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ABSTRACT. This paper deals with the fractional Sobolev spaces W*?. We ana-
lyze the relations among some of their possible definitions and their role in the
trace theory. We prove continuous and compact embeddings, investigating the
problem of the extension domains and other regularity results.

Most of the results we present here are probably well known to the experts,
but we believe that our proofs are original and we do not make use of any
interpolation techniques nor pass through the theory of Besov spaces. We also
present some counterexamples in non-Lipschitz domains.
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These pages are for students and young researchers of all ages who may like to
hitchhike their way from 1 to s € (0,1). To wit, for anybody who, only endowed
with some basic undergraduate analysis course (and knowing where his towel is),
would like to pick up some quick, crash and essentially self-contained information

on the fractional Sobolev spaces W*P.
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The reasons for such a hitchhiker to start this adventurous trip might be of differ-
ent kind: (s)he could be driven by mathematical curiosity, or could be tempted by
the many applications that fractional calculus seems to have recently experienced.
In a sense, fractional Sobolev spaces have been a classical topic in functional and
harmonic analysis all along, and some important books, such as [53, 80] treat
the topic in detail. On the other hand, fractional spaces, and the corresponding
nonlocal equations, are now experiencing impressive applications in different sub-
jects, such as, among others, the thin obstacle problem [77, 61], optimization [35],
finance [24], phase transitions [2, 12, 78, 36, 41], stratified materials [73, 21, 22],
anomalous diffusion [60], crystal dislocation [82, 43], soft thin films [51], semiperme-
able membranes and flame propagation [13], conservation laws [8], ultra-relativistic
limits of quantum mechanics [37], quasi-geostrophic flows [58, 25, 19], multiple
scattering [34, 23, 46], minimal surfaces [14, 18], materials science [4], water
waves [71, 89, 88, 30, 27, 65, 31, 32, 29, 28, 38, 47, 66, 33] and elliptic prob-
lems with measure data [62, 63, 49]. Don’t panic, instead, see also [76, 77] for
further motivation.

For these reasons, we thought that it could be of some interest to write down
these notes — or, more frankly, we wrote them just because if you really want
to understand something, the best way is to try and explain it to someone
else.

Some words may be needed to clarify the style of these pages have been gathered.
We made the effort of making a rigorous exposition, starting from scratch, trying
to use the least amount of technology and with the simplest, low-profile language
we could use — since capital letters were always the best way of dealing
with things you didn’t have a good answer to.

Differently from many other references, we make no use of Besov spaces' or in-
terpolation techniques, in order to make the arguments as elementary as possible
and the exposition suitable for everybody, since when you are a student or what-
ever, and you can’t afford a car, or a plane fare, or even a train fare,
all you can do is hope that someone will stop and pick you up, and it’s
nice to think that one could, even here and now, be whisked away just by
hitchhiking.

Of course, by dropping fine technologies and powerful tools, will miss several very
important features, and we apologize for this. So, we highly recommend all the
excellent, classical books on the topic, such as [53, 80, 1, 83, 84, 90, 70, 81, 59, 54],
and the many references given therein. Without them, our reader would remain
just a hitchhiker, losing the opportunity of performing the next crucial step towards
a full mastering of the subject and becoming the captain of a spaceship.

L About this, we would like to quote [48], according to which “The paradox of Besov spaces is
that the very thing that makes them so successful also makes them very difficult to present and
to learn”.
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In fact, compared to other Guides, this one is not definitive, and it is a very
evenly edited book and contains many passages that simply seemed to its
editors a good idea at the time. In any case, of course, we know that we cannot
solve any major problems just with potatoes — it’s fun to try and see how far
one can get though.

In this sense, while most of the results we present here are probably well known
to the experts, we believe that the exposition is somewhat original.

These are the topics we cover. In Section 2, we define the fractional Sobolev
spaces WP via the Gagliardo approach and we investigate some of their basic
properties. Then, in Sections 3 and 4 we focus on the Hilbert case p = 2, dealing
with its relation with the fractional Laplacian, and letting the principal value
integral definition interplay with the definition in the Fourier space, as well as with
the one that uses the Riesz potential.

Section 5 is devoted to the extension problem of a function in W#P(Q) to
W#P(R™): technically, this is slightly more complicated than the classical ana-
logue for integer Sobolev spaces, since the extension interacts with the values taken
by the function in € via the Gagliardo norm and the computations have to take
care of it.

Sobolev inequalities and continuous embeddings are dealt with in Section 6, while
Section 7 is devoted to compact embeddings. Then, in Section 8, we point out that
functions in W*P are continuous when sp is large enough.

In Section 9, we present some counterexamples in non-Lipschitz domains.

After that, we hope that our hitchhiker reader has enjoyed his trip from the
integer Sobolev spaces to the fractional ones, with the advantages of being able
to get more quickly from one place to another - particularly when the place
you arrived at had probably become, as a result of this, very similar to
the place you had left.

The above sentences written in old-fashioned fonts are Douglas Adams’s of
course, and we took the latitude of adapting their meanings to our purposes. The
rest of these pages are written in a more conventional, may be boring, but hopefully
rigorous, style.

2. THE FRACTIONAL SOBOLEV SPACE WS$P

This section is devoted to the definition of the fractional Sobolev spaces.

No prerequisite is needed. We just recall the definition of the Fourier transform
of a distribution. First, consider the Schwartz space . of rapidly decaying C°
functions in R™. The topology of this space is generated by the seminorms

pn(p) = sup (1 + |z|) Z |D%(z)], N =0,1,2,..,
reR® la|<N
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where p € (R"). Let #/(R™) be the set of all tempered distributions, that is the
topological dual of .(R™). As usual, for any ¢ € .(R"), we denote by

1 .
ar _ —ié-x
the Fourier transform of ¢ and we recall that one can extend .# from . (R") to

S (R™).

Let Q be a general, possibly non smooth, open set in R™. For any real s > 0
and for any p € [1,00), we want to define the fractional Sobolev spaces W*P(Q2). In
the literature, fractional Sobolev-type spaces are also called Aronszajn, Gagliardo
or Slobodeckij spaces, by the name of the ones who introduced them, almost simul-
taneously (see [3, 40, 79]).

We start by fixing the fractional exponent s in (0,1). For any p € [1,4+00), we
define W*P(Q) as follows

(2.1) WSP(Q) := {u € LP(Q) : w e LP(Q) x 9)}
T —y|r

i.e, an intermediary Banach space between LP(2) and WP(Q), endowed with the
natural norm

(2.2 lullwoiey = ( [pae s [ [ 0= 0E |n<+s;|”dmdy);,

where the term )
lu(x) —u(y)P »
s = — % dxd ,
[u]W P(Q) (/Q O |l‘—y|n+8p T y

is the so-called Gagliardo (semi)norm of u.

It is worth noticing that, as in the classical case with s being an integer, the
space W*'? is continuously embedded in W*P when s < ¢, as next result points
out.

Proposition 2.1. Let p € [1,+00) and 0 < s < &' < 1. Let  be an open set in R™
and u: Q — R be a measurable function. Then

H“HWW(Q) < CHUHWS’,p(Q)
for some suitable positive constant C = C(n,s,p) > 1. In particular,

WeP(Q) C WP(Q) .

/Q </|zzl \ZI’“Ll“"’ dz) [u(@)]? dz

< C’(n,S,p)HUHIip(Q)’

Proof. First,

p
// |u(z )|+ de dy
Qn{le—yl>1} 1T — Y|P

IN
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where we used the fact that the kernel 1/|z|""*P is integrable since n + sp > n.

Taking into account the above estimate, it follows

QN {lz—y|>1} |€U— |”+Sp QN {jo—y[>1} |l‘— |”+Sp

2PC(n, S,P)HUHZ(Q) :
On the other hand,

— p — p
// u(z) Zis)\ i dyg// u(z) :i?j/ﬂ drdy.
QN {Je—yl<1} \x— y[tep aJon{le—yl<1y |z —y["TEP

Thus, combining (2.3) with (2.4), we get

IN

IN

_ p _ p
/ ‘U(x) u(yﬂ drdy < QPC(TL, Svp)HuHip(Q) +/ ”U,(J}) ’U,(y/)‘ dz dy
QJQ QJQ

o =y o — g+
and so
|u(z) = uly)”
llyeny < (O 50 + Dl + [ [ D aray
P
< Clns.p)lully g
which gives the desired estimate, up to relabeling the constant C(n,p,s). 0

We will show in the forthcoming Proposition 2.2 that the result in Proposition 2.1
holds also in the limit case, namely when s’ = 1, but for this we have to take into
account the regularity of 0Q (see Example 9.1).

As usual, for any k € IN and a € (0,1], we say that Q is of class C*® if there
exists M > 0 such that for any x € 02 there exists a ball B = B.(z), r > 0, and
an isomorphism 7' : @) — B such that

Tect (@), T7' e (B), T(Q+)=BNYQ, T(Q)=BNon

and |7 rag) + 1T loroqm < M.

where
Q:={z=(2,2,) ER" ' xR : |2/| <1land |z, <1},

Qi ={z=("2,) ER" ' xR : 2| <land 0 <z, <1}
and Qo:={re@ : x,=0}.

We have the following result.
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Proposition 2.2. Let p € [1,400) and s € (0,1). Let Q be an open set in R™ of
class CO with bounded boundary and v : Q — R be a measurable function. Then

(2.5) lullwsr@) < Cllullwrr)
for some suitable positive constant C = C(n,s,p) > 1. In particular,
WP(Q) C WP(Q).

Proof. Let u € WHP(Q). Thanks to the regularity assumptions on the domain 2, we
can extend u to a function @ : R™ — R such that & € WP(R™) and [|a[|y1p(gn) <
Cllullw1p(q) for a suitable constant C' (see, e.g., [45, Theorem 7.25]).

