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ON SOME RESCALED SHAPE OPTIMIZATION PROBLEMS
G. BUTTAZZO AND A. WAGNER

ABSTRACT. We consider Cheeger-like shape optimization problems of the form
min {|Q*J(Q) : QC D}

where D is a given bounded domain and « is above the natural scaling. We
show the existence of a solution and analyze as J(€2) the particular cases of the
compliance functional C'(£2) and of the first eigenvalue A;(€2) of the Dirichlet
Laplacian. We prove that optimal sets are open and we obtain some necessary
conditions of optimality.

1. INTRODUCTION

Many shape optimization problems are written in the form
(1.1) min {F(Q) : |Q]=m, Q@ C D}

where F is a suitable cost functional, | - | is the Lebesgue measure in RY, and
D represents a geometric constraint. For small values of m often the optimal
domains do not touch the boundary 0D, which allows to obtain necessary con-
ditions of optimality that lead in several cases to an explicit characterization of
the solutions of (1.1). A very well-known typical example is the isoperimetric
problem

min {Per(Q) : [Q|=m, Q C D}
where Per(+) is the De Giorgi perimeter; for small m the solution is a ball, while
in general for large m a contact with the boundary dD occurs, and the optimal
domains have constant mean curvature in the free part. If the constraint on |Q]
changes, the perimeter scales as [Q2|'"'/V in the sense that the quantity

(1.2) F(Q) = PF&?)

does not depend on |Q] if « =1 —1/N. On the contrary, if « > 1 — 1/N the
minimum in the problem

min {F(Q) : QC D}
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2 G. BUTTAZZO AND A. WAGNER

is reached on an optimal set * that touches 0D. This is for instance the case of
the Cheeger problem

(1.3) min{Pe’rQ(?) : QC D}

where « = 1. It is known (see for instance [2], [12]) that for every bounded
domain D there exists an optimal Cheeger set (2* and this set is unique and
convex whenever D is convex. Moreover, in this case the boundary 0Q* does
not contain the points of 9D with too large mean curvature; more precisely, 0€2*
coincides with 9D if and only if

A(D)

N -1

where H(z) is the mean curvature of 0D at x and A(D) is the minimal value of
the problem (1.3).

In the present paper we consider rescaled shape optimization problems for cost
functionals related to elliptic equations, as functions of eigenvalues of the Dirichlet
Laplacian or integral functionals depending on the solutions. More generally, we
consider minimization problems of the form

(1.4) min {M(Q)J(Q) : QC D}

1| =(om) <

where the mappings M and J fulfill some rather general assumptions related
to the variational y-convergence on the family of quasi open sets. (we refer to
[7] for a detailed presentation of this topic). In particular we do not require
the monotonicity of F(2) = M(Q)J(€2). The powerful tools developed in the
framework of this theory (see [7], [9], [10], [13], [14], [15]) allow us to obtain the
existence of an optimal shape under quite general conditions.

Passing from the existence of an optimal domain €2* in the class of quasi open
sets to the fact that €2* is actually an open set, and possibly to further regularity
properties of 2%, requires a very delicate analysis that is now available only for
some particular problems of the form (1.4).

When the scaling factor of F'(£2) is above the scaling invariance, we have again
that optimal sets 2* must touch the boundary 0D. We analyze some particular
cases in which this “unnatural scaling” allows to conclude that points of high
mean curvature of 9D are not reached by Q*.

We conclude the paper by a list of open questions which appear very natural.

2. PRELIMINARIES ON CAPACITY AND RELATED CONVERGENCES

In the present paper we often use the notion of capacity of a subset E of RY,
defined by

cap(E):inf{/ IVul* + u?dx : ueuE},
RN
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where U is the set of all functions u of the Sobolev space H*(RY) such that
u > 1 almost everywhere in a neighborhood of E. We resume here the main
properties we shall use in the following; for all details about the capacity and the
related convergences we will introduce subsequently we refer to the recent book
[7].
If a property P(x) holds for all z € E except for the elements of a set Z C E
with cap (Z) = 0, we say that P(z) holds quasi-everywhere (shortly g.e.) on E.
The expression almost everywhere (shortly a.e.) refers, as usual, to the Lebesgue
measure.

