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Abstract

We study the oo - eigenvalue problem with respect to existence and unique-
ness. The existence of minimizers is proved via I' - convergence. For the
uniqueness, we restrict to a subclass of minimizers. We conclude with some
examples.

1 Introduction

A classical example for a nonlinear eigenvalue problem is the minimization of the
Rayleigh quotient

[Vullp
(1.1) R,(u) :=
' [lullp
over the set Wy(Q) for 1 < p < oo, where |[ul|, = |[u||zr@) and Q C R" is an

open bounded domain. It is well known that a minimizer exists and is unique. The



minimal value is called first eigenvalue for the p—Laplacian and is characterized as

|| Daull,

[lullp

(1.2) Ay () = min{ u € WyP(Q),u # 0} .
When p = 2, (1.2) gives the first eigenvalue of the Laplacian operator A. A mini-
mizer of (1.2) satisfies

_ — p p—2
(1.3) { Apu= A Q)|uff~u, x€Q

u= 0, x € 0f.

The unique solution u, of (1.3) is known to be positive in the interior of € and
u, € C¥(Q). For more details about this subject we refer to [L1, 1.2, L3, BK]. In

loc

[JLM] and [FIN] the authors considered the limit problem of (1.2) as p — oo

(1.4) Ao(©2) = min {Roo(u) cu e We™(Q),u>0,u # 0} _where R, = |||1|)7|L|||oo
U o0

In [JLM] it is shown that a subsequence of the solutions {u,}, of (1.3) converges as
p — o0 in the viscosity sense to a viscosity solution of
{ min{|Du(x)| — Aou(z), —Axu(z)} =0 z€Q

(1.5) v =0 x¢€of.

Here A, denotes the oo— Laplacian and is defined as

Asou(z) =Y dyu(x)0;0;u(x)dju(x)
i=1
for any u € C? (see e.g.[ACJ]). We like to mention the paper [Y] in which the author
gives sufficient conditions on the domain €2, such that the distance function is the
unique solution of (1.5).
In this paper we are interested in the following questions:

e Is it possible to derive a solution to (1.4) as a sequence of minimizers of (1.1)
as p — 00?

e Can (1.5) be understood as the Euler Lagrange equation of the limiting mini-
mization problem (1.4)7

e Are solution of (1.5) unique?

The paper is organized as follows: in Section 2 we present some known results
which will be needed in the sequel of the paper. In Section 3 we prove that the
sequence {R,}, I' - converges to R. In Section 4 we introduce the notions of local
minimizer and we derive (1.5) as a necessary condition for local minimizers of the
limiting problem. Then we prove uniqueness of solutions of (1.5) in the class of local
minimizer (see Definition 4.1). Finally in Section 5 we discuss the existence of local
minimizers for a given domain and we discuss our notion of local minimizer. We
conclude with an open problem.



2 Preliminary Results

Let 2 be an open bounded domain in R™. We define the (normalized) distance
function to the boundary of €2 as

~ dist(x, 092)
o) = st o)

It is easy to see, that this function solves the minimization problem (1.4). Indeed,
by the mean value theorem we get for all u € C'°(2)

[u(@)] < [[Dul|oo|dist (-, 0| oc-

Hence using that ||Dd||e = we obtain

1
(dist(-,09)]/ 0o

D6 ]| 1 [ Dull o
1D6]loe = <

ol Ildist(~, 0 lloc — ull

and this gives the minimality of the § - function for any domain §2. In particular
this also gives

1
|dist (-, 09) ||

Ao = || Dd]]oc =

Thus A can be characterized as the reciprocal number of the radius of the largest
ball which can be inscribed in (2.

Since the ¢ - function is a minimizer we need to formulate (1.5) for functions which
are only Lipschitz continuous.