Now, using the change of variable z = y — x and the Holder inequality, we have

_ p — p
// u(@) “i)‘ dedy < // [u(z “+Z+ W 0 da
QN {|z—y|<1} \ﬂf—y\” X4 B |z|"tsp
B ) —u(z + )P 1
= //Bl P |z‘n+(871)pd2d$
p
t
// /'v“”Hf)'dt dz dz
B \Jo |z]?"°
p
/ / / Vil + )1 0 e
n B, |n+ps T |ntp(s—1)
LIVall7p ey
< // PR e dtdz

< Ci(n, s, p)IVallfpgn)

IN

IN

(26) < Colm, s, Dl g
Also, by (2.3),
[u(z) — u(y)|?
2.7 // dedy < C(n,s,p)lul? .
2.7 . s (n, 5.9l
Therefore, from (2.6) and (2.7) we get estimate (2.5). O

We remark that the Lipschitz assumption in Proposition 2.2 cannot be completely
dropped (see Example 9.1 in Section 9); we also refer to the forthcoming Section 5,
in which we discuss the extension problem in W#P.

Let us come back to the definition of the space W*P(2). Before going ahead, it
is worth explaining why the definition in (2.1) cannot be plainly extended to the
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case s > 1. Suppose that 2 is a connected open set in R", then any measurable
function u : 2 — R such that

_ P
/ —\u(x) u(u)| drdy < +o0
oJa |z —ylvtep

is actually constant (see [9, Proposition 2]). This fact is strictly related to the
following result

— p
2.8 lim l—sl/p/ |u(l‘)u(y)‘dazdy:c/ VulP dx
28) SHI‘( ) ala |x—y[rtep Q| |

for a suitable positive constant C' (see [9, Corollary 4]).

When s > 1 and it is not an integer we write s = m + o, where m is an integer
and o € (0,1). In this case the space W*P(Q) consists of those equivalence classes
of functions u € W"P(Q) whose distributional derivatives D%u, with |a| = m,
belong to WP (§2), namely

(2.9) WP(Q) = {u e W™P(Q) : D% € W7P(Q) for any « s.t. |a| = m}

and this is a Banach space with respect to the norm

B =

(2.10) lullwsr@) = | lulfympy + D ID%ulfyonq

|al=m

Clearly, if s =m is an integer, the space W*P(£) coincides with the Sobolev space
WP (Q).

Corollary 2.3. Let p € [1,+00) and s,s > 1. Let 2 be an open set in R"™ of class
CY%L. Then, if s > s, we have

W*P(Q) C WP(Q).
Proof. We write s = k+ o and s’ = k' + ¢/, with k, k" integers and o,0’ € (0,1).
In the case k' = k, we can use Proposition 2.1 in order to conclude that W' (Q)

is continuously embedded in W*%P(Q). On the other hand, if ¥ > k + 1, using
Proposition 2.1 and Proposition 2.2 we have the following chain

WkFP(Q) C WHP(Q) C WEHLP(Q) C WP (Q)
The proof is complete. O
As in the classic case with s being an integer, any function in the fractional

Sobolev space W*P(RR™) can be approximated by a sequence of smooth functions
with compact support.

Theorem 2.4. For any s > 0, the space C§°(R") of smooth functions with compact
support is dense in WSP(R™).
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A proof can be found in [I, Theorem 7.38].

Let WP (£2) denote the closure of C§°(£2) in the norm ||-||yys»(q) defined in (2.10).
Note that, in view of Theorem 2.4, we have

(2.11) WP (R™) = WHP(R™),

but in general, for Q@ C R", W*P(Q) # Wi*(Q), i.e. C(R) is not dense in
W#P(Q). Furthermore, it is clear that the same inclusions stated in Proposition 2.1,
Proposition 2.2 and Corollary 2.3 hold for the spaces Wy(f2).

Remark 2.5. For s < 0 and p € (1,00), we can define W*P(2) as the dual space
of Wy ®%(Q2) where 1/p+1/q = 1. Notice that, in this case, the space W5P(Q) is
actually a space of distributions on €2, since it is the dual of a space having C§° ()
as density subset.

Finally, it is worth noticing that the fractional Sobolev spaces play an important
role in the trace theory. Precisely, for any p € (1,400), assume that the open set
Q) C R” is sufficiently smooth, then the space of traces Tu on 9 of u in W1P(Q)

is characterized by HTUHWl_%’p({)Q) < 400 (see [39]). Moreover, the trace operator

1
T is surjective from W1P(€) onto W' »P(8). In the quadratic case p = 2, the
situation simplifies considerably, as we will see in the next two sections and a proof
of the above trace embedding can be find in the forthcoming Proposition 4.5.

3. THE SPACE H® AND THE FRACTIONAL LAPLACIAN OPERATOR

In this section, we focus on the case p = 2. This is quite an important case since
the fractional Sobolev spaces W*2(Q) and W, () turn out to be Hilbert spaces.
They are usually denoted by H*(Q2) and H{(€2), respectively. Moreover, they are
strictly related to the fractional Laplacian operator (—A)® (see Proposition 4.4),
where, for any v € . and s € (0,1), (—A)® is defined as
(3.1)

(—A)°u(x) = C(n, s)P.V./ ulw) — uly) dy = C(n,s) lim ulw) — uly) dy.
Re [T —y[n T2 e=0+ Jgp.(z) |7 — y|m Tt
Here P.V. is a commonly used abbreviation for “in the principal value sense” (as
defined by the latter equation) and C(n,s) is a dimensional constant that depends
on s, precisely given by

_ I'(n/2+s)
— g @2stn/2) 2\ 2T 2
(3.2) C(n,s)=m T(—s)
(see Remark 3.4).

Note that the factor C(n,s) degenerates when s — 1 since the Gamma function
is a meromorphic function with simple pole at each negative integer.
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Remark 3.1. Due to the singularity of the kernel, the right hand-side of (3.1) is not
well defined in general. In the case s € (0,1/2) the integral in (3.1) is not really
singular near x. Indeed, for any v € ., we have

u(z) — u(y)| [z —y| / 1
———dy < C ——d o (R —d
/]R” |x_y|n+25 y = Br |x_y‘n+28 y+ HUHL (R™) B ‘x_y‘n-&-Qs Y

1 1
- o/ ay+ | )
Br ‘JZ - y‘n+2571 ¢ Bgr |3§' - y‘n+28

R 1 +o0 1
:C</ dp+/ dp><+oo
o lpl* R |p/*t!

where C' is a positive constant depending only on the dimension and on the
L norm of u.

In the following, we will show that we can equivalently define the fractional
Laplacian operator as a Riesz potential of negative order.

The Riesz kernel I,, with a € (0,n), is defined by

1 a—n
(3.3) I (z) = Yo ||
where
(3.4) y(n,a) = T3 I(3)

L(%5%)
The Riesz potential Z,(f) is defined as the convolution with the Riesz Kernel,
that is

(3.5) ja(f) =1y * f(w) = ,y<n1’ a) /IR” ‘x _f(;‘l—a dy.

The value of the normalization factor y(n,a)”" in (3.3) is chosen in a suit-
able way in order to simplify computation via Fourier transform, as stated in the
following proposition.

Proposition 3.2. Let o € (0,n). Then
(3.6) T (La(x)) = [y~
where the equality is intended in the distributional sense.

Proof. We want to prove that

(37 [ ety -

for any ¢ € C3°(R").

1
v(n, @)

[ el () da
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Since .Z (e~ ™*) = §=/2¢=7WI*/0 for any ¢ € C3°(R™) we have that

|y|2

o) dy = / ™R F () da.

S 2e
]Rn

n—oa—2

Therefore, multiplying by 2 and integrating with respect to d € (0,400), we
obtain

+o0 a 2 +oo o
(3.8) / / 5 e o(y) dy ds = / / PR e_msmzﬂlp(:r) dx df.
0 n 0 n

Let us consider separately the left and right hand-side of the above equality. On
the left hand-side, by using the changing variable formula (with t = |y|2/6), we get

+OO e T 2 +OO a—
/ /5‘(32)6‘@w(y)dyd5 =/ / "ot T e y) dy dt
0 n 0 n

3.9)

& = A ety

+oo
(=2) o4
WhereA::/ tTz2 e "dt.
0

Similarly, by setting 7 = |z|?§ on the right hand-side of (3.8), we get

a—2)

+oo n—a—2 S 2 +oo (n—
/ 62 el Zp(x)deds = / lz|* "2 e T Fp(x)dedr
0 R™ 0 R»

(3.10) = B/n |z| " F p(x) dx

+0o0 (n—a—2)
where B ::/ T 2 e "dr.
0
Finally, we obtain (3.7) by combining (3.9) with (3.10), if we show that
A/B = v(n,q).

The above identity follows by the definition of the Gamma function together with
a simple changing of variable. Indeed,

+oo (a—2) a +oo a a ()]
(3.11) A= / t 2 e ™dt = 7r_2/ n2"te Mdn = 7T_5F<§>
0 0

+00 +oo
(n—a=2) —nta (n—a) _ n—o n—ao
:/ T 2 e”d7=7r2/ n 2 le”dn:7r2f‘<2>.
0 0

Therefore, combining (3.11) with (3.12), we get the desired identity. O
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Remark 3.3. Note that for « = 2 and n > 2, the Riesz Kernel I defined in (3.3)
coincides with the Newtonian kernel and it also satisfies the equation
—ADL(z) = —Ax Ih(z) = 4n%.
Indeed, since I'(z + 1) = zT'(2) for any complex number z ¢ {0,—1,—2,---} and
wp = 272 /T'(n/2), where w, denotes the measure of the unit sphere in R",
e - 1)‘ 2on 2% T'(n/2) 472 1
T _

2 — 7’x‘27n
(1) /2 (n —2) (n—2) wy '

Iz) = n272 z>" =

Now, for any function f € ., we can consider the operator
Fs(f) = (=A)"°f,  s€(0,n/2).
The fractional Laplacian, for any s € (0,1) may be also defined (see [44]) as
(—A)'u = —A(SFH2s(u))
and, therefore, by the properties of the Riesz operator (see, e.g., [53]), it follows
(3.13) (—A)u = —I_g4(u).

