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Abstract

We give a detailed construction of an ambient isotopy to prove that for any embed-
ded closed curveη ∈ C1(S1,R3) there is anε∗ > 0, such that allξ ∈ C1(S1,R3) with
‖ξ̇ − η̇‖C0 ≤ ε∗ are ambient isotopic toη.
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A fundamental aim of knot theory is to decide whether two given knots “have the same
knot type”, i. e. can continuously be deformed into each other avoiding self-intersections
and contractions of knotted arcs to points, which can arise even in the case of uniform con-
vergence. An admissible deformation of this kind is calledambient isotopyand is defined
as follows.

Definition (Isotopies).

• Two homeomorphismsf0, f1 : Sn → Sn are said to beisotopic, if there exists a
level preserving embeddingH : Sn × [0,1] → Sn × [0,1] joining them, i. e.H is
an embedding satisfyingH(Sn, t) ⊂ Sn × {t} for all t ∈ [0,1] and H(·, i) = ( fi(·), i),
i = 0,1.

• Two embedded curvesγ1, γ2 : X → S3 will be calledambient isotopic, if there is a
homeomorphismh : S3→ S3 isotopic to the identityidS3 such thatγ2 = h ◦ γ1.

Remark. Of course,h is orientation preserving. In [Fis60, p. 210, Theorem 16]G. M.
F showed, using deep results ofR. H. B andE. E. M, that, forn = 1,2,3, two
homeomorphismsf ,g : Sn → Sn are isotopic if and only if they are homotopic. There-
fore any orientation preserving homeomorphismh : S3 → S3 is isotopic to the identity.
Consequentlyγ1, γ2 are ambient isotopic if and only if there is an orientation preserving
homeomorphismh : S3→ S3 satisfyingγ2 = h◦ γ1. A proof in the piecewise-linear setting
can be found in [BZ03, p. 6, Proposition 1.10].

Lemma. Let η ∈ C1(S1,R3) be a regular simple closed curve (i. e.̇η(t) , 0 for any
t ∈ S1 andη is injective). Then there exists a constantε∗ > 0 depending onη, such that all
ξ ∈ C1(S1,R3) with ‖ξ̇ − η̇‖C0(S1,R3) ≤ ε∗ are ambient isotopic toη.

At first sight this result does not seem particularly relevant in traditional knot theory where
one often considers piecewise linear representatives of knot classes. In geometric knot the-
ory, however, one searches for distinguished representatives in a given knot class, e. g. by
minimizing self-avoidance energies or maximizing thickness; see the various contributions
in [SKK98], [CMRS05].
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If minimizing sequences converge only uniformly to a limit curve, then one has to use
additional invariance or geometric properties of the self-avoidance energy to prove that the
limit curve is in fact in the right knot class [FHW94], [GMSvdM02], [CKS02], [GdlL03].
But if the analytic properties of the energy lead toC1-convergent minimizing sequences
such as in [StvdM05], then the above lemma guarantees the correct knot class in the limit.

Such a situation also occurs in [vdM96], [vdM98], and [vdM99], where, however, an iso-
topy definition not sufficiently restrictive for knot theory was used. But the results in the
respective papers remain true and extend to the situation of ambient isotopy by the above
lemma.

Since we were not aware of any explicit reference in the literature, we carry out the proof
as a service for readers interested in this field.

Outline of the Proof. We approximateη by a polygonPε and construct a tubular neigh-

bourhoodQε : S1 × B2
1(0) → R3 of Pε such thatη passes throughQε transversally to

each diskQε(t, B2
1(0)). Thereforeη cannot move “backwards”, and can continuously be

deformed intoPε. This deformation can be extended to an orientation preserving home-
omorphismh1 : S3 → S3 with Pε = h1 ◦ η. Choosingε∗ small enough,ξ can be shown
to have the same property asη leading to a second orientation preserving homeomorphism
h2 : S3→ S3 with Pε = h2 ◦ ξ. Consequentlyh−1