A subset Q of RY is said to be quasi-open if for every ¢ > 0 there exists an
open subset . of RY, such that cap (Q.40) < ¢, where a denotes the symmetric
difference of sets. Equivalently, a quasi-open set € can be seen as the set {u > 0}
for some function u belonging to the Sobolev space H'(RY). Notice that a
Sobolev function is only defined quasi-everywhere, so a quasi-open set 2 does
not change if we modify it by a set of capacity zero.

In this paper we fix a bounded open subset D of RY with a Lipschitz boundary
and we consider the class A(D) of all quasi-open subsets of D. For every {2 €
A(D) we denote by Hg () the space of all functions v € H}(D) such that u =0
g.e. on D\ 2, endowed with the Hilbert space structure inherited from H}(D). In
this way Hj(A) is a closed subspace of H}(D). If Q is open, then the definition
above of H}(2) is equivalent to the usual one (see [1]). If Q € A(D) the linear
operator —A on H}(€)) has a discrete spectrum and we denote by Ax(Q) the
corresponding eigenvalues.

For every Q € A(D) we consider the unique solution wg € Hg () of the elliptic
problem formally written as

(2.1)

—Aw=1 inQ
w=10 on 0f

whose precise meaning has to be given through the weak formulation

/Vngbdx:/gbdx Vo € HL(Q).
D D

The compliance functional C(£2) is then defined as:

(2.2) Q) = /Q we dz.

We introduce two useful convergences for sequences of quasi-open sets.

Definition 2.1. A sequence (2,,) of quasi-open sets is said to y-converge to a
quasi-open set Q if wg, — wq in L*(RY).
The following facts about y-convergence are known (see [7]).

e The class A(D), endowed with the ~-convergence, is a metrizable and
separable space, but it is not compact.
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e The 7-compactification of A(D) can be fully characterized as the class
of all capacitary measures on D, that are Borel nonnegative measures,
possibly 400 valued, that vanish on all sets of capacity zero.

e The following maps are lower semicontinuous for the y-convergence:

— for every integer k the k-th eigenvalue \;(2) (they are actually ~-
continuous);

— the map Q + cap (D \ Q);

— the compliance functional C'(€2) or more generally the integral func-
tional

. —Au=f inQ
Cj,f(Q) = /D](l’,UQJ,VUQJ) dx where { u=0 on 90

with f € H™'(D) and j(z,s, z) lower semicontinuous in (s,z) and
bounded from below by —a(x) — B(s? + |z|?) for suitable o € L'(Q)
and $ € R, where p = 2N/(N —2). The mapping above is actually ~-
continuous if j is a Carathéodory integrand with |j(z, s, 2)| < a(x) +
Bs” + |2]).
To overcome the lack of compactness of the vy-convergence, it is convenient to
introduce another convergence, that we call w-.

Definition 2.2. A sequence (2,,) of quasi-open sets is said to w~y-converge to a
quasi-open set Q if wg, — w in L2(RY), and Q = {w > 0}.

We resume here the main facts about wy-convergence (see [7]).

e The wry-convergence is compact on the class A(D).

e The wry-convergence is weaker that the y-convergence.

e Every functional F'(2) which is lower semicontinuous for the y-convergence,
and decreasing for the set inclusion, is lower semicontinuous for the w~y-
convergence too. In particular, are wy-lower semicontinuous:

— for every integer k, the map A;(€2), and more generally the maps
O(A(€2)) where A\(Q) is the spectrum of the Dirichlet Laplacian in
and ® : RN — [0, +00] is lower semicontinuous and nondecreasing (in
each component);

— the map cap (D \ Q);

— the map Cj ;(2) when f > 0 and j(z, s, 2) does not depend on z and
is decreasing in s.

e The Lebesgue measure |{)| is a mapping that is wy-lower semicontinuous.

3. EXISTENCE OF OPTIMAL SHAPES

We consider cost functionals of the form M (£2).J(2) where M and J are defined
on the class A(D) of all quasi open subsets of D, with values in [0, +00]. We
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assume:
(3.1) M and J are nonnegative, and J(D) > 0;
(3.2) J is 7-Ls.c. and nonincreasing with respect to the set inclusion;

(3.3) M is wry-ls.c..

Since M or J can take the value 400, in order to have the well posedness of the
minimum problem we assume that

(3.4) lim  M(©)J(Q) = +oo.