Definition 2.1 (see [CIL]) Let z, € 2.

i) u € Wh>(Q) with u = 0 on 99 is a viscosity subsolution of (1.5) in zg
if there exists a neighbourhood U(xy) C 2 such that for all test functions
o € C*U(zo)) with ¢(xg) = u(zo) and ¢(z) > u(x) in U(xg) \ {xo} there
holds

max{As(2)¢(z0) — [De(20)], Accp(w0) } = 0.

i) u € Wh°(Q) with u = 0 on 99 is a viscosity supersolution of (1.5) in zg
if there exists a neighbourhood U(xy) C €2 such that for all test functions

o € C*U(xg)) with ¢(zg) = u(zy) and ¢(z) < u(z) in U(zg) \ {xo} there
holds

max{ Ao ()0 (w0) — [Dep(20)], Asop(20)} < 0.

iii) w is a viscosity solution of (1.5) in zq if it is both sub- and supersolution of
(1.5).



It is a striking fact that there exist domains 2 C IR™ for which the ¢ - function is
not a solution of (1.5) in the sense of the above definition. More precisely, while
the ¢ - function is always a viscosity supersolution, there are domains €2 for which
it fails to be a viscosity subsolution. In [JLM] the authors considered the square in
IR%. They showed that in this case the § - function fails to be a viscosity subsolution
along the diagonals of the square.

On the other hand starting with finite p we can construct a sequence of eigen-
functions {u,}, (each u, solves (1.3)), such that a subsequence converges to some
function u which is a solution to (1.5) and also a minimizer of (1.4) (see e.g. [JLM]).
Thus minimizers of (1.4) in general are not unique. In fact, except for balls, each
domain admits infinitely many minimizers of (1.4) which are not solutions to (1.5)
(see [FIN]). Since up to now there is no global comparison principle for (1.5), the
question of uniqueness of solutions to (1.5) arises.

In this paper we will also need some facts about the A, - operator. In particu-
lar we will be interested in the Dirichlet problem

Agu(z) = 0 on {2
(2.1) { u(z) = g(x) in 0Q.

Here 2 C IR™ is an open, bounded and connected domain and ¢ is some prescribed
function in W*°(9Q). A function satisfying A u(z) = 0 is called oo - harmonic
(see [A]). The following results are known:

i) There exists a unique viscosity solution u € C'(Q) for (2.1) (see [J], Sect.2; see
also [C], Sect. 5);

ii) u € WH>(Q) (see [J], Sect.3).

In a recent result Evans and Savin [ES] prove, in dimension n = 2, the C1* regularity
of oo - harmonic functions. The C! regularity when n > 3 is still a major open
problem.

3 Gamma Convergence

. |[Dul|
u
(3.1) R,(u) = Ly
8 [Jull,

be the Rayleigh quotient for p € [1,00]. We define the indicator function of the set
A as

ue Wy (2)\{0}

0 s € A,
Xals) = { +oo  otherwise.

We define, for every u € X = C (2) and for every n < p < o0

(3.2) Fo(u) { Ry(u) + X, (w)  u€Wy"(Q),

+00 otherwise,



where

P

S, = {u € W,P(Q) : <|§12| / |ul? dx) =1}

and -
(3.3) Foo(u) = { Reolu) + X5 (u) € Wo™ (9,

+00 otherwise,
where

Seo = {u € Wy™(Q) : sup |u| = 1}.
Q

It is well know (see e.g. [GT] Chapter 7) that

P

1
(|Q|/|u|p da:) — suplu| as p— 0.
2 Q

We will show that the sequence of functionals {F},} I'—converges to Fi. Let us re-

call the De Giorgi’s definition of I'—convergence in a metric space (see e.g. Definition
4.1 and Proposition 8.1 in [DM]).

Definition 3.1 A sequence of functionals Gy : X — IR T'(d)—converges to the
functional G4 : X — IR with respect to the metric d on X, if for all u € X

e (lim inf inequality) for every sequence {uy}r C X converging to u w.r.t. d

Goolu) < lilgn inf Gy (ug);

e (recovery sequence) there exists a sequence {ug}, C X converging to u w.r.t
d such that
Goo(u) > limsup Gy (y).

k—oo

The functional G is called the I'(d)—limit of the sequence {Gy}.