1 ◦ h2 yields the desired isotopy. �

Proof. Sinceη is regular, we have
∣∣∣η̇

∣∣∣ ≥ λ > 0. We representS1 by the interval[0,2π].
(i) For all a,b ∈ R3 \ {0} satisfying|a| ≥ λ > 0 andc ∈ (0, π2) there is some numberd > 0, such

that |a− b| ≤ d implies<) (a,b) ≤ c. We compute

<) (a,b) = arccos

〈
a
|a| ,

b
|b|

〉
= arccos

(
1− 1

2

∣∣∣∣∣
|b|a− |a|b
|a| |b|

∣∣∣∣∣
2)

≤
√

2
∣∣∣∣∣
|a− b| + ||b| − |a||

|a|
∣∣∣∣∣ ≤ 2

√
2

λ
d,

sincearccos(1− x) ≤ 2
√

x for x ∈ [0,1]. Now taked = µc, µ := λ

2
√

2
. �

(ii) There is anε̄(ii) > 0 such that, for anyε ∈ (0, ε̄(ii) ], there is an approximation ofη by a

polygonPε with “fineness”ε > 0 and distance
∥∥∥Pε − η

∥∥∥
C0(S1,R3)

≤ 2
√

3πε/kε
ε↘0−−−→ 0. If

ε > 0 we obtainkε ∈ N, kε ≥ 5, by uniform continuity ofη̇, such that

|x− y| < 2π
kε

implies
∣∣∣η̇(x) − η̇(y)

∣∣∣ < ε. (1)

Note thatkε → ∞ asε → 0 sinceη is closed, so we can assume thatε 7→ kε is decreasing.
Let tε,i := i · 2π/kε modulo 2π (i. e. tε,0 ' tε,kε , tε,−1 ' tε,kε−1, tε,kε+1 ' tε,1 etc.), and
Iε,i := [tε,i−1, tε,i ]. Now we define a closed polygonPε : [0,2π] → R3 as

Pε(t) := η(tε,i−1) + (t − tε,i−1)pε,i for t ∈ Iε,i ,

where

pε,i :=
η(tε,i) − η(tε,i−1)

2π/kε
, i = 0, . . . , kε.

By compactness ofS1 there is an̄ε(ii) > 0 such that

∣∣∣∣∣
η(s) − η(s′)

s− s′

∣∣∣∣∣ ≥ λ

2
for 0 <

∣∣∣s− s′
∣∣∣ ≤ 2π

kε
, ε ≤ ε̄(ii) , (2)

especially ∣∣∣pε,i
∣∣∣ ≥ λ/2 for all ε ≤ ε̄(ii) andi = 1, . . . , kε. (3)
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Sinceη is simple andS1 compact there is aλ0 > 0 such that
∣∣∣η(s) − η(s′)

∣∣∣ ≥ λ0

2
distS1(s, s′) for distS1(s, s′) ≥ ε̄(ii) .

Soη is bi-L continuous with constantΛ := max
(

2
λ
, 2
λ0
,
∥∥∥η̇

∥∥∥
C0(S1,R3)

)
, especially

distS1(s, s′) ≤ Λ
∣∣∣η(s) − η(s′)

∣∣∣ for all s, s′ ∈ S1. (4)

Chooseε ≤ ε̄(ii) . By the mean value theorem we findqε,i,1,qε,i,2,qε,i,3 ∈ Iε,i such that the
j-th component oḟη(qε,i, j) equals thej-th component ofpε,i . So we obtain for anyt ∈ Iε,i

∣∣∣η̇(t) − pε,i
∣∣∣ ≤

√√√ 3∑

j=1

∣∣∣η̇(t) − η̇(qε,i, j)
∣∣∣2 (1)

<
√

3ε. (5)

Finally, for t ∈ Iε,i ,

∣∣∣η(t) − Pε(t)
∣∣∣ ≤

∫ t

tε,i−1

∣∣∣η̇(τ) − pε,i
∣∣∣ dτ ≤ 2

√
3π

kε
ε

ε↘0−−−→ 0.

