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Abstract. We show with a new variational approach that any Riemannian metric on a multiply
connected schlicht domain in R? can be represented by globally conformal parameters. This
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1 Introduction

The aim of this paper is to give a new proof of the following result:

Theorem 1.1. Let (2, ds?) be a k-fold connected Riemann domain of class C™*,
m > 2, a € (0,1), which is bounded by k closed, mutually disjoint Jordan curves
Iy,...,Tx € C™%. Then there is a conformal mapping o : Q@ — B of the closure of
Q C R? onto the closure of a k-circle domain B in R* such that o0 € C™*.

In order to establish this result we show that on every such Riemann domain
(2, ds?) one can introduce conformal parameters in the large by means of a con-
formal mapping 7 : B — Q from the closure B of a k-circle domain B in R? = C
with t € C™%, Then, clearly, Theorem 1.1 is obtained by choosing o as the inverse
of 7.

We note that these results are well known (see e.g. Jost [14], [15]). The existence of
a conformal mapping 7 : B — €2 essentially follows from the local Korn—Lichtenstein
Theorem (cf. [16], [19]), combined with a uniformization procedure. The extension
of 7 to a conformal mapping 7 : B — Q of B onto Q in the spirit of Osgood—
Carathéodory—Kellogg—Warschawski requires an additional effort.

Here we give a new proof for the existence of the conformal mapping t : B —
Q by solving a planar “Douglas problem”. In the spirit of J. Douglas we thereby
obtain the diffeomorphism 7 in one stroke up to the boundary. A similar approach
was used by C.B. Morrey in Chapter 9 of his monograph [22]; however, his proof is
invalid as it stands. Later, J. Jost (loc. cit.) provided another variational proof using
some of Morrey’s ideas. The proof presented here is possibly simpler and more direct.
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Its new feature consists in a simultaneous minimization of the area functional 4 and
the Dirichlet integral £ in a “Douglas class” €(I"). This class consists of mappings
t € H?(B,R?), defined on variable k-circle domains B in R?, which monotonically
and continuously map the boundary circles Cj, ..., Cy of dB onto the closed curves
I'y,..., I’y forming the boundary configuration " := (I'y,..., ;) of . The artifice
in obtaining such a simultaneous minimizer t of 4 and O consists in minimizing the
convex combinations A€ := (1 — €)A + €D for € € (0, 1]. This trick is borrowed
from earlier work of the authors on Cartan functionals and was already used in [12] to
establish the existence of a conformal mapping v : D — Q of the closure of a disk D
onto the closure Q of a simply connected Riemann domain (R, ds?) of class C™.
This case is much simpler than the case k > 1 since all simply connected, bounded
domains 2 are conformally equivalent, while two multiply connected domains with
k closed boundary contours are in general of different conformal type. Therefore one
has to minimize A€ over mappings 7 : B — R? whose domains dom(t) = B are not
kept fixed, but will be allowed to vary in the class of k-circle domains.

To solve the Douglas problem “A¢ — min in €(I")” we follow Courant’s approach
[3], or rather a modification of this approach devised by M. Kurzke in his profound
Diploma thesis [17] and, later, by Kurzke and the second author [18]. Let us outline a
few ideas of our method. For this purpose we need some definitions.

For g € C and r > 0 we define the disk B;(q) as

Br(q):=weC:|w—q|<r

it is a 1-circle domain. If ¢ = 0 and r = 1, we call the unit disk B;(0) the normed
1-circle domain. For k > 1, a k-circle domain B(q,r) withq = (q1,...,qx) € Ck
andr = (r1,...,r¢) € R¥, 1y > 0,....rp > 0, is a disk By, (g1), from which k — 1
closed disks By,(q2), . - ., By, (q) are removed which are contained in By, (¢) and do
not intersect. That is,

Bg.r) = Br @\ {Brg2) U ... U By (o)},

and |q; —qj|+r; <rjforl < j <k aswell as
rj+r <lqi —qi| forj #lwith2 < j <k,

If, in addition, g; = ¢» = 0 and r; = 1, then B(q,r) is called a normed k-circle
domain.

Let N (k) be the class of k-circle domains, and N\ (k) be the class of normed k-
circle domains.

Next we introduce Riemann domains in R? as diffeomorphic images of k-circle
domains, bounded by smooth curves and equipped with a Riemannian metric. To
formulate a clear cut notion we give the following
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Definition 1.2. A k-fold connected Riemann domain (2,ds?*) in R? of class C™%,
m > 1, « € (0, 1), is an open, bounded subset 2 of R? whose closure is equipped
with a Riemannian metric

ds* = gjl(x)dxjdxl, xeQ,

and which has the following properties:

(i) Thereisa B € N (k) and a C™“-diffeomorphism 7y of B (viewed as subset of
R?) such that Q = 7y(B).

(i) (gj1) is a positive definite, symmetric, 2 x 2-matrix valued function on Q with
gj1 € C"h(Q).

Extending (g;;) suitably to all of R? we may and will assume that (g 1) is a sym-
metric matrix function on R? with g ecmie (R?) satisfying
gji(x) =38;  for |x|>1,

and
milE]> < g1 (x)E'Eh < mylE[>  forall x, £ € R (1.1)

for some positive constants m, my with m < my.
Note that the boundary Q2 of the Riemann domain (2, ds?) consists of k closed,
mutually disjoint Jordan curves I'1, ..., I'y of class C™% which are given by 7o(Cy),
., 10(Cy) where Cy, ..., Cy are the “boundary circles” of B. The k-tuple

r=(Ty,...,T%) (1.2)
is called the boundary configuration of the Riemann domain (2, ds?).

Example. If X € C"™%(Q,R"), n > 2, is an immersion of Q C R? and Q = 70(B),
B € N(k), to a C™%-diffeomorphism, then (2, ds?) with the pulled-back metric
ds®> = X*(ds2) of the Euclidean metric ds2 in R” is a k-fold connected Riemann
domain of class C™%.

For r € H2(B,R?), B € N (k), the functions
E0) =gu(Mrin,. F@=gi@un. 1) =gty
are integrable, and the pull-back t*ds? of the given metric ds> can be written as
t*ds? = &(v)du® + 2F (v)dudv + §(r)dv>.
If 7 satisfies the conformality relations

E(r)=9(x), F(r)=0 onB, (1.3)
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then t is called weakly conformal. If, in addition, t defines a diffeomorphism from B
onto €2, then 7 is said to be a conformal mapping from B onto Q (or, more precisely,
from (B, ds2) onto (2, ds?), where ds2 denotes the Euclidean metric ds? = du?® +
dv? on R?). Then we can write

t*ds® = AMw)(du® + dv?), A:=8(1)=9(), w=(u,v) =u+iv.

Note that for ds*> = dsg a conformal mapping in the above sense is a “classic” con-
formal mapping if det Dt > 0 on B, and it is “anticonformal” if det Dt < 0.

Next we are going to define the area functional A(t) and the Dirichlet integral
D(7) forany r € H"?(B,R?) with B = dom(z) € N (k) as

Alr) = /B\/E:(f)ﬁ(f)—so‘Z(f)dudu,

D(r) := %/B[S(r)—l-g(r)]dudv.

Recall that B, the domain of t, may vary with t and is allowed to be an arbitrary
k-circle domain. We note that

A(T) < D(r) forany v € H?(B,R?)

and
A(t) = D(r) if and only if (1.3) is satisfied.