With this assumption we may define the cost M (2)J(Q) = +o00 whenever M () =
0. The following existence result is now straightforward.

Theorem 3.1. Under the assumptions above the minimum problem

(3.5) min {M(Q)J(Q) : Q€ AD)}

admits a solution 0 € A(D) and M(2*) > 0.

Proof. 1f (€2,,) is a minimizing sequence, by the compactness of the wy-convergence
we may assume that Q, — Q* for some Q* € A(D), and M(Q2*) > 0 by (3.4).

By the properties of wvy-convergence listed above the functional J is wy-l.s.c., as
well as the product M (Q2)J(£2), which allows to conclude the proof. O

The assumption (3.4) can be seen as a general condition which puts the mini-
mum problem above the scaling invariance, as the following examples show.
Example 3.2. If M(Q2) = |Q|* and J(2) = A\;(£2), properties (3.1), (3.2), (3.3) are
fulfilled. Since

QM A(Q) 2 M(B)
where B is a ball of unit measure, condition (3.4) is fulfilled whenever oo < 2/N.
The same conclusion holds for J(2) = A.(2) and more generally for J(2) =
D(A\(Q)) where A\(Q) is the spectrum of the Dirichlet Laplacian in , ® : RN —
[0, +00] is lower semicontinuous and nondecreasing (in each component), and
O(N) > cAy with ¢ > 0.
Ezxample 3.3. If M(Q) = |Q|* and J(2) = 1/C(2), properties (3.1), (3.2), (3.3)
are fulfilled. Since

Q2N I(©Q) = J(B)
where B is a ball of unit measure, condition (3.4) is fulfilled whenever o < 14+2/N.
The same conclusion holds for the functional

J(Q) :/j(x,u)dx
Q
where j(z, s) is a Carathéodory integrand, nondecreasing in s, satisfying

j(z,8)| < afz) + BN/ N2 and  j(x,s)~s? ass—0.

In this case condition (3.4) is fulfilled whenever a < 1+ 2¢/N.
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4. THE CASE M(Q)J(Q2) = |Q|*/C(Q)
In this section we will give a closer look to the case F'(2) := M (Q2)J(2), where

(@1) M@ =10F,  J@) = (@), a<ity

C(€2) is the compliance functional defined in (2.2) and Q is assumed to vary in
the class A(D) of all quasi-open subsets of D. Integrating by parts it is easy to
see that

c2) = min{/ Vu|> —2vdz @ v € H&(Q)}
D
The functional C(€) also allows a sup-formulation:
(4.2) C(Q) =sup{Rc(v) : ve Hy(Q)}.

where Rq(v) denotes the quotient

fgvdx i
Re(v) == M

Indeed a first variation of this quotient gives

Av = —(Rc(’lj))_l/vdx

Q

and since the quotient is invariant under scaling of v we may assume

] vadx
4. dr = e = —— =1
(4.3) /Qv r = Rc(v), ie [ VoPds

This gives Av = —1 and C(Q) = [, vdz. Consequently we get
(@)™ = inf{(Re(v))™" : ve H(Q)}

Vol? dz
(4.4) = inf {M—U L vE H&(Q)}.
( fQ v d:L’)
By the discussion in Example 3.3 we know that for a < 1 + % there exists an

optimal domain Q of F(2). In a first step we will show that  is open. The
following remark is the key to that fact.

Remark 4.1. We may reformulate the problem of finding the optimal set 2 C D
as a problem in v only. This is done by replacing the unknown set €2 by the
positivity set of v. Let

(4.5) K(D) :={ve Hy(D) : v>0a.e. in D}



RESCALED SHAPE OPTIMIZATION PROBLEMS 7

and for v € K(D) define
f{v>0} |Vo|? dx

(f{v>0} v dx)Q |

Since f{v>0} |Vu|?dz = [, |[Vu|* dz and likewise the other integral, we get
[ [Vv|? dz

<vadx>2

Differently from (4.1) this formulation involves only the unkonwn v but not
any more. Clearly, any minimizer v for (4.6) gives an domain 2 which is optimal
in the sense of Theorem 3.1: Q = {v > 0}. Vice versa, any optimal domain {2 in
the sense of Theorem 3.1 gives a minimizer v for (4.6).