For this reason the fractional Laplacian is also called the Riesz fractional derivative.

Remark 3.4. We are in position to justify the choice of the constant factor C(n, s)
in (3.1) and in (3.2). First, we note that C(n,s) does not depend on the function
u. Hence, we can take a function u such that u(x) = 0 for some = € R™ and we get

(—A)’u(z) = —C(n,s) P.V./Rn ’x_u(yy’z%dy = —C(n,s)y(n,—2s).I_9s(u).

By taking into account (3.13), the definition of C'(n,s) in (3.2) plainly follows.

We conclude this section by showing that one may write the singular integral
in (3.1) as a weighted second order differential quotient.

Lemma 3.5. Let s € (0,1) and let (—A)® be the fractional Laplacian operator
defined by (3.1). Then, for any u € .7,

(3.14)  (—A)u(z) = f% / ) uw+y) ; f(;;élz —2u@) b e e R™

Proof. The equivalence of the definitions in (3.1) and (3.14) immediately follows by
the standard changing variable formula.

Indeed, by choosing z = y — x, we have

dz.
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Moreover, by substituting Z = —z in last term of the above equality, we have
(3.16) py. [ weta) —u@),  py [ ule=2) —u@) .
" |Z ’n+25 R~ |Z|n+23

and so after relabeling Z as z

u(z + z) — u(x)
|Z|n+2s

u(z + z) — u(x)
|Z|n+2s

2P.V. dz = P.V. dz

R™ R7

u(z — z) — u(x)
+P.V/n FRE dz

u(z + z) + u(z — z) — 2u(x)

3.17 = PV
( ) |Z|n+23

R™

dz.

Therefore, if we rename z as y in (3.15) and (3.17), we can write the fractional
Laplacian operator in (3.1) as

(—A)u(z) = -2 PV.

u(z +y) +u(z —y) — 2u(z)
5 /n dy.

|y|n+23

The above representation is useful to remove the singularity of the integral at the
origin. Indeed, for any smooth function u, a second order Taylor expansion yields

u(z +y) + ulx —y) — 2u(z) < ||D2UHL00
‘y|n+25 — ‘y’n—l—Zs—Q’

which is integrable near 0 (for any fixed s € (0,1)). Therefore, since u € ., one
can get rid of the P.V. and write (3.14). O

4. AN APPROACH VIA THE FOURIER TRANSFORM

In this section, we fix p = 2 and we take into account an alternative definition of
the space H*(R™) = W*2(R") via the Fourier transform. Precisely, we may define

(4.1) H5(R") = {u e L2(R") : /Rnu + €[ Fu(E)? de < —l—oo}

and we observe that the above definition, unlike the ones via the Gagliardo norm
in (2.2), is valid also for any real s > 1.

We may also use an analogous definition for the case s < 0 by setting
e = {ue ) s [ e ieriFuoRde < oo ),
although in this case the space H*(R™) is not a subset of L2(R") and, in order to

use the Fourier transform, one has to start from an element of .#/(R"), (see also
Remark 2.5).
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The equivalence of the space H*(R™) defined in (4.1) with the one defined in
the previous section via the Gagliardo norm (see (2.1)) is stated and proven in the
forthcoming Proposition 4.2.

First, we will prove that the fractional Laplacian (—A)® can be viewed as a

pseudo-differential operator of symbol |¢|?. The proof is standard and it can be
found in many papers (see, for instance, [81, Chapter 16]). We will follow the one
in [87] (see Section 3), in which is shown how singular integrals naturally arise as
a continuous limit of discrete long jump random walks.

Proposition 4.1. Let s € (0,1) and let (—A)* : .¥ — L*(R™) be the fractional
Laplacian operator defined by (3.1). Then, for any u € .7,

(4.2) (=4)'u = C.F(g*(Fu)) VEER,
for a suitable positive constant C' depending only on s and n.

Proof. In view of Lemma 3.5, we may use the definition via the weighted second
order differential quotient in (3.14). We denote by .Zu the integral in (3.14), that
is

PLulw) = — / n u(z +y) +’z‘(:+;sy) ~2u(@)

Z is a linear operator and we are looking for its “symbol” (or “multiplier”), that
is a function S : R™ — R such that

(4.3) Lu=C0FNS(Fu)),

for a suitable positive constant C' depending only on s and n.
We want to prove that

(4.4) S() = l¢*,

where we denoted by & the frequency variable. To this scope, we point out that

[u(x +y) + u(@ —y) — 2u()|
|y

< 4(xm )P sup (Dl + X, (9) |y S];Tpluo

Bi(x

IN

C(xB P2 (1 + 27 + Xpe, )l ) € LUR).

Consequently, by the Fubini-Tonelli’s Theorem, we can exchange the integral in y
with the Fourier transform in x. Thus, we apply the Fourier transform in the
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variable z in (4.3) and we obtain

SEOFu)(&) = F(Lu)

L1 Plulaty) bulr—y) - 2u()
- _5 " ‘y’n+2s Yy
1 ey f ey 2
= 5 [ T a0
1 —cos(€-y)
(4.5) = /n Wdy(yu)(f)
Hence, in order to obtain (4.4), it suffices to show that
1 —cos(€-y) 2
To check this, first we observe that, if { = (1, ...,(,) € R™, we have
1—cosG _ |Gl 1
|C|n+2s — ’C’n—l—Qs — ’C’n—2+2s
near ¢ = 0. Thus,
A7 1—cos(1d i fii q -
(4.7) o O ¢ is finite and positive.

Now, we consider the function Z : R"™ — R defined as follows
1 —cos(§-y)
Z(§) = / ) Wdy
We have that Z is rotationally invariant, that is

(4.8) Z(&) = Z([¢]e),

where e; denotes the first direction vector in R™. Indeed, when n = 1, then we can
deduce (4.8) by the fact that Z(—¢§) = Z(£). When n > 2, we consider a rotation R
for which R(|¢|e1) = € and we denote by R’ its transpose. Then, by substituting
7 = RTy, we obtain

o) _ /nl—cos(m(mel))‘y) N

|y|+2s
_ 1 —cos (([¢]er) - (RTy))
- /n ‘y‘n-‘rQs dy
1-— T
[ et ) gy~ g,

which proves (4.8).
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As a consequence of (4.7) and (4.8), the substitution ¢ = |{|y gives that
Z(¢) = Z([¢ler)
_ / L= cos(Eyy) )

P

1 1 —cos(y 2
= — [ —/—=2Lae = ol

Hence, we deduce (4.6) and then the proof is complete. O

Proposition 4.2. Let s € (0,1). Then the fractional Sobolev space H*(R™) defined
in Section 2 coincides with the space H*(R™) defined in (4.1). In particular, for
any u € H*(R™)

ey = C [ 6P FuO de.
for a suitable positive constant C depending only on n and s.

Proof. For every fixed y € R", by changing of variable choosing z = = — y, we get

R PR N I s
_ / (/ u(z +y) — uly) 2@) .

|Z|n/2+s
_ CRDERTO! R
= . ‘Z|n/2+s 5 z
L2(R")
- [ w
- BRI P

where Plancherel Formula has been used.

Now, using (4.6) we obtain

g ((ulz+) —ul) ’ _ \eléz— )
/n J< |z|n/24s > LQ(Rn)dZ N /n/n NEGEE Fu(§)]” d dz

(1 —cos€-2)
N /n/n ’Z‘n—f—Qs ’ u(ﬁ)PdZd{

201 [ 1€ Fue) e,

1 —cos((1)

R d¢ . This completes the proof. [J

where the constant C; is equal to /

n
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Remark 4.3. The equivalence of the spaces H® and H* stated in Proposition 4.2
relies on Plancherel Formula. As well known, unless p = ¢ = 2, one cannot go
forward and backward between an LP and an L9 via Fourier transform (see, for
instance, the sharp inequality in [5] for the case 1 < p < 2 and ¢ equal to the
conjugate exponent p/(p — 1)). That is why the general fractional space defined
via Fourier transform for 1 < p < oo and s > 0, say H*P(R"™), does not coincide
with the fractional Sobolev spaces W*P(R"™) and will be not discussed here (see,
e.g., [90]).

Finally, we are able to prove the relation between the fractional Laplacian oper-
ator (—A)® and the fractional Sobolev space H?.

Proposition 4.4. Let s € (0,1) and let u € H*(R™). Then,
(4.9) [W sy = Cll(=A)2ull L2 (),
for a suitable positive constant C depending only on s and n.

Proof. The equality in (4.9) plainly follows from Proposition 4.1 and Proposi-
tion 4.2. Indeed,

I(=2)2ull2@ny = I1F(=A)2ul|2@n) = CllIEF*Full 2y

]

Armed with the definition of H*(R™) via the Fourier transform, we can easily
analyze the traces of the Sobolev functions (see the forthcoming Proposition 4.5).
We will follow Sections 13, 15 and 16 in [81].

Let Q C R™ be an open set with continuous boundary 0€). Denote by T the trace
operator, namely the linear operator defined by the uniformly continuous extension

of the operator of restriction to JQ for functions in D(Q2), that is the space of
functions C§°(R™) restricted? to (2.

Now, for any z = (2/,x,) € R™ and for any u € #(R"), we denote by v €
Z(R"1) the restriction of u on the hyperplane x, = 0, that is

(4.10) v(z') = u(2’,0) V2’ e R" L

Then, we have

(4.11) Fo(e) = /R Fule, &) den  VE € R™,

2 Notice that we cannot simply take T as the restriction operator to the boundary, since the
restriction to a set of measure 0 (like the set 9Q) is not defined for functions which are not smooth
enough.
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where, for the sake of simplicity, we keep the same symbol % for both the Fourier
transform in n — 1 and in n variables.