Finally we define the Douglas class ‘€ (T") of admissible mappings t : B — R? for the
variational procedure that we are going to set up, where I" is given by (1.2).

Definition 1.3. A mapping r € H?(B,R?>)NC° (0B, R?) with B = dom(t) € N (k)

belongs to €(T") if t|yp maps dB in a weakly monotonic way onto I' = (I'y, ..., ;).
By this we mean the following: There is an enumeration Cj, ..., Cy of the boundary
circles of B such that t|c; maps C; in a weakly monotonic way onto I';, j = 1,... k.

If in the sequel we consider a mapping t € €(I') with B = dom (7) and 0B =
Ci U...U Cy, we tacitly assume the boundary circles C; to be enumerated in such a
way that I'; = ©(Cj), j =1,... k.

Now we can formulate our principal result, from which Theorem 1.1 follows in the
indicated way:

Theorem 1.4. Let (2, ds?) be a k-fold connected Riemann domain of class C™%,
m > 2, a € (0,1), with the boundary configuration I' = (I'1, ..., ). Then there
existsat € €(I') N C™%(B,R?) with B = dom(t) € N (k) such that

A(t) = inf A = inf D = D(1). 1.4
() é?r) ty(lr) (7) (1.4)

The mapping t provides a conformal mapping from (B, ds2) onto (R, ds?).
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Remarks. (i) Note that either det Dt > 0 on B or det Dt < 0 on B. In the second
case we compose T with the reflection p : (u,v) — (u,—v) which maps B* onto
B where B* is the mirror image of B = dom(t) with respect to the u-axis. Then
* := r o pis of class €(I') N C™*(B* ,R?) with B* = dom(t*) € N (k) and
furnishes a conformal mapping from (B*, ds2) onto (Q, ds?) with det DT* > 0. We
also have

A(T*) = inf A= inf D= D(%).
€emrm) €([)

(i) Theorem 1.4 generalizes Koebe’s mapping theorem from Euclidean to Rieman-
nian metrics; see also R. Courant [3], Chapter V.

(iii) Suppose that 7; and 7, are two conformal mappings from (B;, ds2) and (B>, ds2)
onto (S_Z,dsz), By, B, € N(k), withdet Dt; > Ofor j = 1,2. Theno : r2_1 otryisa
biholomorphic map from Bj onto Bj. By virtue of a result of P. Koebe o is a Mébius
transformation (cf. [20], p. 278, footnote 354). A proof of this “uniqueness theorem”
can be found in [13], pp. 517-519, and, in a different formulation, in [2], pp. 187-191.
Thus we have found:

A conformal mapping t from (B,ds?), B € N (k), onto (Q,ds?) is uniquely de-
termined up to a composition T o o with a Mébius transformation ¢ © B’ — B,

B’ € N (k).
As mentioned before we shall proceed by studying the minimum problem
A¢— min  in€() (1.5)
for the modified functional
A= (1 —e)A + €D (1.6)

with a fixed € € (0, 1], instead of considering the problem “D — min in €(I")” and
then proving “ming(r) A = ming(r) O which needs sophisticated analytic tools.
Suppose we had a solution € of (1.5). Since »4 is parameter invariant we would
obtain that the first inner variation of O at t€ vanishes for all C'-vector fields, i.e.

3D (€, n) =0 forall n € C'(B,R?) with B = dom(<€). (1.7)
In Section 2 we prove that (1.7) implies the conformality relations
E(r€) =84(z°), F(z) =0, (1.8)

following Courant’s ideas (see [3], pp. 169—178, and also [17], Chapter 3). This en-
ables us to avoid Riemann’s mapping theorem for multiply connected domains in C.

After some technical preparations in Section 3 we shall formulate in Section 4 the
Douglas condition, and then prove the following intermediate result:
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Theorem 1.5. If the Riemann domain (2, ds?) satisfies the Douglas condition then
there is an €y € (0, 1] such that (1.5) possesses a solution t€ for every € € (0, €q], and
in addition, t€ fulfills (1.8).

On account of (1.8) one obtains in Section 5 that
AS(T€) = A(T) = D(x€) for 0 <€ < €.
An easy reasoning will then imply
D(t€) = const on (0, €],

and one can conclude that, for any € € (0, €y], the mapping 7 := € is a solution of
(1.4) and (1.3). Applying a similar reasoning as in [12] it follows that the assertions of
Theorem 1.4 hold under the additional assumption that ($2, ds?) satisfies the Douglas
condition. Having established this fact, the proof of Theorem 1.4 will be completed
by finally showing that this additional assumption is superfluous. The details of these
arguments will be carried out in Section 5.

Finally the authors would like to apologize for the unanticipated wealth of material
which led to this rather long exposition. This is in part caused by the fact that for
several of the results used here we have not found complete proofs in the literature, or
that these results could not be applied directly in the existing form.

2 Conformality relations
Consider a set B € N (k) given by

k
B =B, (q)\ | Br;(q))

j=2
with By, (q;) C Br,(q1) and By, (q;) N By (q;) =@ for2 < j.l <k, j #1.
Lemma 2.1. There is a Mébius transformation f such that f(B) € Ni(k).
Proof. For k = 1 the mapping f is given by
f(w) := Q where r = ry and ¢ = ¢q.

If k > 1then f := v o ¢ with

w—{qi

pw) = = (o) = —

Pz —1’

P2 = ¢(q2). O
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Proposition 2.2. If t € €(I") with dom(t) = B satisfies
0D(t.n) =0 forall ne CY(B,R?) (2.1)
then t fulfils the conformality relations (1.3).

Proof. Because of Lemma 2.1 and the conformal invariance of £ we may assume that
B € Ni(k). If k = 1 the proof is given in [12]; so we now assume k > 1, g, = 0,
ri = 1. Let us view B as a subset of C and consider the mapping ¢ : B — C defined
by

¢:=a—ib, a:=8k)—8(r), b:=2F(1).

For n = (', n%) € C'(B,R?) the inner variation dD(t, ) is given by
GED) _! W — ) + b(ng + ny)l dud
() =3 B[a(nu my) + by, + my)] dudv.
By writing 7(w) in complex notation n(w) = n'(w) + in*(w) we obtain

1
Re(ma¢) = 5[(m, = ny)a + (ny + m,)b].

Thus (2.1) is equivalent to
Re/ nod dudv =0 forall ne C'(B,C) =~ C'(B,R?). (2.2)
B

As a first step towards proving (1.3) we state

Lemma 2.3. Let o be a closed Jordan curve in B of class C' which partitions B into
two disjoint open subsets By and B, i.e. B = By Ua U By, and suppose that n =
n' +in? is holomorphic on By, (n',n%) € C'(B,R?), and n(w) = 0 for w € 3B» \ a.
Then, for any closed C'-curve B C B that is homologous to «, the complex line
integral [g n(w)¢(w) dw is real, i.e.

Im/ﬂ n(w)g(w)dw = 0. (2.3)

Proof of the lemma. Since B = By Ua UB, and 13 = 0 in B it follows from (2.2)
that

Re/ Nw¢ dudv =0
B

whence
[B la(n) = n%) + b2 + 1) dudv = 0.
2
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Asn =0ondB; \ o, an integration by parts yields
0 = /(an2 —bnYydu + (an' + bnp?) dv
o

- [(auﬂl + bun2) + (bvnl _avnz)] dudv.
B,

Furthermore,
2Re(npg) = (aun' + bun®) + (bun' — ayn?),

and by the same reasoning as in [12] one proves that ¢ is holomorphic in B, i.e.
¢z(w) =0 on B.