Remark 4.2. Observe that
vl 2+ (py < c(N)IVvl|L2(p)
for any v € Hj (D), with 2* = 22-. Thus

Fv) == [{v>0}["

(4.6) F(v) = {v >0}

2
*

IISCR dx)z
<vadx)2

F(v) = ¢(N)[{v > 0} (

and by Holder’s inequality we obtain
(4.7) F(v) > ¢(N)|{v > 0}[*~*.

Since o < 1+ £ we get F(v) — oo for [{v > 0}| — 0, which gives property (3.4).
If v is a minimizer of F' then in particular we have F'(v) < K for some K > 0.
Thus (4.7) gives

(4.8) {v >0} > ¢(N,a, K) > 0.
If « — 1+ £ it is easy to see that ¢(N, o, K) — 0.
We compute now the first variation. For 6 > 0 we consider
vs(a) = (v(a) — () ,

with ¢ € C§°(D), ¢ > 0. Clearly vs is in K(D) since the positive part of a
function in H}(D) is still in H}(D). In particular, by minimality of v we have
F(v) < F(vs) and with (4.3) this gives

F(v) < [{v> 0}*Re(v)™! — 26 %(/ VU-Vgpdx—/godx>+o(5).
pude D D

Since F'(v) = [{v > 0}|*Rc(v) ™ we get
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Theorem 4.3. Let v € K(D) be a minimum of F(v). Then
(4.9) Av+1>0 inD

in the distributional sense. Moreover, if {v > 0} contains an open subset U, then
classical variation gives

Av+1=0 inU.
We will prove the Holder regularity for any minimizer v of F.
Theorem 4.4. Let v be a minimizer of F'. Then
(4.10) 0]l 0y < e(N)C(D)2.

Proof. We use (v — t); for some ¢ > 0 as an admissible test function in (4.9).
Thus we get

/ VoV —t);de < / (v—1t), dz.
Let D(t) = {v(z) > t}. Then we get

(4.11) / ]Vfu\deg/ (v —t)dx.
D(¢) D(¢)

Holder inequality and Sobolev’s imbedding give the inequalities

/ (v—t)de < (/ v —t
D(t) D(t)

< c(N)(/D()yvu|2dx)2|D(t)|W.
t

1
¥ )T D)

Thus we get

N+2

/D(t) Vo2 dz > c(N)(/D(t)(v—t) dx) D)~ ~".

With this inequality we can estimate the left hand side of (4.11):
2 _N42
(4.12) ¢(N) (/ (v — 1) de) [D(1)| 5 < / (v — 1) da.
D(t) D(t)
Now recall the layer cake theorem (see e.g. Theorem 1.13 in [19])

/D(t)(v —t)dx = /:OO 1D(s)| ds =: D(t).

With this (4.12) reads as

Next we observe that
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Thus we finally get the differential inequality
~ __N
¢(N) < —(D(t)) ¥2D'(t)

which is equivalent to

Integration gives

and hence

as required. Il

Next we prove the Holder continuity of v. This technique has been employed
to similar problems in cases where the domain functional is monotone w.r.t. set
inclusion (see [21], [4] ). The following lemma is crucial for what follows. A proof
can be found e.g. in [20].

Lemma 4.5. (Morrey’s Dirichlet growth theorem). Letv € W'P(D), 1 < p < N.
Suppose that there exist constants 0 < ¢ < o0 and § € (0,1] such that for all
balls B,(xy) C D

/ |VolP do < M N —PHop,
Br(ﬂﬁo)

Then u € CY%(B). If the constant M does not depend on r and dist (zq,dD)

then u € C%?(D) and there exists a constant ¢ depending only on D, N and (3
such that -
lo(z) —v(y)| < eMle—y|/”  Va,yeD.

In order to apply the above lemma we shall also need

Lemma 4.6. Let ¢(t) be a nonnegative and nondecreasing function. Suppose
that

o(r) < 7[(%)6“ + 5} 6(R) + kR®

for all0 <r < R < Ry, where v, k, a and 3 are positive constants with 3 < a.
Then there exist positive constants 6y = do(7y, , 8) and ¢ = C(v, «, 3) such that
if & < dp, then

o(r) < C(%)ﬁ[wm +rRP] - forall0 <7< R< Ro.