In our case let X = Cy(Q2) equipped with the uniform topology. For p > n the
space Wy () is compactly embedded in Cy(Q2). Thus in view of (3.2) and (3.3)
the functional F), is well defined on X for all n < p < oco. In the sequel (F,), will
denote a sequence (F), ) for k € IN, where (py), is any nondecreasing sequence with
n < pr < oo and py — 00 as k — oo. Likewise we will use the notation (u,),.

Lemma 3.2 The sequence (F},), I'—converges in X to Fy, as p — 00.



Proof: We will show that for any sequence (u,), C X which converges in X to
some u € X we have

Foo(u) < liminf F,(u,) (liminf - condition).

p—o0
1. Let u & W™ ()N Ss. Then Fioo(u) = oo. Let (pg)i be a subsequence such that

lim F,, (u,,) = lizl;n inf F,(u,).

k—o0 —00

Then we have to show that limj_,« F}, (up,) = 00. If ||uljs > 1 then

1 1
1 Pk " 1 Pr "
a [l |2 (g [l ] = swplup, — el >1
Q Q @

1

Pk
for k sufficiently large since |§12§£|upk|pk> — |lullo > 1 and ||u,, — ul|le — 0

by assumption. The case ||ulloc < 1 is treated similarly. In any case we have

(g“ J |upk|pk'> ' # 1 for sufficiently large k and thus F), (u,,) = co. Consequently
)

the lim inf condition is satisfied. In a similar way we show that the lim sup condition
(recovery sequence) is satisfied as well.

2. Now let u € Wy™ () N Ss. We first prove the liminf inequality. Consider
a sequence u, € X, converging to v in X with respect to the L* norm, such that
F,(u,) < C < 4o00. For every n < ¢ < p the Holder inequality implies, that

11
(3-4) [[Duyllg < [[Duyl[p|2 7.
It follows from (3.2) that (u, € S,)

_ [[1Dully

1 1
_ > ([Duy 0.
Tarlly oll

(3.5) Fyp(up)

Letting p — oo in (3.4) gives us

1 1 1
lim inf Fy(,) > lim inf || Dy, [9f5 % > || Dull,j0 .

p—00

When ¢ — oo this gives us the liminf inequality

liminf F(u,) > lim inf Q74| Dul|, = || Dul|o = Foo(u).

p—0o0

3. Let now proceed with the recovery sequence. Consider the sequence @, := u/||ul|,

for all p > n. By construction @, € S, for every p > n, and this implies, that

Fp(ﬂp) = ||Dﬂp|‘p = Rp(u)-



It follows that (u € Sy)

(3.6) lim sup F,(u,) = li;nsoljp R,(u) = ||Dul|oc = Foo(u)

p—00

O

We would like to prove, that every sequence of minimum points of the approxi-
mating functionals has a subsequence converging to a minimum point of the limit
functional. We introduce the following fundamental definition (see e.g. Definition
7.6 [DM]).

Definition 3.3 A sequence of functionals {G}} defined on the metric space (X, d)
is equi-coercive if, for every t € IR there exists a closed sequentially compact set
K; C X such that, for every k,

{ue X : Gi(u) <t} C K.
The following theorem is proved as Proposition 6.8 and Theorem 7.8 in [DM].

Theorem 3.4 Assume that {Gy}r I'(d)—converges to G, on X, then G is lower
semicontinuous on X.

Moreover if {Gy}y is equi-coercive on X, then G is coercive too and so it admits
a minimum on X ; also, if G 1s not identically +00 and uy € argmin Gy, then there
exists a subsequence of {ux}r which converges to an element u € argmin G, .

For every u € X N VVO1 P with p > n there holds
(3.7) Fyp(u) = || Dullp.
Then for every ¢ € IR and for every p > n
(3.8) {ue X : F(u) <t} C{ue X : |Dul|, <t} C K,
where K; is a compact subset of X. This proves the following lemma:

Lemma 3.5 The sequence of functionals {F,}, defined in (3.2) is equi-coercive in
X.