To check (4.11), we write
Fo(E) =

(4.12) -

On the other hand, we have
| Fu &) az,
R

/ n/ & &n)- (', "E")u([g/?xn) dl‘/d$n dgn

2 n

/ —15/ /[ 1// i Znu(l. xn) dxndgn
7 JRrr-t 2m)2

1

(2m) "z

= 71 e~ Ty (2 el
C2n)T /IR"1 (e, O))d

where the last equality follows by transforming and anti-transforming u in the last
variable, and this coincides with (4.12).

Now, we are in position to characterize the traces of the function in H*(RR"), as
stated in the following proposition.

Proposition 4.5. ([81, Lemma 16.1]). Let s > 1/2, then any function u € H*(R"™)
has a trace v on the hyperplane {xn = 0}, such that v € Hsfé(IR”_l). Also, the
trace operator T is surjective from H*(R™) onto HS_%(IR"A).

Proof. In order to prove the first claim, it suffices to show that there exists an
universal constant C' such that, for any v € .(R™) and any v defined as in (4.10),

(4.13) < Cllull gs(mn)y-

-3 1

By taking into account (4.11), the Cauchy-Schwarz inequality yields

(4.14) . Zo(e)]? < (/}R(H|§!2)8|fu(£’7£n)l2d£n> (/R (1+d£|2|2)>
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Using the changing of variable formula by setting &, = /1 + |£/|2, we have

ST N (0 R S
Aﬂl+KPP a A;«L+KWX1+9DSM _Lé,(1+ﬁy di
(4.15) = Cls)(L+1¢1)=,
dt _
where C(s) := /]R(l—l—tQ)s < +oo since s > 1/2.

Combining (4.14) with (4.15) and integrating in ¢ € R""!, we obtain

/ (11 |€'2)° 3| Fo(e)2de’ < C(s) / / (11 [E12) | Fule!, &)]? de de
Rr—1 R-1 JR

that is (4.13).

Now, we will prove the surjectivity of the trace operator T'. For this, we show
1
that for any v € H* 2 (R™!) the function u defined by

/ / &n =
4. 7 n) = F ’
(4.16) Fu(g,6n) Jv@)@(¢r+ww>vq+m%

with ¢ € C§°(R) and / (t)dt =1, is such that v € H*(R"™) and T'u = v. Indeed,
R
we integrate (4.16) with respect to &, € R, we substitute &, = t1/1 + |¢/]? and we

obtain

Fule — Fo(e! &n !
/]RJ (€ &n) din /IRJ (5)@(\/1+‘§,’2> \/1+\§’!2d5n
(4.17) = [ Fuerewa = Fue)

and this implies v = T'u because of (4.11).

The proof of the H*-boundedness of u is straightforward. In fact, from (4.16),
for any ¢ € R"!, we have

| ()17 ue 6P de,

2
1

1+ ¢

- / (1+[€2)°|Fo(e)?
R

5 o

&n
@<v1+mw)

(4.18) = C(1+ €21 Fu(e),
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where we used again the changing of variable formula with &, = t1/1 + [¢/|? and the

constant C' is given by / (1+ t2)s|gp(t)|2dt. Finally, we obtain that u € H*(R")
R

by integrating (4.18) in ¢ € R™~L. O

Remark 4.6. We conclude this section by recalling that the fractional Laplacian
(—A)?®, which is a nonlocal operator on functions defined in R”, may be reduced to
a local, possibly singular or degenerate, operator on functions sitting in the higher
dimensional half-space R"™' = R" x (0, +00). We have

ou
o S - _ . 1-2s~+
(~8)u(e) = ~Cfim (1P @),
where the function U : R/t — R solves div(t!=2*VU) = 0 in R’ and U(z,0) =
u(z) in R™.
This approach was pointed out by Caffarelli and Silvestre in [17]; see, in par-
ticular, Section 3.2 there, where was also given an equivalent definition of the
H?*(R™)-norm:

/ | Fulf de = C / VU225 de dt.
R Rn+1
+

The cited results turn out to be very fruitful in order to recover an elliptic PDE
approach in a nonlocal framework, and they have recently been used very often
(see, e.g., [16, 78, 11, 15], etc.).

5. EXTENDING A W#*P(2) FUNCTION TO THE WHOLE OF R"

As well known when s is an integer, under certain regularity assumptions on the
domain €, any function in W*P(Q2) may be extended to a function in W*P(R™).
Extension results are quite important in applications and are necessary in order to
improve some embeddings theorems, in the classic case as well as in the fractional
case (see Section 6 and Section 7 in the following).

For any s € (0,1) and any p € [1,00), we say that an open set @ C R" is
an extension domain for WP if every function u € W9P(2) can be extended
to a function & € W*P(R™) in a continuous way; i.e., there exists a constant
C = C(n,p,s,8) such that ||i|lyspwn)y < COllullwsrq)-

In general, an arbitrary open set is not an extension domain for W*P. To the au-
thors’ knowledge, the problem of characterizing the class of sets that are extension
domains for W#P? is open. The same happens when s is an integer, with the excep-
tion of the special case s =1, p =2 and n = 2 (see [52]). We refers the interested
reader to the recent book by Leoni [54], in which this problem is very well discussed
(see, in particular, Chapter 11 and Chapter 12 there).
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In this section, we will show that any open set € of class C%! with bounded
boundary is an extension domain for W#*P.

We start with some preliminary lemmas, in which we will construct the extension
to the whole of R™ of a function u defined on 2 in two separated cases: when the
function wu is identically zero in a neighborhood of the boundary 02 and when
coincides with the half-space R’}.

Lemma 5.1. Let Q be an open set in R™ and u a function in W*P(Q) with s € (0,1)
and p € [1,400). If there exists a compact subset K C  such that u=0 in Q\ K,

then the extension function u defined as
Q
(5.1) a(z) = @) T e,
0 zeR"\Q

belongs to WP(R™) and
]l ywsr@mry < Cllullwsre@)s
where C' is a suitable positive constant depending on n, p, s, K and Q.
Proof. Clearly @ € LP(R™). Hence, it remains to verify that the Gagliardo norm of
% in R™ is bounded by the one of » in 2. Using the symmetry of the integral in

the Gagliardo norm with respect to x and y and the fact that 2 =0 in R™ \ 2, we
can split as follows

p _ p
(5.2) / / |lu(z) —aly)[? dody — / lu(z) —u(y)| dx dy
n Jrn |95 - y|"+5p aolJa |z —y|"teP

|u(z)[?
12 / / LICOIS
Q ( Ro\Q [T — Y[ TP

where the first term in the right hand-side of (5.2) is finite since u € W*P(Q).
Furthermore, for any y € R"\ K,
u(@)” _ xx(@)ulx)? 1

— < P - -
|z —y[mtsp |yt T e (@)fu(@)] nen | — gt

and so

(5.3) / / LGOI S </ 1 bl
Q R™\Q ‘x—y‘n—i-sp - R7\Q dist(y’aK>n+sp LP(Q)

Note that the integral in (5.3) is finite since dist(9€2,0K) > o > 0 and n+ sp > n.
Combining (5.2) with (5.3), we get

[@llwsr@ny < Cllullwsr@
where C' = C(n,s,p, K). O
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Lemma 5.2. Let €2 be an open set in R", symmetric with respect to the coordinate
T, and consider the sets Q. ={x € Q : x, >0} and Q_ ={xr € Q : z, <0}. Let
u be a function in W95P(Qy), with s € (0,1) and p € [1,400). Define

o u@ x) x, >0,
(5.4) u(z) = {u(% ) am < 0.

Then @ belongs to W*P(Q) and

tllwsr) < 4lullwse@,) -
Proof. By splitting the integrals and changing variable z = (2, —x,), we get

65) Nl = [ W@Pde+ [ @ s)P e = 2k,
Q4 Qy

Also, if x € R" and y € €R"} then (z, — yn) (a:n + yn)? and therefore

p
[ [y, [ R,
alo |z —y[rtep o Jaog |9C— |” 5P
_ p
+2/ / Ju(x uy;yn)\ d dy
Q. Jea, |5U— |[tsp

v, Jea, |z — y[mtsp

4”“”1;[/&17(9”-
This concludes the proof. O

Now, a truncation lemma near 0f2.

Lemma 5.3. Let 2 be an open set in R", s € (0,1) and p € [1,400). Let us
consider w € W*P(Q) and ¢ € C§°(R), 0 < < 1. Then Ypu € WP(Q) and

(5.6) [ ullwsr@) < Cllullwsr@),
where C = C(n,p,s,).

Proof. 1t is clear that || ulrrq) < |lullrrq) since [¢| < 1. Furthermore, adding
and subtracting the factor ¢ (z)u(y), we get

¥ () u(z) — ¢(y) uly) P 9 () u(z) — ¢ () uy)|”
/Q /Q |z — y[tep dx dy /Q /Q o — g dx dy

() u(y) — ¥(y) u(y)|?
e deds
1) < [ e

/ / ue r’f;rlﬁ w( D 4oy

IN
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Since 1 is smooth, we have

P ey o AR o= ey
o - st P~
// )|p dx dy
Qnlz—y|>1 |$—y|"+5p

é”“”ip(g)

(5.8)

IN

where A denotes the Lipschitz constant of ¢ and C is a positive constant depending
on n, p and s . Note that the last inequality follows from the fact that the kernel
|z — y| 7" T(=9)P is summable with respect to y if |z —y| <1 since n+ (s —1)p < n
and, on the other hand, the kernel |z —y|™"*P is summable when |z —y| > 1 since
n + sp > n. Finally, combining (5.7) with (5.8), we obtain estimate (5.6). O

Now, we are ready to prove the main theorem of this section, that states that
every open Lipschitz set (2 with bounded boundary is an extension domain for W*P.