�

(iii) For anyα ∈ (0, π2) we have<)
(
η(s2)−η(s1) , η(s3)−η(s2)

) ≤ α for all s1 < s2 < s3 satisfying

max(s2−s1, s3−s2) ≤ 2π/kε̄(iii) (α), ε̄(iii) (α) := min
(
ε̄(ii) ,

µ

4
√

3
α
)
, especially<) (pε,i , pε,i+1) ≤ α

for all ε ≤ ε̄(iii) (α) and i = 1, . . . , kε. By the mean value theorem we obtains̃j ∈ (s1, s2),
s̃j
′ ∈ (s2, s3), j = 1,2,3, such that thej-th component oḟη(s̃j) (resp.η̇(s̃j

′)) equals thej-th
component ofη(s2)−η(s1)

s2−s1
(resp. η(s3)−η(s2)

s3−s2
). According to (1) we have

∣∣∣∣∣
η(s2) − η(s1)

s2 − s1
− η(s3) − η(s2)

s3 − s2

∣∣∣∣∣ ≤
√√√ 3∑

j=1

∣∣∣η̇(s̃j) − η̇(s̃j
′)
∣∣∣2

≤
√√√ 3∑

j=1

(∣∣∣η̇(s̃j) − η̇(s2)
∣∣∣ +

∣∣∣η̇(s2) − η̇(s̃j
′)
∣∣∣
)2 ≤ 2

√
3ε,

(6)

therefore<) (η(s2) − η(s1), η(s3) − η(s2)) ≤ α if 2
√

3ε ≤ 1
2µα, cf. (i) applied to (2). �

(iv) We can choosēε(iv) ∈ (0, ε̄(iii) (π/8)] so small, thatPε is an embedding for allε ≤ ε̄(iv) .
We remark thatη is an embedding, becauseη is a simple curve defined on a compact
domain. Let us assume the contrary, so there are sequences

(
ε j

)
j∈N,

(
u j

)
j∈N, and

(
v j

)
j∈N,

such thatε j ↘ 0, (u j , v j) ∈ [0,2π]2, u j < v j , andPε j (u j) = Pε j (v j) for all j. Choosing a
subsequence (without change of notation) we obtain(u j , v j)→ (u0, v0) ∈ [0,2π]2. Skipping
the first members of(u j , v j) and reparametrizing we assumeπ2 ≤ u0 ≤ v0 ≤ 3π

2 . Now

there are unique sequences
(
i j

)
j∈N,

(
i•j
)

j∈N satisfyingu j ∈ Iε j ,i j \ {tε j ,i j } and v j ∈ Iε j ,i•j \
{tε j ,i•j−1}. By construction we havei j ≤ i•j . The injectivity ofη excludesu0 , v0 since∥∥∥Pε j − η

∥∥∥
C0(S1,R3)

→ 0, cf. (ii). Because ofu j → u0 = v0 ← v j we can choosej so large
that

(i•j − i j + 1)
2π
kε j

=
∣∣∣∣tε j ,i j−1 − tε j ,i•j

∣∣∣∣
!≤ 2π

kε̄(iii) (π/8)
.

Then, by (iii), for i•j > i j + 1,

<)
(
Pε j (tε j ,i j ) − Pε j (u j) , Pε j (tε j ,i•j−1) − Pε j (tε j ,i j )

)

= <)
(
η(tε j ,i j ) − η(tε j ,i j−1) , η(tε j ,i•j−1) − η(tε j ,i j )

)
≤ π

8
,

<)
(
Pε j (v j) − Pε j (tε j ,i•j−1) , Pε j (tε j ,i•j−1) − Pε j (tε j ,i j )

)

= <)
(
η(tε j ,i•j ) − η(tε j ,i•j−1) , η(tε j ,i•j−1) − η(tε j ,i j )