Summarizing we have:

Theorem 3.6 Let {F,}, as defined in (3.2). Then

Ilnin Fo = lim Ipin F,.
Wy () P WP (@)

If u, € argmin F,, then there exists a subsequence (with the same index p) {uy,},
such that u, — Us

Foo(tuo) = Ao(2) = min Fl.
Wo ()

In particular we have that A,(Q) — Aso(92).



Proof: The sequence {F,}, is I'—convergent to F,, (by Lemma 3.2) and equi-
coercive (by Lemma 3.5). The claim follows from Theorem 3.4. O

Remark 3.7 In [JLM] it is proved that A, — Ay in a different way. They proved
- in the language of I'—convergence - that the set

(3.9) K = {u, € Co(Q) : Fy(u,) = Ap(Q2)}

is sequentially compact in the || - ||oo norm. This means that the sequence {F,}, is
equi-mildly coercive (see [BD]), a weaker version of equi-coercivity.

This problem has been investigated in a broader context by Champion and De
Pascale in [CD].

4 FEuler Lagrange Equation and Uniqueness
In this section we will derive the Euler Lagrange equation
(4.1) min{|Du(x)| — Ao (Q)u(z), —Asou(z)} =0 in
from a variational point of view. Let
D(Q) = {z € Q : 6() = ol = 1}.

We introduce the following subclass of minimizers of (1.4). W.l.o.g. we may assume
[ulloc.0 = 1.

Definition 4.1 Let u € Wy *(Q) with u > 0 in Q.
(i) For any V C Q and any v € WH(V) with v = u in OV we define

v(ix) : zeV
(x>{u(:n) oz eQ\W

We say @ is admissible if u(x) = §(z) in ['(Q) and @ > 0 in Q.

(i) uw € Wy™(Q) with u > 0 in Q is a local minimizer if for any V C Q and any
admissible @ there holds

[Dulloc,v < [[Difloc,v-

Remark 4.2 In particular this class is a subclass of positive global minimizers u
with the additional property that u(xz) = §(z) in I'(Q). We will comment on this
geometric constraint in Chapter 5.

Remark 4.3 Observe that any local minimizer u is a global minimizer in the sense
that Ry (u) = Ao (see e.g. Ezample 5.4).



Lemma 4.4 Let u be a local minimizer in the sense of Definition 4.1 and let xy €
[(Q). Then u is not differentiable in xq.

Proof: Assume on the contrary that u is differentiable in zy. Then for each o > 0
there exists an open neighbourhood V,(z¢) C € such that

v(x) == u(xy) — |z — 20| < ulx) in V,(xo).

W.lLo.g. V,(xg) can be chosen as the largest connected component of such a neigh-
bourhood containing xg. Thus v = u in 9V, (zg). Choose p > 0 sufficiently small
such that B,(zo) C V. Then

u(x) > u(zg) — a|r — x| in B,(zo) \ {z0}-
For any y € 0V we define
r=ty+ (1 —1t)xo thus |z — xo| =t |y — x0].

We choose 7" > 0 small enough such that for all 0 < t < T x € B,(x) (ie.
T < —£—-). Then

= |y—o]
u@) —u(y) _ u@) - uly)
S (e} — & — 0] = (u(z0) — aly — z0])
g (1= Doyl

jy — 20l — [ — 29
(= Ol — 9]

ly — 20| — tly — x0
-

Thus
[ Dulloov, >
Since

o Ju(x) oz eV,
u<x>_{u(w)  xeQ\V,.

is admissible, local minimality of u gives
a < [[Dulloy, < [[Dv][cov, =

which is contradictory. O



Definition 4.5 Let zy € Q. A function u € C(f) satisfies the inequality
(4.2) | Du(xo)| — Asou(zg) >0

in the viscosity sense if there exists a neighbourhood U(zy) C 2 such that for all
test functions ¢ € C*(U(xg)) with p(xy) = u(x) and ¢(z) < u(z) in U(xg) \ {z0}
there holds

|De(0)] = Asop(20) = 0.

Lemma 4.6 Let u be a local minimizer in the sense of Definition 4.1. Then u
satisfies

(4.3) | Du(xo)| — Asou(zg) >0
in the viscosity sense for every xo € I'(Q2).

