof we refer to [2] Theorem 4.5. We will use the following notation. Let E be
any set in RY then HN~1(E) denotes the N — 1 dimensional Hausdorff measure of
E (see e.g. [11]). For any other set F' C RY we define HN"1/F

HNZILF(E) =HYY(FNE)
for all E ¢ RN.

Theorem 3 Let u be a minimizer of &, . Then the following properties hold true:
1) HN-Y(DNno{u>0}) <oo forall DcCC B.

2) There exists a Borel function q,, such that

div (a(x)|VulP~2Vu) + b= q,H" 1 20{u > 0}



which means, that for all p € C§°(B)

— / a(x)|VulP2VuVe de + /bx{u>0}g0 dr = / oqu dHN L.
B B Bno{u>0}

3) For D CC B there are constants 0 < ¢ < C' < oo, which do not depend on u,

such that for any ball By(x) C D with x € 0{u > 0} we have

c < qu(z) <C, erV Tl < HN_l(BT(x) No{>0}) < orN-L

So far the constant €y appeared in all estimates which are based on the nondegen-
eracy of u (Lemma 2). The same difficulty was encountered in [24]

Acknowledgement The paper was completed while the first author (C.B) was
visiting the Department of Mathematics of the RWTH. She would like to express
her gratitude for the hospitality and the stimulating atmosphere.

References

1]

2]

N. Aguilera, H. W. Alt and L. A. Caffarelli, An optimization problem with
volume consraint STAM J. Control Optim. 24 (1986), 191-198.

H. W. Alt and L. A. Caffarelli, Existence and regularity for a minimum problem
with free boundary, J. reine angew. Math. 325 (1981), 105-144.

H. W. Alt, L. A. Caffarelli and A. Friedman, Variational problems with two
phases and their free boundaries, Trans. AMS 2 (1984), 431-461.

C. Bandle, Isoperimetric inequalities and applications, Pitman (1980).

C. Bandle, Sobolev inequalities and quasilinear boundary value problems, Basel
Preprint 2001-02, Nonlinear Analysis and Applications: To V. Lakshmikan-
tham on his 80th Birthday, R.P. Agarwal, D O’Regan eds., Vol. 1, Kluwer
(2003), 227-240.

C. Bandle and A. Wagner, Optimizaion problems for weighted Sobolev con-
stants, Calc. Var. 29 (2007), 481-507.

T. Briancon, M. Hayouni and M. Pierre, Lipschitz continuity of state functions
in some optimal shaping, Calc. Var. Partial Differential Equations 23 (2005),
no. 1, 13-32.

G. Buttazzo and G. Dal Maso, An existence result for a class of shape opti-
mization problems Arch. Rat. Mech. An. 122, 183-195, (1993).

D. Danielli, A.Petrosyan, A minimum problem with free boundary for a degen-
erate quasilinear operator., Calc. Var. Partial Differential Equations 23, no. 1,
(2005).

P. Dréabek, A. Kufner and F. Nicolosi, Quasilinear elliptic equations with de-
generations and singularities, De Gruyter, Series in Nonlinear Analysis and
Applications, 5 (1991).

22



[11]

[12]

L.C. Evans, R.F. Gariepy, Measure theory and fine properties of functions.,
Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, (1992).

J. Fernandez Bonder; S. Martnez; N. Wolanski,An optimization problem with
volume constraint for a degenerate quasilinear operator., J. Differential Equa-
tions 227 (2006), no. 1.

P. R. Garabedian, Partial Differential Equations, John Wiley (1964).

Lederman, Claudia An optimization problem in elasticity. Differential Integral
Equations 8 (1995), no. 8, 2025-2044.

Lederman, C. A free boundary problem with a volume penalization. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4) 23 (1996), no. 2, 249-300.

L. E. Payne, Isoperimetric inequalities and their applications, SIAM Review 9
(1967), 453488.

O. Pironneau, Optimal shape design for elliptic systems, Springer Berlin(1984).

G. Pélya, G. Szego, Isoperimetric Inequalities in Mathematical Physics, Prince-
ton University Press (1951).

G. Pélya and A. Weinstein, On the torsional rigidity of multiply connected
cross-sections, Ann. of Math. 52 (1950), 154-163.

P. Pucci and J. Serrin, The maximum principle. Progress in Nonlinear Differ-
ential Equations and their Applications, 73, Birkhuser Verlag, Basel, 2007.

G. Talenti, Elliptic equations and rearrangements, Ann. Scuola Norm. Sup.
Pisa, 3 (1976), 697-718.

G. Talenti, Nonlinear elliptic equations, rearrangements of functions and Orlicz
spaces, Ann. Mat.pura ed appl. 70 (1979) 159-184.

N. Trudinger, On Harnack type inequalities and their applications to quasilinear
elliptic equations, Comm. Pure Appl. Math. 20 (1967), 721-747.

A. Wagner, Optimal shape problems for eigenvalues, Comm. PDE. Volume 30
(7-9), (2005).

23