)
≤ π

8
,

(7)
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which impliesPε j (u j) , Pε j (v j), contradicting our assumption. In casei•j = i j + 1 we
directly obtain

<)
(
Pε j (tε j ,i j ) − Pε j (u j) , Pε j (v j) − Pε j (tε j ,i•j−1)

)

= <)
(
η(tε j ,i j ) − η(tε j ,i j−1) , η(tε j ,i j+1) − η(tε j ,i j )

)
≤ π

8
,

andi•j = i j implies
∣∣∣Pε j (u j) − Pε j (v j)

∣∣∣ =
∣∣∣pε j ,i j

∣∣∣ ∣∣∣u j − v j

∣∣∣ (3)
> 0. �

(v) There isε̄(v) ∈ (0, ε̄(iv) ], such that, for allε ≤ ε̄(v), we can construct an embeddingQε :

S1 × B2
1(0) → R3 with Qε(t,0R2) = Pε(t), Bϑε(Pε) ⊂ Qε(S1, B2

1(0)), andη ∈ Bϑε(Pε) for
someϑε ≥ 2

∥∥∥Pε − η
∥∥∥

C0(S1,R3)
.

(a) Let ϑε := 4
√

3πε/kε ≥ 2
∥∥∥Pε − η

∥∥∥
C0(S1,R3)

. We state that there is an̄ε(v) ∈ (0, ε̄(iv) ]
such that, for allε ≤ ε̄(v), B2ϑε(Pε|Iε,i ) is disjoint to anyB2ϑε(Pε|Iε, j ) exceptj ∈ {i, i ± 1},
i = 1, . . . , kε. Otherwise there would be sequences

(
ε j

)
j∈N,

(
i j

)
j∈N, and

(
i•j
)

j∈N, such

thatε j ↘ 0, i j , i•j ∈
{
2, . . . , kε j − 1

}
, i j ≤ i•j − 2, B2ϑε j

(Pε j |Iε j ,i j
)∩ B2ϑε j

(Pε j |Iε j ,i
•
j
) , ∅. We

modify our argument from the preceding section. Choosing a subsequence (without
change of notation) we obtain̄s and s̄• with (tε j ,i j , tε j ,i•j−1) → (s̄, s̄•). Without loss of

generality we may assumeπ2 ≤ s̄≤ s̄• ≤ 3π
2 . We first consider the casēs< s̄•, soσ̄ :=

|s̄− s̄•| > 0 and
∣∣∣∣tε j ,i j − tε j ,i•j−1

∣∣∣∣ > σ̄
2 for j � 1. If zj ∈ B2ϑε j

(Pε j |Iε j ,i j
)∩B2ϑε j

(Pε j |Iε j ,i
•
j
), let

Pε j (u j) (resp.Pε j (v j)) realize the distance ofzj to Pε j |Iε j ,i j
(resp.Pε j |Iε j ,i

•
j
). This implies

0 =
∣∣∣zj − zj

∣∣∣ ≥
∣∣∣Pε j (u j) − Pε j (v j)

∣∣∣ − 2 · 2ϑε j

≥
∣∣∣∣η(tε j ,i j ) − η(tε j ,i•j−1)

∣∣∣∣ −
∣∣∣Pε j (tε j ,i j ) − Pε j (u j)

∣∣∣

−
∣∣∣∣Pε j (tε j ,i•j−1) − Pε j (v j)

∣∣∣∣ − 4ϑε j

(4)≥ σ̄

2Λ
− 2Λ

2π
kε j

− 4ϑε j ,

which is wrong for j � 1. Now we have to treat the casēs = s̄•. For arbitrary
zj ∈ B2ϑε j