Therefore,

/(ar)2 —bnYydu + (an' + by*)dv = 0.
o
A brief computation yields
Im(¢pndw) = (an* —bn') du + (an' + bn?) dv,

and so

Im/d)ndw = 0.
o

Since ¢n is holomorphic in B it follows that

fad)ndw:/ﬂdmdw

whence (2.3) is verified. Thus the lemma is proved. O
Next we define for any set M in C the “thickening”
Bs(M) :={w € C : dist(w, M) < §}.

Then
Aj(0):=BnNBs(Cj), j=1,...,k §>0,

are the annuli A; (§) of width § about the boundary circles C; = 9By, (¢;), contained
in B and satisfying A;(§) N A;(8) =@ for j #1,1 < j,I <k, provided that

1
8 < &= Emin{dist(Cj,Cl) JELL< ] <k}



Conformal mapping of multiply connected domains 145

Lemma 2.4. For any closed C'-curve Bj in Aj(8), 0 < § < 8, which is homologous
to C; one has

/ ¢p(w)dw =0 (2.4)
Bj

and
[ (w —q;)¢(w)dw =0 2.5)
Bj
forj=1,...,k.
Proof. Fixsome j € {1, ..., k} and consider three vector fields 1y, 12, n3 € C(B U
C;,C) with

0
—mn(w)=0 inA;(), =123,
ow

satisfying
¢ for we 4;(8)

mw) = {o for we B\ A;(25),

where ¢ is an arbitrary complex number,

__Jw—gq; for w e A4;(8)
mw) = =\ 1
0 for we B\ A4;(25),

o [0 for v 4
3 o for w € B \ ffj(25).

Let CJf be the circle 04, (5) \ C; and apply Lemma 2.3 to o := ij and 1 := n;. Then,
for any closed curve B, in 4;(§) homologous to o and therefore homologous to C;, it
follows that

Im[é/éfd)(w)dw] —0 forall {eC.

This yields (2.4).
Applying the same reasoning to n := 1, and 7 := 13 respectively, we obtain

Im/ (w—g¢gj)¢p(w)dw =0 and Re/ (w—gqj)p(w)dw =0
Bj Bj

which proves (2.5). O

Remark. One can as well choose n2(w) := (w —g¢;)" and n3(w) := —i(w —g;)" on
Aj(8) withn € Z \ {0}, n2(w) = 0 and n3(w) = O on B \ A4;(28). Thus one even
obtains

/ (w—¢q)"¢(w)ydw =0 forall neZ (2.6)
Bj
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and B; C Aj(8),0 <8 <8y (0 <8 < 1fork =1). For B € N(k) one has

o
o(w) = Z apw" ifk=1or2

n=—0oo

(witha, = 0forn < 0ifk = 1). Applying (2.6)tog; = ¢q> =0and0 <r, <r; =1
fork =2,ortoq; = 0,7, = 1if k = 1, it follows that ¢ (w) = 0, and so Proposition
2.2 is proved for k = 1 or 2. The case k > 3 is more involved. We need the following
crucial result.

Lemma 2.5. One has
Im[(w—g;)*¢w)] =0 for weC;, 1< <k. 2.7

Proof. (i) We first consider the case j = 1 where ¢; = 0 and r; = 1; by a suitable
Mobius transformation the cases j = 2,..., k will be reduced to j = 1 in step (ii).
Fix some § € (0, 8y), and let ¥ be an arbitrary real valued function with ¢y € C'(B)
and
Y(w) =0 forw € B with |w| < 1—26.

Set
n(w) == —i[wy(w)] for we B.

By (2.2) we have

0= Re/ Npd dudv = lim Re/ Nep® dudv.
B BNBR(0)

R—1-0

As in the proof of Lemma 2.3 it follows that

0=— lim Im iwy(w)p(w)dw.
R—1-0 9B R (0)

With w = Re'? and dw = iw d6 we obtain

2w

0= lim v (Re'O)h(Re'?) do (2.8)
R—1-0 Jo

if we denote by 2 : B — R the harmonic function
h(w) := Im[w?p(w)], w € B.

Suppose now that ¥ depends also on a further parameter z € B,(0) such that ¥ (w, z)
is of class C! for (w, z) satisfying 1 —28 < |w| < 1,|z| < p < 1—o0 foro € (0,26).
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Then we obtain for f := Re[ny (-, z)¢] that

/ f dudv =‘/fdudv—/ f dudv
BNBR(0) B BNBRr(0)
= / f dudv
B\BR(0)
M- |¢| dudv  for R>1—0
B\Br(0)

where
M = sup{|ng(w,z)| : 1 =28 < |w| < 1,]z] < p} < 0.

Thus we achieve the uniform convergence of [ Br(0) f(w, z)dudv to zero as R —
1—0forze Bp(O), ie.

Re/ nw(w, z)¢(w) dudv — 0 uniformly in z € BP(O) as R —1-0,
BNBr(0)

since |¢| € L'(B). This implies that the convergence in (2.8) is uniform with respect
toz € B,(0),1i.e.

2

w(Reig,z)h(Reie) df — 0 uniformlyin z € Ep(O) asR—>1-0. (2.9

ForO<r<p<l—-o<R<landw = Reie, z = ret? we introdu(_:e the Poisson
kernel K(w, z) of the ball Bg(0) with respect to w € dBg(0) and z € B,(0),

R2_r2

K = .
(w,z) 27[R? — 2rR cos(6 — ) + r?]

Furthermore let £ be a radial cut-off function of class C°°(R) with £(r) = 1 for
r>1—o/2and&é(r) =0forr <1—0,0 <0 <26, and set

Y(w,z) = §(lwhK(w. 2)

for z € B'p(O),O <p<l—-o0o,and1 -2 < 1—0 < |w| < 1. Then ¥ (w, z)
has the properties required above, and for R = |w| > 1 — 0/2 one has £(Jw]) = 1.
Consequently it follows from (2.9) that

2w

Hg(z) := K(Re'?, 2)h(Re'®)dO, z € Br(0),
0

satisfies

”HR”CO(BD(O)) —0 asR—>1—-0 foranyp<1—o0,0 <0 <24. (2.10)
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By Poisson’s formula and Schwarz’s theorem it follows that Hg is harmonic in the

disk B (0) and can be extended to a continuous function on Bg(0) satisfying

Hg(w) = h(w) for w € dBg(0).

In the sequel, A(r, ') denotes the annulus

Ar,ry ={weC:r<|w|<r'} for 0<r<r <oc.

For Ry := 1 —25 < R < 1 we now consider the excess function

Er(w) = h(w) — Hr(w) for w € A(Ro, R),

(2.11)

which is continuous on /I(Ro, R), harmonic in A(Ry, R), and vanishes on the circle
dBR(0) according to (2.11). By reflection in this circle we can extend Eg to a contin-
uous function on A(Ry, R') with R’ := R?/R which is harmonic in A(Ry, R’) and

satisfies

X |ER| = max IERl
8BRU(O) 3B (0

Set
C =C(Ro):=2 max |h|, Ro=1-26,
aBRO(O)

and for an arbitrarily chosen € > 0 we pick a number o with

0<o < 5 €6
mln
7 2'2C

Because of (2.10) there is a number Ry € (1 — (0/2), 1) such that

max |Hgr| < C/2 forall R e (Ry,1),
0BR,(0)

and so Eg = h — Hp, satisfies

max |Eg| < C forall R e (Ry,1).
aBRO()

In conjunction with (2.12) the maximum principle then implies

“max |Er|<C forall R e (Ry,1])
A(Ro,R")

where Rg = 1 — 28 and R’ = R?/Ry.