Theorem 5.4. Let p € [1,+0), s € (0,1) and Q@ C R™ be an open set of class
COY with bounded boundary. Then W5P(Q) is continuously embedded in W*P(R™),
namely for any u € W*P(Q) there exists u € WP(R™) such that u|lq = u and
a@llwsp@ny < Cllullwsrq)
where C = C(n,p, s, Q).
Proof. Since 0f) is compact, we can find a finite number of balls B; such that
k

002 C U Bj and so we can write R" = U B; U (R™\ 09).

j=1 j=1

If we consider this covering, there exists a partition of unity related to it, i.e.
there exist k smooth functions g, 1,..., ¥ such that spt ¢y C R"\0Q, spty; C B;
k

for any j € {1,...,k}, 0 <¢; <1 for any j € {0, ...,k} and ij = 1. Clearly,
§=0

By Lemma 5.3, we know that g u belongs to W*P (). Furthermore, since ¢gu =0
in a neighborhood of 92, we can extend it to the whole of R", by setting

o - @ZJo’LL(l') era
w““(x)_{ 0 zeR"\ Q

and thou € WP (R™). Precisely

(5.9) o ull ey < Clloullwery < Cllulliesoy,
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where C = C(n,s,p,Q) (possibly different step by step, see Lemma 5.1 and
Lemma 5.3).

For any j € {1,...,k}, let us consider u|p,no and set
vj(y) :=u(Tj(y))  for any y € Qy,

where T} : Q — B is the isomorphism of class C%! defined in Section 2. Note that
such a T} exists by the regularity assumption on the domain 2.

Now, we state that v; € WP (Q). Indeed, using the standard changing variable
formula by setting x = Tj(i’) we have

[ ], EO
o . e
- / TGP
Q+ Joy Vl”— |"+S”
_ P
= / / ]u u( ) det (T} Ydz dy
B;nQ J B;nQ |T ( )| tsp

p
(5.10) _ c/ / g” da dy,
B;nQ J B;nQ |96‘— |tsp

where (5.10) follows from the fact that 7} is bi-Lipschitz. Moreover, using Lemma
5.2 we can extend v; to all @ so that the extension ¥; belongs to W*P?(Q) and

19 [lwsw (@) < 4llvillwsrqy)-

We set
wj(z) == v; (T-_l(x)) for any = € B;.

Since Tj is bi-Lipschitz, by arguing as above it follows that w; € W*®P(B;).
Note that w; = u (and consequently ¢;w; = ¢ju) on B; N Q. By definition
®jw; has compact support in B; and therefore, as done for vy u, we can consider
the extension t;w; to all R™ in such a way that ¢; w; € W*P(R"). Also, using
Lemma 5.1, Lemma 5.2, Lemma 5.3 and estimate (5.10) we get

|5 willwse@ny < Clijwjllwses;) < Cllwjllwsrs,))
< Clwjllwsr@) < Clvjllwsry)
(5.11) < CHU”WS’P(QmBj)»

where C' = C(n,p,s,2) and it is possibly different step by step.
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Finally, let
k
u = Yyu + Z ¢j (o
j=1

be the extension of u defined on all R™. By construction, it is clear that u|q = u
and, combining (5.9) with (5.11), we get

]l wsr@mry < Cllullwsre@)
Wlth C = C(n’p7879)' |:|

Corollary 5.5. Let p € [1,40), s € (0,1) and Q be an open set in R™ of class
COY with bounded boundary. Then for any uw € W*P(Q), there exists a sequence
{un} € Cg°(R™) such that u, — u as n — +oo in WP(Q), i.e.,

L lfun = wllweng) = 0.

Proof. The proof follows directly by Theorem 2.4 and Theorem 5.4. O

6. FRACTIONAL SOBOLEV INEQUALITIES

In this section, we provide an elementary proof of a Sobolev-type inequality
involving the fractional norm || - |lyys» (see Theorem 6.5 below).

The original proof is contained in the Appendix of [74] and it deals with the
case p = 2 (see, in particular, Theorem 7 there). We note that when p = 2 and
s € [1/2,1) some of the statements may be strengthened (see [9]). We also note
that more general embeddings for the spaces W#P can be obtained by interpolation
techniques and by passing through Besov spaces; see, for instance, [6, 7, 85, 86, 57].
For a more comprehensive treatment of fractional Sobolev-type inequalities we refer
to [55, 56, 10, 1, 81] and the references therein.

We remark that the proof here is self-contained. Moreover, we will not make use
of Besov or fancy interpolation spaces.

In order to prove the Sobolev-type inequality in forthcoming Theorem 6.5, we
need some preliminary results. The first of them is an elementary estimate involving
the measure of finite measurable sets £ in R™ as stated in the following lemma
(see [75, Lemma A.1]).

Lemma 6.1. Fiz x € R". Let p € [1,400), s € (0,1) and E C R™ be a measurable
set with finite measure. Then,

dy _
/ s 2 C LB,
e 1T =Y

for a suitable constant C' = C(n,p,s) > 0.
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1
- ()
p =
Wn

[(CE)N By(z)| = [By(x)| = [EN By(x)| = |E| = [EN By(x)|
— |ENEB,()|

Proof. We set

and then it follows

Therefore,

dy _ dy
vp |t —y["tr

R a4y
/ (@E)B,(2) [T —Y["P  Jwr)neB, @) 1T — y|" TP
dy dy
/ n-+sp +/ n-+sp
E)NB,(x) P (CE)B,(x) 1T — Yl
(¢

_ [(CE) N By()] / dy
prsp (CE)NEB,(x) [T — YT

_ |[ENEB,(z)| +/ dy
prtep (CE)NEB,(z) [T — y|" TP

/ dy . / dy
BEn%B,@) 1T —Y["TP S, @) [T —y[" TP

_ / dy
@B, (@) [T —y[mTer

The desired result easily follows by using polar coordinates centered at x. O

dy

v

v

Now, we recall a general statement about a useful summability property (see [74,
Lemma 5]).

Lemma 6.2. Let s € (0,1) and p € [1,400) such that sp < n. Fiz T > 1; let
N e€Z and

(6.1) ax be a bounded, nonnegative, decreasing sequence
with ap =0 for any k> N.

Then,
Z a,(:‘_sl’)/"T’“ <C Z i1 a;sp/nTk7
keZ keZ
ap#0

for a suitable constant C' = C(n,p,s,T) > 0, independent of N.
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Proof. By (6.1),

(6.2) both Z a,(gnfsp)/nTk and Z ak+1a25p/nTk are convergent series.

keZ kEeZ
ap#0

Moreover, since aj is nonnegative and decreasing, we have that if ap = 0, then

ar+1 = 0. Accordingly,
Z QIEZESP)/nTk _ Z al(gilsp)/nTk

keZ kEZ
ap#0

Therefore, we may use the Holder inequality with exponents a := n/sp and f :=
n/(n — sp) by arguing as follows.

1 TLS n n—s ’I'L
TZ D)/ Zal(ﬁlp/

keZ keZ
- S
keZ
ap#0
_ Z (azp/("ﬂ)Tk/a>( 1/B sp/(nﬁ)Tk/ﬂ>
kez
ap,#0
1/ 1/8
@ —sp/(n p
. (Z (/D7) ) S (allap/ o)
keZ kEZ
ap#0
sp/n (n—sp)/n
< <Z a}({n—sp)/nﬂ) Z ak+1a28p/nTk
kEZ keZ
ap#0
So, recalling (6.2), we obtain the desired result. O

We use the above tools to deal with the measure theoretic properties of the level
sets of the functions (see [74, Lemma 6)).

Lemma 6.3. Let s € (0,1) and p € [1,+00) such that sp <n. Let

(6.3) f € L®(R™) be compactly supported.
For any k € Z let
(6.4) ax = [{If] > 2%}
Then,
)|p —sp/nopk
n+s dz d?/ZCZGkHCLk 2P0,
ap,#0

for a suitable constant C' = C(n,p,s) > 0.
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Proof. Notice that
1£ @) = £ )l < 1f @) = F)],

and so, by possibly replacing f with |f|, we may consider the case in which f > 0.
We define

(6.5) A= {If] > 2,
We remark that Apy1 C Ag, hence
(6.6) apr1 < ag.
We define
Dy i= Ap \ Apyp1 = {28 < f < 281} and dy, := |Dgl.
Notice that
(6.7)  di and aj are bounded and they become zero when k is large enough,

thanks to (6.3). Also, we observe that the Dj’s are disjoint, that

(6.8) U D = €Ac
LeZ
1<k
and that
(6.9) U D, = Ay.
LEZ

0>k

As a consequence of (6.9), we have that

(6.10) ap =Y _dy
ez
0>k
and so
(6.11) drp = ap — Z dy.
ez
>k+1

We stress that the series in (6.10) is convergent, due to (6.7), thus so is the series
n (6.11). Similarly, we can define the convergent series

(6.12) S:= > e,
LeZ
ag_170

We notice that Dy, € Ay, € Ai_1, hence a,” p/ "dy < a,_ 1/ ay—1. Therefore
{(z )€ Z st. a;—1 #0 and a; sP/ndg#O}

(6.13) C {(z‘,@) €7 st. ap_1 # 0}-
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We use (6.13) and (6.6) in the following computation:

i —Sp/n o pi  —sp/n
E g 2P, "7 dy = 2P, 77" dy
i€Z  (eZ icZ (€L
a; 170 £>i+1 a;_17#0 £>i+1
ﬁp/"d )70