(Pε j |Iε j ,i j
), z•j ∈ B2ϑε j

(Pε j |Iε j ,i
•
j
) let Pε j (u j) (resp.Pε j (v j)) realize the distance of

zj (resp.z•j ) to Pε j |Iε j ,i j
(resp.Pε j |Iε j ,i

•
j
). Choosingj so large thatε j ≤ ε̄(iv) , we achieve

∣∣∣Pε j (u j) − Pε j (v j)
∣∣∣ (7)≥

∣∣∣∣Pε j (tε j ,i j ) − Pε j (tε j ,i•j−1)
∣∣∣∣

=
∣∣∣∣η(tε j ,i j ) − η(tε j ,i•j−1)

∣∣∣∣
(4)≥ 1

Λ
(tε j ,i•j−1 − tε j ,i j ),

and therefore we obtain

∣∣∣zj − z•j
∣∣∣ ≥

∣∣∣Pε j (u j) − Pε j (v j)
∣∣∣ − 4ϑε j ≥ 1

Λ
(tε j ,i•j−1 − tε j ,i j ) − 4ϑε j

=
1
Λ
· 2π

kε j

(
i•j − i j − 1

)
− 4

4
√

3π
kε j

ε j =
2π
kε j

( i•j − i j − 1

Λ
− 8
√

3ε j

)

≥ 2π
kε j

(
1
Λ
− 8
√

3ε j

)
,

which is positive forj � 1. SoB2ϑε j
(Pε j |Iε j ,i j

) ∩ B2ϑε j
(Pε j |Iε j ,i

•
j
) = ∅. �
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(b) Let Tε,i be the plane throughPε(tε,i) that bisects the angle betweenPε|Iε,i andPε|Iε,i+1.
The disksΘε,i := Tε,i ∩ B2ϑε(Pε(tε,i)), i = 0, . . . , kε, separateB2ϑε(Pε(S1)) into kε
segments, and we can place in any segment a (smaller) homeomorphic image ofIε,i ×
B2

1(0) with (t,0R2) 7→ Pε(t); then we obtainQε by “glueing” these embeddings as
follows. Without loss of generality we may assume thatΘε,0 = Θε,k = B2

2ϑε
(0) × {0}

and thate3 = (0,0,1) is normal toΘε,0 in direction of Pε. We setΩε,0 := 1. For
i = 1, . . . , kε let Ωε,i ∈ S O(3) be the unique rotation that mapse3 to the normal vector
of Θε,i in direction of Pε, such thatΩε,iΩ

−1
ε,i−1 leaves the planegε,i spanned by the

normals ofΘε,i−1 andΘε,i invariant. SoΩε,iΩ
−1
ε,i−1 is a rotation with axis normal togε,i .

If the normals ofΘε,i−1 andΘε,i coincide, letΩε,i := Ωε,i−1. Now we define

Qε(t, x) := Pε(t) + 2ϑε

(
tε,i − t

2π/kε
Ωε,i−1 +

t − tε,i−1

2π/kε
Ωε,i

)
x (8)

for all t ∈ Iε,i , i = 1, . . . , kε, x ∈ B2
1(0)× {0}. Note thatQε(Iε,i , B2

1(0)) is the convex hull
of Θε,i−1 ∪Θε,i . The embeddedness ofQε on Iε,i is due to the fact thatΩε,iΩ

−1
ε,i−1 is just

a rotation with small angle and axis normal togε,i . We can achieveQε(0, ·) = Qε(2π, ·)
by an additional rotation ofQε|Iε,kε×B2

1(0)
aboutPε|Iε,kε .

(c) Finally we prove thatBϑε(Pε) is contained inQε([0,2π], B2
1(0)). It suffices to show that

the distance fromPε(t) to ∂Qε([0,2π], B2
1(0)) amounts at least toϑε. Let κε,i denote

the distance from∂Θε,i to Pε|Iε,i (andPε|Iε,i+1). Usingβε,i := <) (pε,i , pε,i+1) ≤ π/8 and

αε,i := 1
2(π − βε,i) we computeκε,i = 2ϑε sinαε,i = 2ϑε cosβε,i2 ≥ 2ϑε cos π

16 > ϑε, see
figure.