Proof: If zy € I'(Q2) then by Lemma 4.4 u is not differentiable in xy. However
in that case a function ¢ as required in Definition 4.5 does not exist. Thus the
inequality (4.3) holds trivially. 0

Lemma 4.7 Let u be a local minimizer in the sense of Definition 4.1. Then u
satisfies

(4.4) | Du(xo)| — Asou(xg) >0
in the viscosity sense for every xo € Q\ T'(2).
Proof: Let 25 € Q\ I'(Q2). Recall that

dist(xg, 0Q)
) = 1.
(70) = @it 09 e~

Since

[dist(+, 02)]|oo,0 = AL
this gives

1
dist Q) < —.
ist(zg, 082) < .
Let U(xg) be a neighbourhood of x¢, such that a function ¢ € C'(U(x)) exists with
u(zg) = @(xg) and u(x) > ¢(z) in U(xg) \ {zo}. Arguing by contradiction we also
assume that

(4.5) [Do(0)| < Acoip(o).



Then, using (4.5), we have:
u(z)

v

() — @(wo) + ulzo)

Dy(xg) - (x — x0) + u(x0) + o]z — 0|)
=D (o) — wo| + u(wo) + o[z — wo])
—Asou(xo)|z — x| + u(zo) + o]z — 20|).

AV

for every x € U(zp). Observe that for any o > 1 sufficiently close to 1 there exists
a ball B,_(z¢) C U(xg) such that

_ |O(|IL‘ B $0|)|u( 0)

20)Aso|T — 0
|z — ¢

> (1= a)u(ze)Aso|x — 0.

v

o(|x — o)

a > 1 has to be chosen sufficiently close to 1 in order to guarantee that the ball
B, (xg) is contained in U(xg). Thus in B, (x) there holds

(4.6) u(r) > u(ze) — au(xo)As|z — 2ol

and this inequality is strict in B, (o) \ {o}. Choosing « (if necessary) even closer
to 1 we can ensure that au(zg) < 1. If necessary, an even smaller choice of «
guarantees

1 .
sas Ao dist(zg, 002)

This fixes a. For z € B,_ () we define
Co(x) == u(zo) — au(zo)Ao|z — x0)-
Inequality (4.6) and its strictness in B, (zo) \ {zo} implies the existence of radii

Ta
O<PQ<P1<Z

and the existence of some number v = y(p1, pa) > 0 such that
w(x) > Colz)+v  in B, \ B,,(z0).
Let Bg, (o) = {x € R" : C4(x) > 0} i.e. Ry = 53— By our choice of a we have
R, > dist(zg,00).
Thus, E := Bg, (1) \ ) is a nonempty open set. Let T € 902N By, () be such that
p = dist (Z, 0Bgr, (%))

is maximal. Now choosing finally

1
0<p<p < imin{p, Tat



we get for any = € B, \ B,,(z¢) the following estimate

u(z) — u(T) _ u(z)
|z — 7| |z — |
> Cc|x<w_)+|7

u(zo) + v — au(xg) Aoo |z — 0|
|z — | '

Next we observe that
|:L‘_T| S Ra_,0+Pl

and since u(zg) = au(xg) Ao Ra

w(xo) + 7 — au(ro)Aslr — 20| = u(xg)Aoo(Ra — |z — z0|) +7
> au(zo) Ao (Ra — p1) + -
Thus
u(e) —ul@) _ auag) (o~ 1) +9
|z — 7| Ry —p+p1 N )
(47) _ au(l,o)Aoo OéU(LCO) oo(P - pl) + Y

Ro—p+p
> au(xg)Aw

for all z € B, \ B,,(z0). Let us define V := {x € Q : wu(z) < Cy(z)}, which is a
nonempty open set. Then

oy u(z) : zeQ\V
() '_{Ca(x) eV,

is admissible for variation and (4.7) implies that
Do,y = [[DCallocy < [[Dtloc,v,
which is contradictory since u is a local minimizer. O

Lemma 4.8 Let u be a local minimizer in the sense of Definition 4.1. Let xy €
['(Q2), then |Du(zy)| = Axu(xo) in the viscosity sense.