Z Z 2])2 sp/n

1€Z LEZ
€ >i+1

ap_17#0

— Y g,

ez i€z
ag_1#0 i<€—1

IN

< NN e,
LEZ 1€EZ
ag_1#0 i<t—1
(6.14) = § p(t=D)g=rkq /ng, < g
JasyA k=0
ag_170

Now, we fix ¢ € Z and x € D;: then, for any j € Z with j <¢—2 and any y € D;
we have that | | | | |
1f(z) = fy)| > 2" —27F1 > 20 — 2771 = 271

and therefore, recalling (6 8)

1f(@) = fly)lP 1) /
dy > 2ri~
Z / |x_y‘n+sp y = Z |x_y|n+sp

JEZ JEZ
j<i—2 J<i—2
_ op(i-1) _dy
CAi—1 |x_y|n+sp

This and Lemma 6.1 imply that, for any 1 € Z and any x € D;, we have that

)’p Sp/n
dy 21m
Z / \x _ y‘nJrsp ’

JEZ
j<i—2

for a suitable ¢, > 0.
As a consequence, for any ¢ € Z,

_ p .
(619) S R ey = e,
JEZ X
j<i—2

Therefore, by (6.11), we conclude that, for any i € Z,

f s —sp/n s —sp/n
(6.16) E / Md dy > co | 2P0 P/ a; — E wiq /",
jez Y DixD tez

j<i—2 £>i4+1
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By (6.12) and (6.15), we have that

(6.17) > Z/ Wisf,’d dy > ¢,S.

i€Z jez Y DixD;
a; _1#0 j<i—2

Then, using (6.16), (6. 14) and (6 17),

/ @~ W
DD, i

z€Z JEZ
a; _17#0 j<i—2

> ¢, Z oPi g —sp/n Z Z 2p1 sp/n

i€Z i€Z  LeZ
a;_170 a;_1#0 £>i+1

7 sp/n
> c E 2Pq a; — S
1€EZ
a; 170
p
> ¢, E Wi Sp/nal E E —n(ﬂydmdy.
Py ez ez JDixD; lz -yl
a; 170 a; 170 j<i—2

That is, by taking the last term to the left hand side,

CUREED I o e s Y

i€z jez Y DixDj i€Z
a; 170 j<i—2 a; 170

up to relabeling the constant cg.
On the other hand, by symmetry,

[f(z) = fFW)IP f)lP
/]R"XR” |x - y|n+5p Z /D xDj ‘l‘ - y‘n—’—Sp e dy

1,JEZ

f)P
— 9 [F@) = FP 4,
”ZE:Z Dixp; T —y|"teP

7<i

(6.19) > 2 3 > @) = Fw” dy.

icz  jez Y DixDj ‘SL‘ - y‘n—’—sp

a; 170 j<i—2

Then, the desired result plainly follows from (6.18) and (6.19). O

Lemma 6.4. Let ¢ € [1,00). Let f: R™ — R be a measurable function. For any
N €N, let

(6.20) fn(z) == max {min{f(z), N}, —-N} VzeR"



30 E. DI NEZZA, G. PALATUCCI, AND E. VALDINOCI

Then

Nl_iffrloo I fnllLa@wny = 1flamny-

Proof. We denote by |f|x the function obtained by cutting |f| at level N. We have
that |f|y = |fn| and so, by Fatou Lemma, we obtain that

1 1
. . . . q q
i vl = fomint ([ 108)" = ([, 197)" = Wb

The reverse inequality easily follows by the fact that |f|y(z) < |f(x)| for any
r € R™ O

Taking into account the previous lemmas, we are able to give an elementary
proof of the Sobolev-type inequality stated in the following theorem.

Theorem 6.5. Let s € (0,1) and p € [1,4+00) such that sp < n. Then there ezists
a positive constant C' = C(n,p,s) such that, for any measurable and compactly
supported function f:R"™ — R, we have

p
(6.21) 112 e oy < C / / e |n+si' dar dy.

where p* = p*(n,s) is the so-called “fractional critical exponent” and it is equal to
np/(n — sp).

Consequently, the space W5P(R™) is continuously embedded in LI(R™) for any
q € [p,p*].

Proof. First, we note that if the right hand side of (6.21) is unbounded then the
claim in the theorem plainly follows. Thus, we may suppose that f is such that

)P
(6.22) / / ]w— ’m_sp’ dxdy < +o0.

Moreover, we can suppose, without loss of generality, that
(6.23) feL>R").

Indeed, if (6.22) holds for bounded functions, then it holds also for the function
fn, obtained by any (possibly unbounded) f by cutting at levels —N and +N
(see (6.20)). Therefore, by Lemma 6.4 and the fact that (6.22) together with the
Dominated Convergence Theorem imply

. |fn(z |f(@) = f)IP
NETOO/”/” yx— yn+sp - \x— gt AW,

we obtain estimate (6.21) for the function f.
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Now, take aj and Ay defined by (6.4) and (6.5), respectively. We have

1A gy = Z/A D dr < 2/ @Y

kEZ k\Ak+1 kEZ k\Ak+1
< ZQ(k—i-l)p*ak
ke

That is,

p/p*

kez
Thus, since p/p* = (n—sp)/n = 1 —sp/n < 1,

(6.24) ||f||1’£p*(]Rn) < 9P Z 2kpal(€n—s’p)/n
keZ

and, then, by choosing T' = 2P, Lemma 6.2 yields

Sp
(6.25) 1A gy < € Y 2Pappa

keZ
ap#0
for a suitable constant C' depending on n,p and s.
Finally, it suffices to apply Lemma 6.3 and we obtain the desired result, up to
relabeling the constant C' in (6.25).
Furthermore, the embedding for ¢ € (p,p*) follows from standard application of
Holder inequality. U

Remark 6.6. From Lemma 6.1, it follows that

(6.26) / / dxdisp2c<n,s)|E|<n—sp>/n
4

B lr—
for all measurable sets E with finite measure.

On the other hand, we see that (6.21) reduces to (6.26) when f = xg, so (6.26)
(and thus Lemma 6.1) may be seen as a Sobolev-type inequality for sets.

It is worth to remark that in the case of ) being a general open set in R", the
statements in Theorem 6.5 still hold for W (), namely

Wo(Q) < LV (),

since one can extend any f € W;P(2) on all R™, by setting f equal to zero outside
). The above embedding does not generally hold for the space W*P () since it
not always possible to extend a function f € W*P(Q) to a function f € W*P(R").
In order to be allowed to do that, we should require further regularity assumptions
on 2 (see Section 5).
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Theorem 6.7. Let s € (0,1) and p € [1,4+00) such that sp < n. Let Q@ CR"™ be an
extension domain for W*P. Then there exists a positive constant C = C(n,p,s, )
such that, for any f € W*P(Q), we have

(6.27) [ fllza) < Clfllwsw(a)
for any q € [p,p*]; i.e., the space W*P(Q) is continuously embedded in L1(2) for
any q € [p,p*].

If, in addition, Q is bounded, then the space W*P(Q) is continuously embedded
in LY(Q) for any q € [1,p*].

Proof. Let f € W*P(Q). Since 2 C R" is an extension domain for WP then there
exists a constant C; = C1(n,p,s,§2) > 0 such that

(6.28) £ lwswrny < Collflwen ),

with f such that f(z) = f(x) for z a.e. in Q.

On the other hand, by Theorem 6.5, the space W*P(R"™) is continuously embed-
ded in LY(R"™) for any g € [p,p*]; i.e., there exists a constant Cy = Cy(n,p,s) > 0
such that

(6.29) Il Larny < Coll fllwswmny-
Combining (6.28) with (6.29), we get

Iflza = Iflza@) < Iflamwny < Coll Flwsrmn
< CoCi| fllws ()
that gives the inequality in (6.27), by choosing C' = CyC}.

In the case of Q being bounded, the embedding for ¢ € [1,p) plainly follows
from (6.27), by using the Holder inequality. g

Remark 6.8. A simple scaling argument shows that in the critical case ¢ = p* the
constant C' in Theorem 6.7 does not depend on 2 and then it coincides with the
1/p-power of the constant C' in (6.21).

6.1. The case sp = n. We note that when sp — n the critical exponent p* goes
to co and so it is not surprising that, in this case, if f is in W*P then f belongs
to L? for any ¢, as stated in the following two theorems.

Theorem 6.9. Let s € (0,1) and p € [1,400) such that sp =mn. Then there exists
a positive constant C' = C(n,p,s) such that, for any measurable and compactly
supported function f:R"™ — R, we have

(6.30) [ fllLa@rny < Cllfllwsom@ny,
for any q € [p,0); i.e., the space WP(R") is continuously embedded in LY(R™) for
any q € [p, 00).
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Theorem 6.10. Let s € (0,1) and p € [1,+00) such that sp =n. Let Q& C R"™ be an
extension domain for W*P. Then there exists a positive constant C = C(n,p,s, Q)
such that, for any f € W*P(Q), we have

(6.31) 1 llzaey < Cllfllwesey:

for any q € [p,o0); i.e., the space W*P(QQ) is continuously embedded in L1(Q) for
any q € [p,00).

If, in addition, Q0 is bounded, then the space W*P(Q) is continuously embedded
in L1(QY) for any q € [1,00).

The proofs can be obtained by simply combining Proposition 2.1 with Theo-
rem 6.5 and Theorem 6.7, respectively.

7. COMPACT EMBEDDINGS

In this section, we state and prove some compactness results involving the frac-
tional spaces W*P(Q2) in bounded domains. The main proof is a modification of the
one of the classical Riesz-Frechet-Kolmogorov Theorem (see [50, 69]) and, again, it
is self-contained and it does not require to use Besov or other interpolation spaces,
nor Fourier transform and semigroup flows (see [26, Theorem 1.5]). We refer to [68,
Lemma 6.11] for the case p=¢q = 2.