(2.12)

(2.13)

(2.14)

For R € (Ry,1) wehave 1 —0/2 < R < 1 and therefore R — (1 —0) > 0/2 > 0.

For any w € A(1 — o, R) it follows that

dist(w, dA(Rg, R')) > (1 —0) — Ry = 28 — 0 > §.
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Applying Cauchy’s estimate to VER on A(1 — o, R) we then infer from (2.14) that
C(Ro)

max |VER| <

) for R € (Ry,1).
A(l—0o,R)

Since Eg(w) = 0 for |[w| = R, we can write

|ER((1 —0)e')]

IA

R
/ 10, Er(re'?)| dr
1

—0

C e C

°5 2’5

IA

whence .
|[Er(w)| < > forlw|=1—0 and R} <R <1

where R; € (1 —0/2, 1) was chosen above and ¢ is a fixed number satisfying (2.13).
Applying once more (2.10) it follows that for the chosen o there is a number R, €
[R1, 1) such that

max |Hg| < ¢ forall R € (R, 1).
Bi— (0) 2

Because of
h(w) = Eg(w) + Hr(w)  for w € A(Ro, R)

and Rp=1-2§<1—0<1—-0/2< R; <Ry <R < 1wearrive at
|h(w)| <€/24+€/2=€¢ for |lw|=1-o0.
This implies for the harmonic function #(w) = Im[w?¢ (w)] that

lim max |k =0,
0—>1+00B1—5(0)

and so we can extend / continuously to B U Cy, C; = dB;(0) by setting #(w) = 0 for
w € Cy, which completes the proof of (2.7) for j = 1.
(i) Note that for the proof of (2.7) in the case j = 1 we only have used ¢; = 0,
ri = 1 and the fact that C; = 90B;(0) contains C»,...,Cy in its interior domain
B1(0). Therefore we can reduce the cases j = 2, ...,k to (i) by applying the Mobius
transformation u : C — C, C := C U {oo}, defined by

rj
—qj

z = p(w) = "

where C; = 9B;,(q;) = {w € C : |[w —¢q;| = rj}. The mapping p maps B into
another k-circle domain B* whose exterior circle is C; = dB;(0), and C; = u(Cj).



150 Stefan Hildebrandt and Heiko von der Mosel

Let v := ™! be the inverse of y, and set t* := 7 o v with dom(t*) = B*; then (2.1)
implies
AD(r*,0)=0 forall ¢ e CY(B* R?

on account of the conformal invariance of &, and (i) yields
Im[z2¢*(z)] =0 for z € C,
where ¢*(z) = a™(z) —ib*(z), z € B*, is defined by
a* =& -9(x"), b*:=F ().

A straight-forward computation yields

(w— qj)2¢(w) =z22¢*(z) forz e Ciandw = v(z),
and since v(Cy) = C; it follows that

Im[(w—g;)*¢p(w)] =0 for weC;,2<j<k.
This completes the proof of the lemma. o

Precisely speaking we have shown that each of the holomorphic functions
Fi(w) = (w—q;)’pw), weB, j=1...k

has a harmonic imaginary part #; := Im F; which can continuously be extended to
B U C; by setting 7 (w) = 0 for w € C;. Then the reflection principle for harmonic
functions yields that /; can be extended as a harmonic function beyond C;. Inspecting
the Cauchy-Riemann equations it follows that F; can be extended holomorphically
across C; and therefore ¢ can be extended holomorphically to some domain G with
B C G C C. This implies that either ¢ (w) = 0in B, or else ¢ has finitely many zeros
in B. Employing a method due to Hans Lewy (cf. Courant [3], p. 175) we will show
that the second case is impossible, thus verifying the assertion of Proposition 2.2.

Let r, 6 be polar coordinates around ¢, defined by w = ¢g; + re'? and introduce
the 2 -periodic functions

f50) = rie (g + 1), j=1... .k

that are real analytic in 6 and satisfy f;(6) € R for # € R on account of (2.7). By
Lemma 2.4 applied to B, := C; it follows that

2w 2 .
i fi®)do =0 and iry / e £;(0)d6 = 0,
0 0
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whence

2 2w 2

£:(0)do =0, £ (0)cos0d6 =0, £(0)sin0d6 = 0. (2.15)
0 0

Then f;(6) # const, because the first equation would imply f;(6) = 0 and there-
fore ¢p(w) = 0 on BBrj (¢;) which is impossible since ¢ (w) has only finitely many
zeros in B. Moreover, foh Jj(0)df = 0 shows that f;(6) must change its sign in
[0, 27) at least once, and so it has a positive maximum and a negative minimum. Cor-
respondingly f;(6) possesses two zeros 8y, 61 € [0,2r), i.e. |6y — 6] < 27 since f;
is periodic. By choosing the polar angle ¢ suitably we can assume that f;(6) has the
two zeros 6y and —6y with some 6y € (0, ), while the three equations (2.15) remain
valid. This yields

/7r Ji(0)[cos B — cos By] dO = 0, (2.16)

and so the function f;(6)[cos 6 — cos 0] changes its sign in (—m, 7). Since g(0) :=
cos 6 — cos Oy with g’(0) = —sin 0 satisfies g’(6) > 0 for —7 < 6 <0, g'(6) <0
for 0 < 0 < m, it follows that

g(0) <0 on (—m,—6y) U (6yg, ), g(@)> 0 on (b, O).

If f;(0) did not have any other zero than 6y and —6, then f;(6)g(0) would not change
its sign in (—z, 7r), but this contradicts (2.16). Thus there is a third zero 65 of f; ()
in (—m, ). We claim that there is even a fourth zero 64 of f; in (—m, ). In fact,
suppose that f;(0) # 0 for 6 € (—m, ) with 6 # £6p, 65. If 03 € (—b6p. 6) then
again f;(6)g(8) would not change its sign, a contradiction to (2.16). The other two
cases 63 < —f and 6y < 65 can be transformed to the case —6y < 63 < 6y by a shift
of 8 which keeps (2.16) fixed because of (2.15). Thus we have found:

Lemma 2.6. If ¢ (w) # 0 in B then ¢ has at least four zeros on any boundary circle
C; of B.

Now let w,, € B be the interior zeros of ¢ with the multiplicities u,, m =
1,...,M, and ¢; € 0B be the boundary zeros of ¢ with the multiplicities v;, [ =
I,...,L.Set N := 1 + -+ 4+ up, and choose p > 0 sufficiently small. Then, by
Rouché’s formula, the number N > 0 is given by

1 )
211 Jag, $(w)

The boundary dG, consists of B, (p) :== C; N 3dG,, j = 1,...,k, and of the circular
arcs y;(p) := 0Bp({)) N B,1 = 1,..., L. Recall also that F;(w) = (w — q;)*¢(w)
is holomorphic in B U C; and real valued on C;. Then we have

d log Fj (w) = d log(w — ;) + d log p(w) on f;.