For the proof of this Lemma we refer to [16], Lemma 2.1 in Chapter III.

Theorem 4.7. Let v be a minimizer of I such that F(v) < K for some K > 0.
Then u € C%P(D) and we have for any 0 < 3 < 1

(4.13) 1]l cos ) < ¢(N,a, K, D).
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We will first give the construction of an admissible comparison function and
then prove some auxillary lemmas. We will use the notation Q := {v > 0} and
Q, = {w > 0}. Let zyp € D. Then there exists an 0 < R < 1 such that
Br(z¢) C D. Consider the function

(4.14) w(z) = v(x) if z € Br(xo)
' v(z) ifx € D\ Bg(zo)
where ¢ is the solution of
(4.15) Av+1=0 in Bg(zo), v =wv on 0Bg(xg).

By the strong maximum principle we have v > 0 in Bg(x). Since Av+1 > 0 in
D the maximum principle also gives

(4.16) 0 >wv in Bg(zo).

The function w is admissible for variation, thus by minimality of v we have
F(v) < F(w). This is equivalent to

fD|VU|2dl’

<vad:r;)2 -

We derive a local version of this inequality.

[ IVw|? dz

(wadx>2 .

Lemma 4.8. Let v be a minimizer of F' and w defined as above. Then

(4.18) / V(o —o)Pde < 1LY BrEI =10 /|Vv]2dx
Br(o) |QUBR JIO |a

+2/ (0 —v)dx.
Br(wo)

Proof. From (4.17) and the definition of @ we deduce

2
|Q|O‘Rc(v)_1</ vdx +/ @dm)
D\Bpg(zo) Br(zo)

<10U BR(x0)|a</ |Vv|2dx+/ Vil dr).
D\Bpg(zo) Br(zo)

Next we use © > v in Bg(xg) and the definition of Rc(v)™! to obtain

(4.17) QI Re(v) ™" = |

«
’UJ

|Q|O‘/ Vol?de < |QUBR(:L'0)|°‘/ |Vo|* do
D D

—|Q U Bg(zo)|® |Vo? — |Vo|?* da.
Br(z0)
Rearranging terms then gives

QU Ba( Q|
(4.19) / Vol? — (Vo do < 1LY Br@o)” — [ /|Vv|2d:z:.
Br(wo) |QUB i |oz
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Finally, since A0 = —1 in Bg(zg) and © = v in dBg(x), we have

/ V(0 — )2 do :/ Vof? — 2V0Vi + 2| Vol? — [Vo[? da
Br(zo)

Br(zo)

:/ |Vol? — |Vﬁ|2dx+2/ VoV (o —v) dx
Br(zo)

Br(zo)

:/ |Vl — yw|2dx+2/ (0 —v)da.
Br(o) Br(o)

Inserting this into (4.19) gives

QU Ba( ol
/ V(o= 0)ds < Y Br)l”— [0 /|VU|2dx
Br(o) |Q U BR QZ’O |a

—|—2/ (0 —wv)dx
Br(zo)

which shows the claim. O

Lemma 4.9. Let v be a minimizer of F' and w defined as above. Then
20U Br(xo)|* — |
|Q2U Bg(xo)|*

Proof. Set X :=|Q] and 6 := |Br(xo) \ 2|. Then

(4.20) < ¢(N,a,K,D)R".

6
(X+5)“—X“:a/ (X +t)*1dt.
0

If a <1 we get

(X&(SJ)F& X* < <va / (X +t)*tdt < Y(S
We use (4.8) to conclude that
(X +0)*— X < ad
(X+d0)>  ~ e¢N,a,K)
If a >1and w.lo.g 6§ <X we get

0
a/ (X +1)*dt < a2 5 X <2716 | D>
0

Thus we obtain, using (4.8) again,

(X +9)*>— X~
(X +9)

as required. O

< ¢(N,a,K,D)RY
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In (4.18) we can estimate the second term of the right hand side as follows.
Using the fact that o = v in dBg(xy) and Sobolev’s imbedding we obtain

1

/ (6 —v)de < c(N)(/ |V(@—v)|2dx>§|BR(x0)|1—%
Br(zo) Br(zo)

1
< - / |V (0 —v)|? dx + ¢(N)RNT?
4 Br(zo)

Thus (4.18) reads as
/ V(0 —v)[*dr < ¢(N,a, K, D)RY / |Vo|? dz + ¢(N)RN T2,
BR($0) D
Next we observe that
/ (Vo|? do = —/ Avvdr < / vdr = C(,) < C(D)
D D D

since Av+1 >0 (see (4.9)). Since R < 1 we proved the following lemma.