Theorem 7.1. Let s € (0,1), p € [1,+00), ¢ € [1,p], @ C R" be a bounded
extension domain for W*P and 7 be a bounded subset of LP(2). Suppose that

_ P
sup/ dedy < +o0.
rez Jata |z —y|rtep

Then T is pre-compact in LI(2).
Proof. We want to show that 7 is totally bounded in L?(Q), i.e., for any € € (0,1)

there exist f1,..., 8y € L1(Q) such that for any f € 7 there exists j € {1,..., M}
such that

(7.1) 1f = Bjllag) <e.

Since Q is an extension domain, there exists a function f in W9P(R") such that
I fllwsp@rny < Cllfllwsrq)- Thus, for any cube @ containing €2, we have

1 fllwso@) < Iflwsemny < Cllfllwssg)-
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Observe that, since Q is a bounded open set, f belongs also to L1(Q) for any
q € [1,p]. Now, for any € € (0,1), we let

; f(=) = F)IP
Cyo: =14 sup |f + sup / " dxdy,
fer Illze@) reztotg |z —ylntsp

l n
€ ° epa
p=pei= <1n+p> and 7 == —,
204 n 2»

and we take a collection of disjoints cubes Q1,...,Qn of side p such that
N
nc=Je,
j=1

For any z € (2, we define
(7.2) j(w) as the unique integer in {1,..., N} for which x € Q;(,)

Also, for any f € 7, let

1 ~

P(f)(z) == m 2 f(y) dy.

Notice that
P(f+g)=P(f)+P(g) forany f,ge T

and that P(f) is constant, say equal to ¢;(f), in any Q;, for j € {1,...,N}.
Therefore, we can define

R(f) = p""(a1(f), - an(f)) € RY
and consider the spatial g-norm in RV as

1
q

[vllg :== Z |Uj|q , for any v € RN
We observe that R(f + g) = R(f) + R(g). Moreover,
1P ey = Z / @

IIRC)IG
p’I’L

N
(7.3) < 2" lgHIT = IIR(IE <
j=1
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Also, by Holder inequality,

N
IR = an\qg'(f)lq = n(q )

< Z/ quy—/!f oy = 111,

dy

In particular,

sup [[R(f)[[§ < Co,
fes

that is, the set R(7) is bounded in RV (with respect to the g-norm of RY as well
as to any equivalent norm of RY) and so, since it is finite dimensional, it is totally
bounded. Therefore, there exist by, ...,by € RY such that

M
(7.4) R(7) € | By(bi)
i=1

where the balls B, are taken in the g-norm of RN,
For any ¢ € {1,..., M}, we write the coordinates of b; as b; = (b;1,...,b;n) €
RY. For any z € Q, we set
Bi(x) := p /4 bi j(z)s
where j(z) is as in (7.2).
Notice that ; is constant on @);, i.e. if z € Q; then

(75) P(Bi)(x) = p1bij = Bi(x)
and so ¢;(6;) = p_%bm-; thus
(7.6) R(Bi) = bi.

Furthermore, for any f € 7

N
1f =P ey = |f(z) = P(f) (@) dx
b = 2 o

N

A

Jj=1

N Z/er Q7

1 ) q
(7.7) < p] ;/m [/Qj | f(x) —f(y)!dy] dx.

1

— F(y) dy| d
Q) ij(y) y| dx

fx) =

f(w) — f(y) dy| da
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Now for any fixed j € 1,---, N, by Holder inequality with p and p/(p — 1) we
get

L P ! 1 ap-1) . b
W [/QJ ’f(iﬂ)—f(y)!dy] < WIQJ’ P [/Qj‘f(x)_f(y”}?dy]
= pJQPIJQchwf@nde]
L) s [ [ 0@ = o 1
= +p!4jwpﬂmwpd4
s [ [ 5@ = For T
(7.8) < n p [ o ey |

Hence, combining (7.7) with (7.8), we obtain that
~ ~ q
ntspya z) — p o |P
1= PO < ol >p,,q/Q[Qw>f<y>ldy] i

o =yl

(7.9)

IN

n(#)%psq [/652 g |f($) _f(y)|p dydx] g

o=yl

n—+s q
< C n(T”)%pSQ - %.

o

where (7.9) follows from Jensen inequality since t — [t|%/? is a concave function for
any fixed p and ¢ such that ¢/p < 1.

Consequently, for any j € {1,..., M}, recalling (7.3) and (7.5)

If = BillLay < IIf = P(H)llza) + 1P(Bj) = BillLa) + 1P(f = Bi)llLace)

(7.10) < %Jr ||R(f)f;/1§(ﬂj)!|q.

Now, given any f € 7, we recall (7.4) and (7.6) and we take j € {1,...,M}
such that R(f) € By(b;). Then, (7.5) and (7.10) give that

IR bl =

e
5 pn/q - 7+pn/q =&

This proves (7.1), as desired. O

(7.11) If = BillLa) <

[\]
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Corollary 7.2. Let s € (0,1) and p € [1,400) such that sp < n. Let q € [1,p*), Q C
R"™ be a bounded extension domain for WP and .7 be a bounded subset of LP().

Suppose that
/ |f(z) = fW)IP
oJa

(o — gt dxdy < +oo.

sup
fer

Then  is pre-compact in L1($2).

Proof. First, note that for 1 < ¢ < p the compactness follows from Theorem 7.1.

For any ¢ € (p,p*), we may take 6 = 0(p,p*,q) € (0,1) such that 1/q = 0/p +
1 —6/p*, thus for any f € .7 and f; with j € {1,..., N} as in the theorem above,
using Holder inequality with p/(6q) and p*/((1 — 6)q), we get

— B, = — 81991 f — 3.190=9) 4o o
1f = Bjllac) Q’f Bil™ | f — Bjl

0/p . (1-0)/p*
(- (f-a02)
Q Q

= If = Bill ooy I = Bill ooy

IN

IN

Cllf = Billyy oy If = Bill oy < C&°,

where the last inequalities comes directly from (7.11) and the continuos embedding
(see Theorem 6.7). O

Remark 7.3. As well known in the classical case s =1 (and, more generally, when
s is an integer), also in the fractional case the lack of compactness for the critical
embedding (¢ = p*) is not surprising, because of translation and dilation invariance
(see [67] for various results in this direction, for any 0 < s < n/2).

Notice that the regularity assumption on §2 in Theorem 7.1 and Corollary 7.2
cannot be dropped (see Example 9.2 in Section 9).

8. HOLDER REGULARITY
In this section we will show certain regularity properties for functions in W*P ()
when sp > n and €2 is an extension domain for W*P,

The main result is stated in the forthcoming Theorem 8.2. First, we need a
simple technical lemma, whose proof can be found in [42] (for instance).

Lemma 8.1. ([412, Lemma 2.2]). Let p € [1,+00) and sp € (n,n+p]. Let @ C R"
be an extension domain for WP and f be a function in W*P(Q). Then, for any
o € Q and R, R, with 0 < R’ < R < diam(Q2), we have

(8.1) () Brone = () B onal < ¢[flpsp [Br(zo) NQIEP0/m
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where

=

[f1p,sp 32( sup PSp/B( )mf(x)—<f>3p(xo)mﬂ|pd$>

o€ p>0
and

()B,(@o)n0 == B ! f(z)dx.

»(20) N Q /B, (20)n0

Theorem 8.2. Let QO C R™ be an extension domain for WP and let p € [1,+00),
s € (0,1) such that sp > n. Then, there exists C > 0, only depending on n, p
and ), such that

Cfr N\
(8.2 ||f||co,a(msc(uf@p(m i way)

for any f € LP(Q), with a := (sp —n)/p.

Proof. In the following, we will denote by C suitable positive quantities, possibly
different from line to line, and possibly depending on p and s.

First, we notice that if the right hand side of (8.2) is not finite, then we are
done. Thus, we may suppose that

[ LR
QJQ

o =yl
for some C > 0.

Second, since (2 is an extension domain for W*P, we can extend any f to a
function f such that [|f{lwsrmn) < Clfllwsr@)-

Now, for any bounded measurable set U C R", we consider the average value of
the function f in U, given by

_ 1 _
(P = IUI/U (@) da.

For any £ € R™, the Holder inequality yields

/Uf—f(y)dy

p

e 1
€= (fHv] = TP

p

Accordingly, by taking z, € Q and U := B,(x,), £ := f(z) and integrating
over By(x,), we obtain that

/ @) — (P gy o) P de
By (zo)

# r _f P drd
< el L Tw/ (g &)~ I ddy.
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Hence, since |z —y| < 2r for any z, y € By(z,), we deduce that

/ F@) — (P ol do
By (zo)

(2r)+sp P 2P s O  £|IP
(8.3) <2 / / @)= rwp dy < WerE)
|B To)| JB,(z0) By (o) |fU — y|tep | By

that implies
(8.4) (s < Cllf Ty

for a suitable constant C.

Now, we will show that f is a continuos function. Taking into account (8.1), it
follows that the sequence of functions x — (f) g, (z)no converges uniformly in z €
when R — 0. In particular the limit function g will be continuos and the same
holds for f, since by Lebesgue theorem we have that

1
Iim —————— dy = f(x) for almost every x € Q.
B Br@ ] Jp f(y) y = f(z) y

Now, take any x,y € 2 and set R = |x — y|. We have

@) = F W) < (@) = (P Banw)| + 1) Bante) = (P Banw)| + () Banty) — F(®)]

We can estimate the first and the third term of right hand-side of the above
inequality using Lemma 8.1. Indeed, getting the limit in (8.1) as R — 0 and
writing 2R instead of R, for any = € ) we get

(85) (N Bante) — f@)] < clflpsp|Ban(@)| P70/ < Cf]p.p REP/P
where the constant C' is given by ¢2(P=")/? /| By|.
On the other hand,

) Bane) = () Banw)] < 1£(2) = (P Baniw)| +17(2) = {F) Bonw)]

and so, integrating on z € Bagr(x) N Bar(y), we have

| Bor(2) 0 Bar(W)| () Bynte) = () Boni|

< / F2) = (Paypmdz + / F(2) = (P aynin| dz
Bar(x)NBar(y) Bar(x)NBar(y)

< /B O Dol /B D 8=

Furthermore, since Bg(z) U Bg(y) C (Bar(z) N Bagr(y)), we have
|Br(x)| < |Bagr(x) N Bar(y)| and  |Br(y)| < [Bar(x) N Bar(y)l
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and so
(F) Bane) = (F) Banw)] !Bgl( i 1F(2) = (F) Byp(ay| 2
BRl( ) Bor(y )|f(z) <f>B2R(?J)|dZ
An application of the Holder inequality gives
B oy 1~ P

B (»—1)/p 5 3 .

yBgR(x)\(P—l)/P

< T CR) [l

(8.6) < C|f)p.sp REPI/P.
Analogously, we obtain
1 r 3 sp—mn
(87) ‘BR( )‘ Bon(y) ’f(z) < >B2R ‘dz <C [f]p,sp R( P )/p
2R\Y

Combining (8.5), (8.6) with (8.7) it follows
(88) |f(@) = fF(W)| < Cflpsp o — y’(Sp_n)/pa
up to relabeling the constant C.