L
dw. Gp:=B\|J By
I=1
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whence Fl(w)
/ (w 2
¢(w)dw= I dw— dw for w e B;.
¢ (w) Fj(w) w—q;
This implies
1 ¢'(w)
— dw = Ij(p) — K;(p)
27i Jp,(p) $(w) ’ ’
with Fl(w)
1 i (w
Ii(p) == — ]
2i J; (o) Fj(w)
and | 4
w
Kj(p) := 27 .
T JBi(p) W—4j
We have

for j =1

lim K;(p) 2
im K; =
p—+0 7 p -2  for j=2,...,k,

and it will be proved below that

pinio Ii(p) =0. (2.17)
Thus
k L
N = pgrgoj;[lj (0) — K; (p)] + pgrgo; Py(p)
with
P = [ Ty,

 2mi yi(p) (W) '
Since ¢ is mirror symmetric with respect to the inversion at C; it follows that (for
¥/ (p) as reflection of y;(p) at C;)

dw

1 /
lim Py(p) = —— 1im / AL
p—>+0 Arci p—>+0 Sy, (p)uyy (o) H(W)

~ ' im / AC) )

" Ami p—>+0 9B, (&) ¢ (w) 2

since the positive orientation of G, implies that circles dB,({;) are to be taken as
negatively oriented. Since L > 4k and v; > 1 it follows that

L
1 1
N=—2+2(k—1)—§§ v S 442k - o4k =4,
I=1

a contradiction to N > 0. Therefore we obtain ¢(w) = 0 on B.
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It remains to prove (2.17). Since

.

Bj(p)

d log | F; (w)| =/ d 1og |y (6)|

B; (o)

with ¥ (0) := Fj(q; + rjeie) and

p—1
Bi(p) =10.6 —e(p)] U | 105 + €(p). b1 — €(p)] U [6, + €(p). 27].
s=1
where € = €(p) — +0as p — 40, and {5 := e'% are the zeros of F;j on Cj, we
obtain
L by (o)
[, gyl = 3 [lelvl]
B; (o) — as(p)
with

ai(p) =0, az(p) = 01 + €(p), ..., ap(p) = p—1 + €(p), ap+1(p) = Op + €(p),
bi(p) = 61 —€(p), ba(p) = 02 —€(p), ..., bp(p) = Op — €(p), bp+1(p) = 27.
Thus we infer from ¥ (0) = ¢ (2x)

p

[, diogly@l = Y- [1ogly(buo)] - tog ¥assi (o)

Bl (p) =

Y pog| Y= <p)
Y0+ <(p)

s=1

—0 for p—> 40

since

Y (65 — €(p))
¥ (05 + €(p))

Thus we conclude /;(p) — 0 as p — 40, and we have verified (2.17).
This completes the proof of Proposition 2.2. ]

-1 as p— +0.

3 Cohesive sequences of mappings, and the pinching method

We say that a sequence { B, } of k-circle domains
Bm = B(g™.,r™) e N (k)
converges to the domain

k
B =B(q.r) = Br(q)\ | B+, (q))
j=2
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(denoted by By, — B asm — o0) if
g™ >¢ inCk and r >, inR* as m > .

By N (k) and (k) we denote the set of domains B that are limits of converging
sequences { By, } in N (k) and N (k), respectively.

Let {t;,} be a sequence in €(I") with B, = dom(t,) € N (k) and A€ (7,) —
infe(r) A€ for some € > 0. We can assume that By, € (k) since by Lemma 2.1
there are Mobius transformations f;, such that By, := f5,(Bm,) € N (k). Then T, :=
Tm © fy ! satisfy

€= _ € . €
A (T) = A (try) — ét(lrf)a%

and are “normalized” by B, € N, (k).

From any sequence {B;,} of domains B, € MN|(k) we can extract a converging
subsequence { By, } since lg™|,|r™]| < 1. Then Bm;, — B € N (k), but generally
not B € N;(k), i.e. the limit domain B might be “degenerate” in the sense that B €
Ni(k) \ N (k). If this were not the case for any convergent subsequence of domains
By € Ni(k) of normalized mappings t,, € €(I") forming a minimizing sequence
forA€ in €(I"), we could find a minimizer of A€ in € (I") by the usual direct method.

Eventually the Douglas condition will be used to prevent the degeneration of the
limit domain. However, this condition is somewhat difficult to handle, and so we first
follow Courant’s approach to work with cohesive minimizing sequences.

Before we give the definition of cohesiveness we investigate how the limit B of a
convergent sequence {By,} of B, € N (k) might be “degenerate”. To this end we

examine how the boundary circles Cj(m) 1= 0B (q;m)) of
J

k
Bm = B on @™\ U B’,}(m) (a\"™)
j=2

behave if the B, converge to a degenerate domain with the “boundary circles” C; =
0By, (q;). Here, r; might be zero; then C; is just the point g;, i.e. Cj(m) — {q;} as
m — oo. Another form of degeneration is that two limit circles C; and Cj, j # [, are
true circles which “touch” each other (this includes the possibility C; = Cy).

We distinguish three kinds of degeneration:

Type 1. Two limits C; and C;, j # [, are true circles which touch each other, i.e.
either C; = Cj or C; N C; = {wo} for some wy € B.

Type 2. One limit (7 is a point p which lies on a true limit circle.

Type 3. One limit C; is a point p which does not lie on any true limit circle.

For our purposes it suffices to consider degenerate limits B of domains B, €
N1 (k). Here we have for all m € N that

™ =C:=9B(0), ™ =8B m(0). 0<r™ <L
2
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Case (a): k = 2. Then either rz(m) — lor rz(m) — 0,ie. C;y = C, = C (Type 1) or
C, = {0} (Type 3), whereas Type 2 cannot occur for a degenerate limit B.

Case (b): k > 3. Then either rz(m) — lor rz(m) — 1 €0,1).

(bl) Ifrz(m) — lthen C; = C; = C and C; = {q;} for j = 3,...,k. Thus B is
both of Type 1 and 2.

(b2) T ri™ — ry with 0 < ry < 1, then C; = C and either C; = B,,(0) with
0 < ry < 1orCy = {0}. Here we have at least one of the following possibilities:

(i) B isof Type 1 with C; N C; = {wop} for some wy € B, and possibly also of
Type 2, or Type 3, or both.

(i1) B is not of Type 1, but of Type 2, or of Type 3, or both.

We now want to state conditions ensuring that the limit B of domains By, € N (k)
is nondegenerate, that is, B € N (k). A first step in this direction is

Proposition 3.1. Let {t,,,} be a sequence of mappings t,, € €(I') such that B, =
dom(tm) € Ni(k), k > 2, and suppose that By — B for m — oo as well as
D(tm) < M forallm € N. Then B € N|(k) cannot be degenerate of Type 1.