Lemma 4.10. Let v be a minimizer of F' and w defined as above. Then

(4.21) / V(v —9)|*dr < ¢(N,a, K, D)RY.
Br(zo)

Finally we compare © with the harmonic function A having the same boundary
values on 0Bg(zy).

Lemma 4.11. Let v be a minimizer of F' and h defined as above. Then
(4.22) / V(6 — )2 dx < e(N)RY.
Br(wo)
Proof. From the weak formulation for v and h and Sobolev’s inequality we get
/ V(0 —h)[Pde = / |0 — h|dx
Br(zo) Br(o)
. N+42

c(N)(/BR(xO) V(0 — h)|? dx>§|BR(x0)|W.

IA

Rearranging terms gives
/ V(0 — h)|*dz < c¢(N)RN*2
Br(zo)

which implies the claim for 0 < R < 1. O

Proof of Theorem 4.7. For 0 < r < R we have the well known growth estimate
for harmonic functions

/ IVh|?dz < c(N)(ﬁ)N/ \Vh|? da.
B (z0) - R Br(xo)
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Then we estimate

/ Vol2de < 2/ V(v —6|2d:r;+2/ V(6 — h)P da
By (z0) By (z0) By (o)
+2/ IVh|? dx
Br(ifo)
2/ |V(v—ﬁ)|2dx~|—2/ V(0 — h)|* dx
Br(zo) Br(=o)

r\N 9
+20(N)<}—3> /B . IVh|? dz.

Applying Lemma 4.10 and Lemma 4.11 gives

IN

N
/ IVo|? dx < 20(N)<1> / IVh|*dz + ¢(N,a,C)RY
By (x0) R/ JBa(ao)

We use now the fact that h minimizes the Dirichlet integral among all functions
in H}(Bgr(7) having the same boundary values. Then

N
/ |Vo|* do < 20(N)<1> / |Vv|?dz + ¢(N, o, C)R".
By (z0) R/ JBa(zo)

Now we apply Lemma 4.6. This gives

r

B
/ Vol de < (V) (%) / Vol? da
By (20) R/ JBpao)

for all 0 < 3 < N. From Lemma 4.5 one has u € C%(D) for all 0 < 8 < 1.

5. SOME NECESSARY CONDITIONS OF OPTIMALITY

In this section we find some necessary condition for the optimal domain €2 =
{v > 0}, where v € K(D) is a minimizer of F'(v) (see Section 4 formula (4.6)).
Instead of first proving higher regularity for v and d{v > 0}(= 02) we assume
v € CH(*) and 9Q € CP for some 0 < 3 < 1. From this we derive the desired
optimality condition for the free boundary.

For any minimizer v of (4.6) we consider a point xy € 92N D. Let R be such
that Br(zo) C D. For any n € C§°(Br(xo)) we define

ve(r) == v(r () with  7.(z) =z + en(x).
We expand with respect to e and use the notation Dn = (9;n;);:

|det D7.| = 1+ edivn+ o(e)
(D7)~ = Id—eDn+ole).
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Set Q¢ = {ve > 0}. Then expansions above give

a [ |Vu]* + e(=2Vv - D - Vo + divy|Vu|?) do

= (/(1+edivn)d$> 5

Q <va+ediV17vdx>
Jo V| da ) Q| [, |Vv|*de [, divnvdz
S 2

(fﬂvdx>2 (fﬂvdx)g
—2Vv - D - Vo + div n|Vv|?) dz
(fgvda:>2

divpdz [, [Vu|*dz

(fﬂfud:v)2

= [

+e | fﬂ(

+ealQ*t Ja + o(e)

Then we get

€ Q

divnd
—2F(v) C(2)™ /divnvdg;_g_ap(v) Jo ’1;;’77 T o(e)'
@ €

Partial integration gives

—/2Vv-D77~Vvdx—/2Av77‘Vv+77-V|Vv]2d:U
Q Q

—/ 2v-Voun-VoudS
o9
:/2Av77~Vv—div77|Vv]2dx+/ v-n|Vou|*dS
0 o0
—/ 2v-Vun-VodSs.
o9