Proof: Since 2y € I'(Q?) we have u(zg) = 1 By Lemma 4.6, we need only to show,
that there exists a neighbourhood U(zg) of xg such that for all ¢ € C*(U(xy)) with
o(x) > u(x) in U(xg) \ {zo} and ¢(xy) = 1 we have |Dy(xp)| < Ax. By the
maximality of zy and the fact that || Du|leo = As we have

w(z) > u(rg) — Ast(xo)|x — 20| = 1 — Aso|x — 20| VI € Q.

Hence
0 < o) —ulz)
= 1+ Do(xo) - (z — m9) + o[z — o) — u(z)
< De(zo) - (x — o) + Asc|z — m0| + 0|z — 20])



Since this holds for all z in U(x) we get after replacing x — x¢ by —(z — zo)
Ass|lz — o] + o(lz — 20]) = Dp(x0) - (x — 0)
> —As|r — x| + o]z — x0])-
We divide by |z — z¢| and let © — zq:
A > le - Dp(zo)|
for any |e| = 1. This proves the claim. O

Lemma 4.9 Let u be a local minimizer in the sense of Definition 4.1. Let xy €
['(Q2), then Axu(xg) < 0 in the viscosity sense.

Proof: Since zy € I'(R2), zo cannot be a point of differentiability of u. Hence the
space of test functions touching u from below is empty. O

Proposition 4.10 Let u be a local minimizer in the sense of Definition 4.1. Let
xog € Q\T'(Q), then Asu(xg) =0 in the viscosity sense.

Proof: We consider zp € Q \ I'(Q2) and denote by U = U(xy) a neighbourhood
such that U € Q\ I'(©2). We introduce the following notation: For any V' C € let
L(u,0V') denote the Lipschitz constant of ws, and

{ A EUE)V; () = max{u(y) — L(u,0V)|x —y|:y € IV}

® (wov ) (#) = min{u(y) + L(u,0V )|z —y|: y € OV}

This construction implies, that for x € 9V we have

(4.8) A <U|av> () =u(z) = (U\av) (x).

Moreover we have

7V)

(4.9) L(A V).

L(CID U|3V
V) = L(A

V) = L(® Euw

Ujpv Ujpv

Then, following Theorem 4.1 in [ACJ], it is sufficient to prove that for every V- CC U
there holds
(4.10) A (U\av) () <u(z) <P (U\av) () VxelV.

(
We will prove the inequality u < & <u|3v). Let us define

A()_{ u(z) if zeQ\V
BT min {@ (upy) (@), ulwn} if zeV.

Equality (4.8) implies that gy = @sy. Since xo ¢ I'(Q2), 4 is admissible and hence
by the local minimality of u, we get from Definition 4.1 that

| Dullooy < ||Dilloo,y ie. L(u,V) < L(a,V).



For any y € 0V we get (since “(T;:ny) < L(u, V)

u(z) < wu(y)+ Lu, V)|r -y
= a(y) + L(u, V)|z — y|
< a(y) + L(a,V)|z — yl.

A

By (4.9) L(u, V) = L(u,0V), thus
u(z) < ay) + L(a,0V)|xr — y| = u(y) + L(u, 0V)|z — y|
Now we take the infimum over all y € OV. By the definition of ® this gives
u(z) < ® (U\av) () VYxelV.

For the inequality A <u|3v> (z) < u(x) we define

B u if 1eQ\V

o(z) = { max {A (U\av> (x), 0} if veV
and then we proceed as before. O

Thus Lemma 4.6, Lemma 4.7, Lemma 4.8, Lemma 4.9 and Proposition 4.10 give
the following theorem:

Theorem 4.11 Let u be a local minimizer in the sense of Definition 4.1. Then the
following alternative holds:

i) If xg € T'(Q) then |Du(xg)| — Au(xg) = 0 and Axu(zg) < 0 in the viscosity
sense.

i) If xg € Q\I'(Q) then |Du(xg)|—Astu(xg) > 0 and Asu(zg) = 0 in the viscosity

Sense.