Proof. Let u(I") be the minimal distance of the curves I, ..., [, from each other,
i.e.
w(I) :==min{dist(I';, Ty) : 1 < j,l <k,j #1} > 0. (3.1

If B is of Type 1, there are j,/ € {1,...,k} with j # [ such that Cj(m) — C; and
Cl(m) — C; asm — oo, where C; and Cj are true circles with C; N C; # 0. Let
wo € C; N Cy, and introduce polar coordinates p, & about wp : w = wo + pe' 9 There
is a representative
Em(p, 0) = Tm(wo + pe'”)

of t,, which, for almost all p € (0, 2), is absolutely continuous in 6 € [0y, 6,] along
each arc y(p) 1= {wo + pe'? : 6, < 6 < 6,)} contained in Byy; we call y(p) Tm-
admissible. The Courant-Lebesgue lemma (cf. [4, vol. I, p. 242]) yields:

For each m € N and each § € (0, 1) there is a 7,,,-admissible arc y,, (p) = {wo +
pet? Ql(m) <6< 92('”)} in By, with § < p < +/8 such that

_1/2
1 1
08Cy,. (p) $m =< 2 |:27'[M (log g) :| . (3.2)

Furthermore, there is an R > 0 such that dB,(wy) intersects C; and C; for 0 <
r < 2R. Let § be an arbitrary number with 0 < +/8 < R. Since Cj(m) — C; and

C l(m) — Cj asm — oo, there is a number N(§, R) € N such that the following holds:
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Form > N(§, R) and § < p < R the circle dB,(wp) intersects C j(m) and C l(m).
Then there is a 7;-admissible subarc y,,(p) of 9B,(wo) N By, with § < p < Nz
which has its endpoints on two circles C j(,m) and C l(,m) (which might be different from

C j(m) and C l(m)), and, moreover, which satisfies (3.2).
It follows that

. 2nM
w(I) < dist(I';/, I'y) <2 : for 0 < 4§ < 1.
g5
Letting § — +0 we obtain u(I") = 0, a contradiction to (3.2). ]

We note that, under the assumptions of Proposition 3.1, the limit B € Ni (k) can
only be of Type 3 for k = 2 if B is degenerate at all.

The Types 2 and 3 of degeneration may indeed occur if we do not impose a further
condition, the condition of cohesion. For t € H'*(B,R?), the composition 7 o ¢ of T
with a closed curve ¢ € CO(S!, B) is not defined in the usual sense. In order to give it
a well-defined meaning we restrict ourselves to special curves c.

Suppose that y is a closed Jordan curve in B, i.e. the image y = ¢(S') of the unit
circle S' under a homeomorphism ¢ : S' — y C B. If the inner domain G of y is a
“strong Lipschitz domain” (i.e. 3G € C%!) then 7 has a well-defined trace { = “z|;,”
on y = dG, which is of class Lég, (y.R?). If ¢ has a continuous representative we
denote it again by ¢ and call it the continuous representative of Tt on y. Then { o ¢ :
S! — R? is a well-defined closed continuous curve in R?. (Note that G need not be a
subdomain of B.)

In our application we will be able to choose Sobolev mappings t with a continuous
representative on the boundary of a suitable domain G, where G will be either (i)
a disk, or (ii) a two-gon bounded by two circular arcs y; and y,, one of which is
contained in dB.

In case (1), T is represented by a mapping t*(r, 0) with respect to polar coordinates
r, 6 about the origin of a suitably chosen disk G of radius R € (0, 1) such that T*(r, 6)
is absolutely continuous (denoted by AC) with respectto 6 € R forall r € (0, 1) \ Ny,
where #'(N;) = 0 and R ¢ Nj, and t*(r, 0) is AC with respect to r € (e,1 — €),
0 < € < 1, for almost all & € R. Then the continuous representative { = “t|,,” of ©
on the circle y = 9G is given by ¢ = t*(R,-).

In case (ii), y; is a subarc of 3B, B = dom(t), and y» is a circular subarc in B
with the same endpoints as y;. Here, the continuous representative { = “t|,” is the
continuous trace of t on y (recall that for T € €(I") we have “t|33” € C°(0B,R?)),
while on y; the trace { = “z|,” is given as in (i) by

¢(wo + Re'®) = t*(R,0), 6; <0 <6,

where ¥ (r, 6) is a representation of t in polar coordinates around some point wy € C
such that t*(R, 0) is AC in 6 € [0y, 6,].
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Definition 3.2. (a) A sequence {T,,} of mappings t, € H'"?(By,,R?) with B,, =
dom(ty,) € N (k) is called separating if the following holds:

For any € > 0 there is an mg(¢) € N such that for any m > mg(€) there exists a
closed Jordan curve y,, in B, bounding a strong Lipschitz interior B,y such that

(i) ©m possesses a well-defined continuous trace , 1= “T|y,,” On ym = 0B,,;
(ii) diam &, (vim) < €;
(iii) A homeomorphic representation ¢y, : S! — ym of ¥y, is not homotopic to zero
in By,.
(b) A sequence {7} of mappings t,, € H"?(B,, R?) with B,, = dom(t,,) € N (k)
is said to be cohesive if none of its subsequences is separating.

We note that the properties “separating” and “cohesive” are “Mdbius invariant”.
Precisely speaking, we have:

If {t;} is a sequence of mappings tm € H"?(By,, R?) with By, = dom(tm) € N (k),
and {om} is a sequence of Mobius transformations from B, onto By, B, € N (k),
then we have

(1) If {tm} is separating, then also {Ty, © O }.

(i) If {Ttm} is cohesive, then also {Ty, o Om}.

The proof of this observation can be omitted.

Now we turn to the proof of the fact that “cohesiveness prevents degeneration”. We

work out the details of the approach sketched in [3].

Proposition 3.3. Let {1, } be a cohesive sequence of mappings ty, € €(I') with By, =
dom(ty,) € Ni(k), k > 2, and suppose that there is a constant M > 0 such that

D(tm) <M  forall m € N.
Assume also that By, — B as m — oo. Then B is nondegenerate, i.e. B € N (k).

Proof. Clearly, B € M (k). If B were degenerate, it could not be of Type 1 on account
of Proposition 3.1; so we have to show that B can neither be of Type 2 nor of Type 3.

Suppose first that B is of Type 3, that is: One or several circles shrink to a point
p € B which stays away from any other true limit circle. (Note that there might also
be other limit points distinct from p.) Since Cl(m) = C := 0B1(0) forallm € N, we
have C; = C, and therefore p & C,i.e. p € B\ C. Thus the index set  := {/ € N :
2 <[ <k} consists of two disjoint, nonempty sets /; and /, such that

Cj(m) — {p} as m —oo for j €l

Cl(m) — C; (= pointorcircle) asm — ocowith p &€ C; forl € I.
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Then we can find a number py € (0, 1) and an index mg € N such that for m > mg
the following holds true:

™ C Bp(p)  for j el
Cl(m) N Bpo(p) =0 for [ € I.
Secondly, for any p; € (0, po) there is an m;(p;) € N with m(p;) > mg such that
Cj(m) C By, (p) for j el and m > mi(p1).
Clearly,

{weC:p <|w—p|<po} C By for m>m(p).

Furthermore, by virtue of a well-known extension theorem, there are Sobolev functions
om € H'“?(B(0), R?) on the unit disk B;(0) such that o,y|p,, = Tm-

We introduce polar coordinates r, € about p, and choose representatives fm (r,0) of
T testricted to By, (p) \ By, (p), for m > mi(p1), which are absolutely continuous in
0 for a.a. r € (p1, po), and absolutely continuous in r € (py, pg) for a.a. 6 € R. By
the Courant—Lebesgue lemma we have:

For any € > 0 there is a number §* (¢, M, po) € (0, 1), depending only on
€, M, po, which has the following properties:

(i) 8* < /6% < po;
(i) For any py € (0,8%), any § with py < § < 8%, and all m > m1(p1), (3.3)

there is a set $m(8) C (8, v/5) with HY(dm) > 0, such that & (r, )
is absolutely continuous with 0sc Cp, (r,-) < € for allr € $m(5).