Pε(tε,i) pε,i

pε,i+1

κε,i

βε,i

αε,i

2ϑε

Θε,i+1

κε,i+1

Θε,i

Pε

B2ϑε(Pε)

Qε(Iε,i, B2
1(0))

(d) In addition we compute a lower bound`ε for the distance from one diskΘε,i (cf. (b))
to the next for alli = 1, . . . , kε,

`ε ≥
∣∣∣η(tε,i) − η(tε,i−1)

∣∣∣ − 2 · 2ϑε
(3)≥ λπ

kε
− 4ϑε =

π

kε

(
λ − 16

√
3ε

)
. (9)

�
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(vi) η is ambient isotopic toPε for all ε ≤ ε̄(vi) := min
(
ε̄(v), ε̄(iii) (π/32), λ

24
√

3

)
.

(a) For anyt ∈ [0,2π] let Rε,t := Qε(t, B2
1(0)), νε(tε,i) := 1

2

(
pε,i
|pε,i | +

pε,i+1

|pε,i+1|
)
, and

νε(t) :=
tε,i − t

2π/kε
νε(tε,i−1) +

t − tε,i−1

2π/kε
νε(tε,i)

=
tε,i − t

4π/kε


pε,i−1∣∣∣pε,i−1

∣∣∣ +
pε,i∣∣∣pε,i

∣∣∣

 +
t − tε,i−1

4π/kε


pε,i∣∣∣pε,i

∣∣∣ +
pε,i+1∣∣∣pε,i+1

∣∣∣



for all t ∈ Iε,i , soνε(t) is normal toRε,t in direction ofPε. (Note thatRε,tε,i = Θε,i .) This
implies fort ∈ Iε,i

∣∣∣∣∣∣∣νε(t) −
pε,i∣∣∣pε,i

∣∣∣

∣∣∣∣∣∣∣ ≤ 1
2


∣∣∣∣∣∣∣

pε,i−1∣∣∣pε,i−1

∣∣∣ −
pε,i∣∣∣pε,i

∣∣∣

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
pε,i∣∣∣pε,i

∣∣∣ −
pε,i+1∣∣∣pε,i+1

∣∣∣

∣∣∣∣∣∣∣

 ≤ 8
√

3
λ

ε,

because of ∣∣∣∣∣∣∣
pε,i∣∣∣pε,i

∣∣∣ −
pε,i+1∣∣∣pε,i+1

∣∣∣

∣∣∣∣∣∣∣ ≤ 2

∣∣∣pε,i − pε,i+1

∣∣∣∣∣∣pε,i
∣∣∣

(3), (6)≤ 8
√

3
λ

ε.

Analogously to (i) we obtain fort ∈ Iε,i , ε ≤ ε̄(iii) (π/32),

<)

νε(t),
pε,i∣∣∣pε,i

∣∣∣

 ≤ 2
√

2 · 8
√

3
λ

ε ≤ 2
√

2 · 8
√

3
λ
· µ

4
√

3
· π

32
=

π

16
. (10)

Sinceη passes throughQε by (v), we find for anyt ∈ [0,2π) a τ(t) ∈ [0,2π), such that
η(t) ∈ Rε,τ(t). Because of

∣∣∣η(t) − Pε(τ(t))
∣∣∣ ≤ 2ϑε =

8
√

3πε
kε

(v) (d)≤ 8
√

3
`εε

λ − 16
√

3ε

for ε � 1, we obtain the implication

t ∈ Iε,i =⇒ τ(t) ∈ Iε, j , j ∈ {i − 1, i, i + 1} , (11)

if ε ≤ λ

24
√

3
. Now (iii) implies <) (pε,i , pε,i+1) ≤ π

32, and, by (i) applied to (5), we have

<)
(
η̇(t), pε,i

) ≤ √3ε/µ ≤ √3 ε̄(iii) (π/32)/µ ≤ π/128for t ∈ Iε,i , and finally according
to (10)