Theorem 4.12 Let Q) C IR" a bounded domain. If a local minimizer of (1.4) exists,
then it is unique.

Proof. Suppose uq,us be local minimizers. By Theorem 4.11, both functions are
solutions of the Dirichlet problem

—Asu(z) = 0 in Q\I'(Q)
(4.11) { w(z) = 6(xz) on T(Q)UON.

It is well known, that (4.11) has a unique solution, see [C], Sect.5. O



5 Examples and Open Problems

As an example for the existence of a local minimizer we can choose the class of
strictly convex domains. A domain () is strictly convex if any two points in 2 can
be joined by a segment which is contained in 2.

Lemma 5.1 Let Q be a strictly conver domain. Then T'(Q) is a singleton.

Proof: If not there exists at least two distinct points x¢ and x; in I'(Q2). Let S
denote the segment joining xy and x;. By convexity

C::UBﬁ(IE)CQ.

€S

All balls B = () are maximal with respect to €, i.e. the closure of each of them
has a nonemof)ty intersection with 0€2. Choose any point p in this intersection. Let
T,C be the tangent plane to C' in p. There exists at least one segment S such that
Scon T,C. Since € is convex and contains C, the segment S must belong to 9
as well. This contradicts the strict convexity. O

Proposition 5.2 Let Q2 be convex such that I'(Q)) is a singleton. Then there ezists
a local minimizer in the sense of Definition 4.1.

Proof: Let I'(2) = {p}. Let u(x) be the unique solution of the Dirichlet problem

—Asu = 0 onQ\ {p}

(5.1) u(p) = 4(p)=1
u(zr) = 0 in 09

(see e.g. [C], Sect. 5). Observe that u is a minimizer of R,. The function u is
positive and ||u|l = 1. We show that u is a local minimizer in the sense of Definition
4.1. Let V.C Q\ {p}. Let v € Wh=(V) with v = u in 9V such that (with the
notation of Definition 4.1) we have u(p) = d(p). We need to show that

(5.2) [Dulloc,v < [[D]]oc,v-

Since u is 0o - harmonic in V, [CEG] implies that w is AML - which implies (5.2).
Now choose V' C €2 such that p € V and choose again a v € WH(V) with v = u
in OV such that a(p) = d(p). Assume v(q) = 1 for some ¢ € V and ¢ # p. Then
1 = v(q) > d(q) since the set I'(Q2) is a singleton. However then @ cannot be a
minimizer, in fact || Du|| > Aw. Thus ¢ = p and then we argue as in the first case

for the set V- =V'\ {p}. O

Example 5.3 (Strictly conver domains) Lemma 5.1 together with Proposition 5.2
tells us that a (unique) local minimizer exists for every strictly convex domain. In
particular, when (2 is a ball, the function é(x) is the unique local minimizer.

Example 5.4 (The square) Proposition 5.2 proves the existence of a local minimizer
also when 2 is a square in IR?. In this case the function 6(z) is only a global
minimizer (see e.g. [JLM]).



Example 5.5 For convex domains with the additional property that § € C?(Q\
['(€2)) the § - function is the unique local minimizer.

In Definition 4.1 it is essential to require
(5.3) u(z) =90(z) =1 for all z € I'(Q2).

In the following we will discuss an alternative definition of local minimizer when
(5.3) is replaced by

(5.4) o0 = [10]]cc = 1.

We will refer to this modification as local minimizer in the modified sense. Set
[(Q) :={reQ:u(x)=1}

Then the following statement is still true.

Lemma 5.6 Let u be a local minimizer in the modified sense. Then I',(2) C I'(Q2).

Proof: Assume there exists a point zo in I',,(©2) \ I'(€2). Since both sets are closed
we have dist(xg, I'(€2)) > 0. Thus 6(zg) < [|6]|ecn. Since u is a minimizer we have

u(z) > u(ze) — Aoz — 20| VzeQ.