(iil) & (r,-) is the trace of Tm on 3B (p) for any r € (p1, po) \ &m where
H(8m) = 0, and so we can assume that $m(8) C (o1, po) \ Em.

Let us now fix some € > 0 and then some p; > 0 with p; < §*(e, M, po). Further-
more we choose some § > 0 satisfying

p1 <8 < 8% (e, M, py).
Then
{weC:8<|w—p| <8 CBy(p)\ By (p) C By for m>m(p).

For any m > m(p;) we choose some r, € 3, () and set yp, := 0B, (p). Then y;,
is a Jordan curve in B, which bounds the strong Lipschitz domain B,;, := B, (p).
By construction, o, is defined on B,;,, and 7, (w) = 0, (w) for w € By (p) \ By, (p)-
Thus t;,, possesses the absolutely continuous representative

Cm = Cm(rm,") = “Tm|ym”
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with diam {, (Ym) < €. Furthermore we have C j(m) C By, for j € I,. Therefore no
homeomorphic representation ¢, : St — Ym of ym 1s homotopic to zero in B

Since € > 0 can be chosen arbitrarily, we see that {t,,} contains a separating subse-
quence, a contradiction, since {t,,} was assumed to be cohesive.

Now we turn to the last possibility: Suppose that B := lim,,— o By, is of Type
2. Then we have k > 3, see Case (a) of our discussion following our classification
of types of degeneracies. Here we again have Cl(m) = C = 0B1(0) forallm € N,
whence C; = C, and either C; = {0} or C; = 0B,,(0) with 0 < r, < 1, since
we have excluded Type 1 already. Furthermore, Type 2 means that one sequence of
circles, say {Cj(m)}, converges to a true limit circle C;j, 1 < j < k, while one or
several other sequences {C l(m)} shrink to a point p € C;. Here we can decompose
I''={eN:1<l<kl#j}inol]:={el:C"™ - {p}as m— oo}
and I} := I'\ I; then the limits C; of Cl(m) for m — oo and [ € I are either points
or circles which stay away from p.

We can find a number pg € (0, 1) and an index mg € N such that for m > m the
following holds true:

0B, (p) intersects C j(m) in exactly two points;

C™ C Bpy(p) N By \ C™ =1 S™(p)  for I € 1]; (3.4)

0

™ N Byy(p) =0 for I €.

Checking the three cases j = 1, j = 2, and 3 < j < k, one realizes that both / 1’ and
I are nonempty.
For any p; € (0, po) there is an m(p;) € N with m(p;) > mg such that

Cl(m) C By, (p) N By \ Cj(m) =:Sp(p)  for 1 €I{ and m > m(p)).

As in the preceding discussion we choose extensions o, € H'2(B;(0),R?) of 7,
from B, to B1(0). Then we introduce polar coordinates r, 6 about p, and choose
representations g:m (r, 6) of T, restricted to S5 (p) \ Sp!(p), for m > m;(p;) which
are absolutely continuous in 6 for a.a. r € (p1, po), and absolutely continuous in
r € (p1, po) for a.a. 6 such that w = p + re'? e Sp )\ Sy (p).

Now we fix some € > 0 and notice that the boundary curve I is of class C>%,
which implies that there is a number 7(€) with 0 < 1(€) < €/2 such that for any two
points P and Q on I'; with [P — Q| < n(e€) the shorter subarc I'* C I'; connecting

P with Q satisfies
diamI'* < €/2. (3.5)
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Keeping this in mind we apply the Courant-Lebesgue lemma to obtain the following
statement analogous to (3.3):

There is a number §*(n(€), M, pg) € (0, 1), depending only on n(¢), M,
po, which has the following properties:
(1) §* < A6* < £0.

(ii) For any py € (0,8%), any § with p; < & < &%, and all m > m(py), (3.6)
there is a set $m(8) C (8, v/5) with HY(Fm) > 0, such that Cp (1, )
is absolutely continuous with 0sc Cp, (1, ) < n(€) forall r € $m(6).

(iii) Em (r,) is the trace of T, on 3By (p) N By, for any r € (p1, po) \ Sm,
where H'(8,,) = 0, and so we can assume that $m C (01, o) \ Sm-

In addition, we may choose now p; > 0 with p; < §*(n(€), M, pp) and then § > 0
satisfying

p1 <8 < 8"(n(e), M, po).
Then it follows that, for p € (8, +/8) and m > m(p;), the circle 0B, (p) meets Cj(m)

in exactly two points w/, (p) and w’,(p). Set y.,(0) := 0B,(p) N Bp; the set y,,(p)
is a connected, circular arc in By, with the end points w!, (p) and wyy, (p). Now we
restrict the radii p to lie in the sets g, C (8, +/8) obtained in (3.6). Then the image
points Q' (p) and Q" (p) of w!, (p) and w’,(p) under & (p. -) respectively lie on Iy,
satisfy

|05 (p) = O ()| < n(e).
and they decompose I'; into two closed arcs. We denote the smaller one by I'*(m, p)
and conclude from (3.5) that

diamI'*(m,p) < €/2 for m > mi(p;) and p € Im(6).
Instead of (3.4) we even have
C™ C Bp(p) N By \C™ =:8M(p)  for [ € I;
™ N Byp)=0 for I} 3.7)
provided that m > m(p;) and p € $mn(5).
Choose some 7, € §m(8) C (8, +/5) and set
I, := image of y,, (r,) under the mapping Em;
T, :=T*(m,ry) = image of y (rm) under tp,.
Here y,,, (rm) is the connected arc on C j(m), bounded by w), (rm), wy,(rm), which is

mapped by the Sobolev trace 7, | ¢ 1n a continuous way onto I',;.. Then we have
J

diam T}, + diam T, < % + % =¢ for m>m(p).
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Consider the closed Jordan curve yp, = ¥} (rm) U ¥l (rm) in By, which bounds a
two-gon B,y in B;(0); B, is a strong Lipschitz domain. Because of (3.7), one realizes
that no homeomorphic representation ¢, : S' — y,, of ¥, is homotopic to zero in
By, There is a continuous representative &, of 7,, on y,, given by

Cm = tm(rm,") on Vr/n

and
. — 1
{m 1= trace of 7, on y,,.

Then it follows
diam ¢ (ym) < diam T, + diam T, <€  for m > mi(p1).

Since € > 0 can be chosen arbitrarily small, we obtain that {z,,} contains a separating
subsequence, and so it cannot be cohesive, a contradiction to the assumption.
Thus we have shown that B cannot be degenerate, i.e. B € N (k). |

Proposition 3.4. Let {t,,,} be a cohesive sequence of mappings t, € C€(I') with
dom(ty,) = B € Ni(k) forallm € N, k > 2, and suppose also that there is a
constant M > 0 such that D(ty,) < M for all m € N. Then the boundary traces
Tm|gp are equicontinuous on 0B, and there is a subsequence {Tm, } of {tm} such that
the traces T, |yp converge uniformly on 0B as | — oo.