<) (η̇(t), νε(τ(t))) ≤ <) (η̇(t), pε,i) + <) (pε,i , pε, j) + <) (pε, j , νε(τ(t))) ≤ 13
128

π. (12)

(b) Now we stateη(S1) ∩ Rε,τ(t) =
{
η(t)

}
. “⊃” is immediate. To prove “⊂” we assume the

contrary. Suppose there would be anothert′ ∈ [0,2π), t′ > t, with η(t), η(t′) ∈ Rε,τ(t).
We cannot haveη([t, t′]) ⊂ Rε,τ(t) since this would imply<) (η̇(t), νε(τ(t))) = π/2. �
But because it cannot move “backwards” by construction,η would otherwise have to
pass at least twice throughQε, contradicting (11). So, for eacht ∈ S1, the pointη(t)
can continuously be mapped toPε(τ(t)) using an appropriate deformation within any
“sheet”Rε,τ(t) which leaves∂Rε,τ(t) invariant. A formula for this deformation ofRε,τ(t)

can be derived from the map given in [Mil50, p. 254, Lemma 4.1] and continuously be
extended toQε. In this manner we obtain an orientation preserving homeomorphism
h : S3 → S3, h|S3\Qε

= idS3\Qε
, which mapsη to Pε ◦ τ. Of course, this construction

also works for any smaller value ofε. �
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(vii) ξ is ambient isotopic toPε for all ε ∈ (0, ε̄(vi) ] andε∗ := ϑε/(8π) =
√

3ε/(2kε). Without
loss of generality we may assumeξ(0) = η(0) since a translation is an orientation preserv-
ing homeomorphism. Now we obtain

∥∥∥ξ − η
∥∥∥

C0(S1,R3)
≤ 2π‖ξ̇ − η̇‖C0(S1,R3),

dist(ξ(t),Pε) ≤
∣∣∣ξ(t) − η(t)

∣∣∣ + dist
(
η(t),Pε

)

≤ ϑε
4

+
ϑε
2

< ϑε,

andξ(S1) ⊂ Bϑε (Pε). So anyt ∈ [0,2π) corresponds to aσ(t) ∈ [0,2π) such thatξ(t) ∈
Rε,σ(t). Our aim is to show that

<) (ξ̇(t), νε(σ(t))) ≤ <) (ξ̇(t), η̇(t)) + <) (η̇(t), νε(τ(t))) + <) (νε(τ(t)), νε(σ(t)))

is strictly smaller than< π/2, so the assertion is proved as in (vi) (b). We obtain

<)
(
ξ̇(t), η̇(t)

) (i)≤ ε∗

µ
≤

√
3ε

2µ
≤ 1

256
π. (13)

Now we have to deal with the last term. Ifτ(t) andσ(t) belong to the same or at least to
neighbouring intervalsIε,i , Iε, j , we have

<) (νε(τ(t)), νε(σ(t))) ≤ <)
(
νε(τ(t)), pε,i

)
+ <)

(
pε,i , pε, j

)
+ <)

(
pε, j , νε(σ(t))

)

≤
(

1
16

+
1
32

+
1
16

)
π =

5
32

π (14)

according to (iii) and (10). In summary, (13), (12), and (14) imply<) (ξ̇(t), νε(σ(t))) ≤ 67
256 π

if we can show thatτ(t) andσ(t) satisfy our condition. But this is true, if
∣∣∣ξ(t) − η(t)

∣∣∣ is
bounded bỳ ε as defined in (v) (d). Soε ≤ ε̄(vi) ≤ λ

24
√

3
< λ

17
√

3
implies

∣∣∣ξ(t) − η(t)
∣∣∣ ≤ 2πε∗ ≤

√
3ε

π

kε
<

π

kε

(
λ − 16

√
3ε

) (9)≤ `ε.

�

Q. E. D.
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