Let y € 09 be such that Aw|zo —y| = 6(x). For x = y we have u(y) = 0 and since
u(xg) = 1 we get the inequality

0 2 1-— (5(1’0) >1— H&‘oo,ﬁa

which implies [|0]|s.0 > 1. This is a contradiction, since by normalization we have
10]lcc = 1. O

Next we prove that a point zg € ['(2) \ I'4(2) is a point in which u is not dif-
ferentiable.

Lemma 5.7 Let u be a local minimizer in the modified sense. Then for any xo €

['(Q) \ T'w () u is not differentiable in x.
Proof: Consider the two cones
Q1(z) = u(zo)Ao|r — 21| Q2() = u(xo)Ao|r — o).
X1 # X9 denote two points in 0f2 such that
{1,229} COOQN 8Bﬁ(:c0).
We claim that the local minimizer u(z) satisfies

(5.5) u(r) < min{Q:(x), Q2(x)}



for every x € €. In fact, suppose by contradiction that (5.5) is violated, then there
exists T € Q) such that e.g. u(Z) > Q1(7). Let us define V} :={z € Q : u(z) >
Q1(z)}. V} is a nonempty open set, thus

o u(r) : xeQ\W
() '_{Ql(x) L ox eV,

is admissible for variation. A direct computation gives

| D]l oo vry = [ DQ1 | Losva) < [[Dul| Lo (va),

which is contradictory since u is a local minimizer. Consequently the local minimizer
must satisfies

(5.6) C(r) < u(r) < min{Q:(r), Qa2(z)}

for every x € 2. The key observation is that, since A, = ﬁ for i = 1,2,

inequality (5.6) is an equality along the set
S={tro+ (1 —t)zy : t€[0,1]}U{txo+ (1 —t)zy : t €]0,1]}.

This implies that u(x) is not differentiable in x. 0

A consequence of this lemma is shown by the following example. We consider the
stadium in IR? given by
(5.7) Q:= |J Bg(x),

z€eS

where S is some prescribed segment. Then ﬁ = R and ['(Q?) = S. In this case the
distance function is C' in 2\ T'(Q2). The following properties of d(z) are immediate.

(i) d(x) is a positive minimizer for the minimum problem (1.4) and it is of class

Clin Q\T(Q);
(ii) d(z) satisfies the eikonal equation |Dd(x)| = A in
(ili) |Dé(x)] — Asod(z) > 0in Q\ T'().

is a viscosity solution of (4.1). Despite all
x) is not a local minimizer in the sense of the
5

3) by (5.4).

(
Properties (i) - (iii) imply that d(z)
those properties, we will show that §(
Definition 4.1 modified by replacing (
Proposition 5.8 Let Q@ C IR" be a stadium. The function §(z) is not a local
minimizer in the modified sense.

Proof. For the reader convenience, we outline the proof in IR?, but it can easily be
extended to IR". Let S be the segment {t(—1,0) + (1 —¢)(1,0) : ¢ € [0,1]} joining

(—1,0) and (1,0). W.lo.g. we assume that A, =1, i.e. R =1. Let us consider the
plane of equation x3 = f(x1,x2) = % — 2(x1 — 1). This plane intersects the graph

of §(z) along a closed curve C', and the projection of C' on the plane z3 = 0 is the
boundary of a set V. We have that



e VCQand VNoQ=0;
e I'Y)NV APand T(Q)N(Q\ V) # 0.
Then the function
o o= {4 K aek

is an admissible variation in the modified sense, since (5.4) holds. We have that

. 1
(59) 1= Vil > Vi)l = 5.

Inequality (5.9) implies the claim. O

Moreover this proposition shows, that a local minimizer in the modified sense cannot
exist. If it would exist then for any z € I'(Q2) \ ', (Q2) it would be

e not differentiable (by Lemma 5.7);
e 0o - harmonic (since Proposition 4.10 still holds).

However at least in IR? it is well known that oo - harmonic functions are C.

Open Problem: Definition 4.1 only considers a subclass of positive global mini-
mizers u. Let us enlarge this subclass by restricting only to nonnegative u. Is this
also a uniqueness class? Nonconvex domains like the dumbell may be interesting
examples to study this question.
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