Therefore, by taking into account (8.4), we can conclude that f € C%*(Q2), with

a=(sp—n)/p.
Finally, taking R < diam(€2) (note that the latter can be possibly infinity), using
estimate in (8.5) and the Holder inequality we have, for any x € ,

f@)] < 1) Br@)| + (@) = () Brow)
C

A

(8.9) < WWHLP(Q) + ¢[flp,sp | Br(z)|*
Hence, by (8.4), (8.8) and (8.9), we get
_ |f(z) = f(y)]
[fllcoa@y = Ifllze) + “iz% Ty
< C(Ifllr) + [flpsp)

< Clflws»)-
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for a suitable positive constant C. O

Remark 8.3. The estimate in (8.3) says that f belongs to the Campanato space £P,
with A := sp, (see [20] and, e.g., [42, Definition 2.4]). Then, the conclusion in the
proof of Theorem 8.2 is actually an application of the Campanato Isomorphism
(see, for instance, [42, Theorem 2.9]).

Just for a matter of curiosity, we observe that, according to the definition (2.1),
the fractional Sobolev space W*>°(Q) could be view as the space of functions

{u e 1) » D =Wl poog Q)},
|z —y[*
but this space just boils down to C%%(€2), that is consistent with the Holder em-

bedding proved in this section; i.e., taking formally p = oo in Theorem 8.2, the
function v belongs to C%*(Q).

9. SOME COUNTEREXAMPLES IN NON-LIPSCHITZ DOMAINS

When the domain 2 is not Lipschitz, some interesting things happen, as next
examples show.

Ezample 9.1. Let s € (0,1). We will construct a function u in W1P(Q) that does not
belong to WP(Q), providing a counterexample to Proposition 2.2 when the domain
is not Lipschitz.

Take any
(9.1) p € (1/s,400).
Due to (9.1), we can fix
p+1
9.2 > .
(9-2) £ 1

We remark that £ > 1.
Let us consider the cusp in the plane
C = {(a:l,xg) with z; <0 and |z2| < ]mll"}
and take polar coordinates on R?\C, say p = p(z) € (0, +00) and 0 = 0(z) € (—m, ),
with o = (z1,22) € R?\ C.

We define the function u(x) := p(z)f(z) and the heart-shaped domain Q :=
(R?\ C) N By, with B; being the unit ball centered in the origin. Then, u €
WLP(Q) \ WP(Q).

To check this, we observe that

_ _ x
Onp = () 100p" = (20)7'Ous(ad +23) = =
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and, in the same way,

x
Oy p = 2
p
Accordingly,
72
1 = 0p21 = Oy (pcos) = Oy, pcost — psin0,, 0 = —; — 2904, 0
p
2
x
12 020,
That is
Z2
6119 = —?

By exchanging the roles of x1 and x5 (with some care on the sign of the derivatives
of the trigonometric functions), one also obtains

0,0 = 2

1
p?
Therefore,

O u = p_l(m19 —x2) and Op,u = p_l(xge—l—xl)
and so
Vul? =60%4+1 < 7 + 1.
This shows that u € W1P(Q).
On the other hand, let us fix r € (0,1), to be taken arbitrarily small at the end,
and let us define rg :=r and, for any j € N, rj11 :=17; —r7. By induction, one sees

that r; is strictly decreasing, that r; > 0 and so 7; € (0,r) C (0,1). Accordingly,
we can define

{:= lim T € [0, 1].

Jj—+oo
By construction

(= lim rjpg = lim r;—rf =/0—-¢"
Jj—+oo 7t Jj—+oo J J ’

hence £ = 0. As a consequence,

+00 N N
K : K :
rY = lim r? = lim Ty — T

- J N~>+OOZ J N*)+OOZ J AR

J=0 3=0 J=0
9.3 = lim 7rg—7r =7
( ) N—+4o00 0 N+l
We define

2 2
D; = {(w,y) € R* x R* s.t. x1,y1 € (=75, —7j41),

x9 € (lo1]", 2]x1]") and —y2 € (|y1]", 2|y1]") }.



HITCHHIKER’S GUIDE TO THE FRACTIONAL SOBOLEV SPACES

We observe that

QxQ 2 {(z,y) e R*x R?s.t. zy,y1 € (—1,0),
w2 € (|21, 2|21[") and —y2 € (l]", 2|1 ]")}

“+oo
7=0

and the union is disjoint. Also,

Tit1 = rj(l—rf_l) > ri(1—rh > %,

for small r. Hence, if (z,y) € Dj,
21| <7 < 2rj41 < 2y
and, analogously,
ly1] < 2.
Moreover, if (z,y) € D;
[z —yi| < rj—rip =1 < 2% < 2%t
and
|29 — yo| < |wal + |yal < 2lza|" + |ya]® < 25 a "
As a consequence, if (z,y) € Dj,
| —y| <2742 |,

Notice also that, when (z,y) € D;, we have 6(x) > 7/2 and 6(y) < —m/2, so

np@) |l

u(@) —uly) = u(w) > —5—= > —3

As a consequence, for any (z,y) € Dy,

_ p
TR

43
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for some ¢ > 0. Therefore

P
sy pe—
—Ti+1 T+ 2fa|” lya]”
:C/ dml/ dy1/ da:z/ dyQ‘xl‘p—n(Q—i-sp)
—rj —r; |z1]" —2[ya|*

—Tj+1 —Tj+1
— C/ dml/ dyy |21 [P | |y |

—rj -y
T+l T+l
> c2”/ da:l/ dyy |z, [P
—Tj —Tj
—Ti+1 —Tj+1 ks
262_”/ dxl/ dyﬂ“? P
—j —Tj
— QT RpPTRSPE2R _ o—hpr—a
— ! — ,
with
(9.4) a:=kr(sp—1)—p>1,

thanks to (9.2).

In particular,

)P -
// |$_ |2+sp drdy > c¢27"r %]

and so, by summing up and explomng (9. 3)

‘u( ) ( )’ K 1— a
/Q Q |1._ |2+sp d d =z Z ‘x_ ’2-1-81? dz dy =z c2”
By taking r as small as we wish and recalhng (9.4), we obtain that

[ [t g,
QJQ

|z — y[>HeP
so u g W5P(Q). O

Ezample 9.2. Let s € (0,1). We will construct a sequence of functions {f,} bounded
in W*P(Q) that does not admit any convergent subsequence in L4(S2), providing a
counterexample to Theorem 7.1 when the domain is not Lipschitz.

We follow an observation by [72]. For the sake of simplicity, fix n = p = ¢ = 2.
We take aj := 1/C* for a constant C > 10 and we consider the set Q = 72, B
where, for any k € IN, By denotes the ball of radius az centered in aj;. Notice that

ar — 0 as k — oo and ak—ai >ak+1+ai+1.

Thus, € is the union of disjoint balls, it is bounded and it is not a Lipschitz
domain.
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For any n € IN, we define the function f, : 0 = R as follows

1 5

T 2a,* x€ By,
n\T) =
fu() { 0 x€eQ\B,.

We observe that we cannot extract any subsequence convergent in L?(f2) from the
sequence of functions {f,}, because f,(z) — 0 as n — +oo, for any fixed z € Q
but

an”%mz) = / | fo(2)|? da —/ 7T*1a54dx = 1.
Q Bn

Now, we compute the H® norm of f, in Q. We have

|fu(2) = fuly)|? / /
dedy = dx dy
/ / |$ — y[*rs O\Bn /B, [T — y|2Jr2$

9.5 = / / dx dy.
( ) B, 5 |33 _ y|2+25

Thanks to the choice of {a;} we have that

ap —a
6+ af] = a2+ af < 12220
Thus, since x € B, y € By, it follows
e =yl > lan —ap = (ax +a})| = |an — ay, — (aj + a})]
Ay — Af
>y — o]~ a3+ af] > o, —ayf — 20
_ lan — ag|
2
Therefore,
drdy < 22+25/ / dx dy
/Bk/n |$_ |2+2s B, . _ak‘2+28
(9.6) = 22F2sg2

’an _ ak’2+2s

Also, if m > j+ 1 we have

1 1 1 1 a;
6.7 “ﬂ"“mzaf‘“ﬂ‘“:cfw:m<1‘c)25
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Therefore, combining (9.7) with (9.5) and (9.6), we get

| fn(@) = fu(y)? 342
dedy < 2°7=¢
/Q/Q iz — y[2+2s ray = WZ,G _ak’2+2s

_ 93+2s
= 2 Z(k_a 2+25+Z )2+2s

k<n k>n
4 4
5-+4s ag g
< 2 d 2125 2 +2s
k<n k k>n T
< of+4s - Z GZ_QS
k#n
644 1 g
_ +4s
k#n
This shows that {f,} is bounded in H*(). O
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