Since Av = —1 in  we get

/—2Vv-Dn-Vv—|—divn|Vv|2—Qdivnvdm
0
:/ y-n\VdeS—/ 2v-Voun-VoudS
o9

o9
:—/ v-n|Vu|* dS.
o0N

0 < M:F(U)C(Q)1/(—2Vv~Dn-Vv+div77]Vv\2)dx

+ o(e)
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The last equality uses the fact that - Vo =n-vv - Vv and |v - Vo]? = |[Vu|? on
o). Thus

Fo) —F(v)  F(v) Tl dS — aF (o Joqm-vdS  ofe)
OS—E = C(Q)/m n|Vol©dS — aF(v) Q) +—

Since 7 - v can have any sign we get |Vv|? = on on QN D. If xyg € 02N ID

necessarily we have 7 - v < 0. Thus we get |[Vv|* > QW in 02N oD. Thus we
proved

Theorem 5.1. Let v be a minimizer of F' and let 2 denote the set {v > 0}. If
0Q € CY for some 0 < 3 <1 and if v € C*(Q*), then necessarily the following
conditions hold:

o [V = OleSF) on 00N D;

o Vo] > oS5 on 90N OD.

Remark 5.2. One easily checks that the lower bound in Theorem 5.1 is strictly
positive. Indeed, if we assume that F'(v) < K for some K > 0 we get

cEy) _ ot
>
Q - K
For 0 < a <1 we get
c(92) S 1 '
] — K[D['~e

For 1 < a <1+ % inequality (4.8) implies

() < c(N,a, K)ot
9~ K

Remark 5.3. If 0D has isolated conical points, but is smooth otherwise, it is well
known, that the gradient of the solution v of

—Av=1 1in Q, v=0 in €}

vanishes in the conical points. Moreover there is a pointwise decay estimate for
the gradient (see e.g. [5] Theorem 3.11). Theorem 5.1 then shows, that the
optimal domain cannot fill the entire set D.

6. FURTHER REMARKS AND PROBLEMS

As we noticed in Example 3.2 the existence Theorem 3.1 also applies to the
case of cost functionals of the form |Q|*Ax(€2) where A\, (£2) is the k-th eigenvalue
of the Dirichlet Laplacian in 2 and o < 2/N. Assuming that optimal domains
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are smooth enough, repeating computations similar to the one of Section 5 we
obtain the necessary conditions of optimality for the eigenfunction u

|Vul? /\Téﬂz) on 00N D;
|Vul? > a)\Tgf) on 0J0QNAD.

If £ =1 it is possible to show (see [6]) that optimal domains are actually open
sets, whereas for k > 2 this result, even is strongly expected, is not yet available.
Another class of problems occurs if we consider

M(Q) = (Per(2))”

where Per(Q2) is the perimeter of Q in the sense of De Giorgi (see for instance
[3]) and « is below the homogeneity threshold 2/(/N — 1). Even if the mapping
M () is not in general w~y-l.s.c. it is possible to show (see [11]) that the minimum
problem
min { (Per(Q))“Ae(Q) : Q@ C D}

admits a solution. The regularity of optimal domains and the corresponding
necessary conditions of optimality have not yet been investigated.

We want to conclude the paper by pointing out some shape optimization prob-
lems for which the existence of a solution (though expected) is still unavailable.
For a fixed £ > 1 we consider the optimization problem

min {C(Q)A2(Q) : Qe A(D)}

with a > 1 4 N/2, being the scaling invariance reached for « = 1+ N/2. By the
results of [17] and [18] we have

COONT(Q) > c(B)NTVA(B)

for any ball B, so that condition (3.4) is fulfilled whenever o > 1+ N/2, by taking
M(Q) =C(Q) and J(2) = A¢ ().

However, the w~y Ls.c. condition (3.3) fails for C'(Q2), and so the existence The-
orem 3.1 cannot be applied. It would be interesting to prove (or disprove) that
an optimal domain Q* for the problem above exists.

Acknowledgement: The authors like to thank Mark Ashbaugh for pointing
out the work of M.T. Kohler-Jobin ([17] and [18]).
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