Proof. We can essentially proceed as in [4], proof of Theorem 1 of Section 4.3, noting
that 7,,|c; maps C; continuously and in a weakly monotonic way onto I';. One only
has to ensure that small arcs on C; are mapped onto small subarcs of I';. In the case
k = 1 this was achieved by imposing a three-point condition upon {t;, }; for k > 2 the
same will be attained by the cohesivity condition. In fact, mapping small arcs on C;
onto large arcs of I'; would correspond to mapping large arcs on C; onto small arcs
of I';. Connecting these large arcs on C; with small circular arcs in B with the same
endpoints, on which the Courant-Lebesgue lemma guarantees small oscillation of a
continuous representative of 7,,, one would obtain Jordan curves y,, in B bounding

strong Lipschitz domains B,;, such that the continuous trace {, = “Tly,,” of 7z on
Ym satisfies “diam &y, (yn,) = small”. But y;, cannot be contracted continuously in B
to some point of B since B N B, possesses at least one hole. |

Now we state a slight generalization of Proposition 3.3 and 3.4 in the next proposi-
tion, which essentially is proved in the same way, so that we can omit the proof.

Proposition 3.5. Let {Q,,} be a sequence of k-fold connected domains Qp, in R?
whose boundary configurations I'™ converge in the sense of Fréchet to the boundary
configuration T of Q (denoted by T'™ — T"), and let {t,,} C €(I'™) be a sequence of
mappings with a uniformly bounded Dirichlet integral, i.e. there is a constant C such
that

D(tym) <C  forall m e N.
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Then the following holds:

(1) If By = B € N(k) forallm € N, and if {t;y} is cohesive in case that k >
1, or satisfies a three point condition in case that k = 1, then the ty|yp are
equicontinuous on 0B, and there is a subsequence of {ty,} which converges
weakly in H'>(B, R?) and uniformly on 9B to some t € €(T).

(i) If {tm} is a cohesive sequence of mappings tym € H"“?*(Bp,R?) with B, =
dom(ty,) € Ni(k), then there is a subsequence { By, } and a domain B € N (k)
such that B,,, — B asv — oo.

For comparison arguments it is important to work with sequences of mappings
which are defined on a fixed domain B € N;(k); see statement (ii) of the preced-
ing proposition. For this purpose we use the following result:

Proposition 3.6. Let {1} be a sequence of mappings T, € H'"?(By,, R?) with B, —
B € Ni(k) and D(tm) — L asm — oo. Then there is a sequence of diffeomorphisms
om from B onto By, such that:

() ) = tmoom € H"*(B,R?) forallm € N;
(i) D(zr) = Lasm — oo;
(iii) {z,,} is cohesive if and only if {T;} is cohesive.
The proof of this result is fairly obvious and will be omitted (for details, see e.g.
[17], Lemma 3.1).
Next we will show that we can replace small parts of a mapping by the constant

mapping 7o(w) = 0 without gaining much energy. This argument works for general
functionals

Ho(r) := /;2 H(t,Vt)dudv, H .= Hp
with a Lagrangian H(x, p) € C%(R? x R?>*?) satisfying
0= Hix.p) = 5lpP
for some constant i > 0.

Proposition 3.7. Suppose that Tt € €(I"). Then, for any § > 0 and any point p € B :=
dom(t), there exists a number ro with 0 < ro < dist(p, 0B), depending on t, 8, p, and
W, such that for any r € (0, ro) there is a mapping ¢ € €(I") with dom({") = B and

H(") < H(r)+6, and ¢"(w) =0 on B,(p).
Proof. Pickany § > 0 and p € B;then there is some R € (0, 1) with R < dist(p, dB)

such that

8
|Vt dudv < 8y := —  forall p e (0, R). (3.8)
By (p) 21““
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Then we take some p € (0, R) such that the trace 7| B,(p) 1s absolutely continuous on
0B,(p). Set
M := sup |7|.
0B,(p)

Next we choose some i € H'“?(B,(p),R?) such that

Ah =01in By(p), h=rtondB,(p).

It follows that h — 7 € I?I 12(B,(p), R?), and the maximum principle implies

sup |h| = sup |h| = M. (3.9)
By(p) 9B, (p)

Furthermore, using Dirichlet’s principle and (3.8), we obtain

/ |Vh|? dudv 5/ V1?2 dudv < §. (3.10)
B,(p) By(p)

For some constant € € (0, p) to be fixed later, set

1 for € <,
2 —
< (s) = 1+bg160% for €2 <s <e,
0 for 0 <s < €2,

and define for w € B the mapping ¢ ¢ by

T(w) for |w—p| = p,

= {wezuw—m)h(w) for [w— p| < p.

Furthermore, writing ¢(w) := <p52(|w — p|) we obtain

1 2w €1
/ Vo ? dudv —2/ / —rdrdf
B,(p) (loge)* Jo Jer

2

= — =:61(e) > 0,
loge

and then

/ V&<’ |2 dudv
By(p)

/ {|‘/’uh + ohy|* + |puh + (phv|2} dudv
By(p)

IA

2M2/ |Vo|* dudv +2/ |Vh|> dudv
B,(p) B,(p)

IA

2M?81(€) + 25,
taking (3.9) and (3.10) into account.
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Now we choose € € (0, p) so small that M?§;(€) < §, for 0 < € < €. Then

1
—/ |V§€2|2 dudv <28y for 0 < e < €.
2 Bo(p)

Setting 7 := €% with 0 < € < g and {7 := g“ez, we obtain
H(") = Hp\B,p)(T) + Hp, ()

Je(z)+ﬁ/ Ve P dudv
2 By (p)

< H(r) 4280 = H(x) +8 for r € (0,€)).

IA

Moreover, we have [{"| < |r| and
/ Ve 1? dudv 5/ |Vz|? dudv + 48,
B B

whence (" € H1’2(B,R2), and
{"(w) =0o0nB,(p), ¢ (w)=rt(w)onB\B /;(p)

This implies ¢" € €(I") since t € €(T"). Setting ry := 6(2), the proposition is proved.
O

The previous result as well as the next one are generalizations of results due to
Courant [3].

Proposition 3.8 (Pinching method). Let T be a boundary configuration of a Riemann
domain (2, ds?) consisting of k Jordan curves where the metric ds* = gji (x)dx’ dx!
satisfies (1.1) with constants 0 < m < my. For given K > 0, § > 0 there is a constant
no € (0,1), depending onlyon T, K, 8, m, m», and on lgj1llc1r2) such that for every
Q € R? and n € (0, no) there is a Lipschitz mapping ®p. o = ®, : R? — R? with the
following properties:

If T is an arbitrary mapping of class €(T) and if D(t) < K, then we have

(1 r* = <I>,,(T:‘) consists of k Jora:an curves such that the Fréchet distance
AT, T*) of T and T* satisfies A(I',T*) < §;

(i) &y ot € €(I'*) and dom(P; o v) = dom(r);
(iii) ®,(x) = x for x € R? with |x — Q| > n;
(iv) ®,(x) = Q for x € R? with |x — Q| < n?;
(v) A(Pyo1) < A(1) + 8 forall € €[0,1].
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Proof. Choose 19 € (0, 1/e) so small that for the constant m in (3.13) below we have

my! [mno + 3m;|log nol“] < % (3.11)
and such that
no < %min{dist(f/,f’l) cjEL I =1,... k),
where ' = (f‘l, el f‘k). Then, for € (0,70), O € R? and x € R?, we set

®p0(x) = Pp(x) := 0 + ¢y(lx — OD(x — Q)

with
1 for n <r,
gn(r) =11+ “EEED for p? <7 <,
0 for 0 <r <n.

The assertions (iii) and (iv) follow immediately from the definition of ®;. Assertion
(i) can easily be deduced from the facts that I" consists of Jordan curves and ®,isa
Lipschitz mapping from R? onto itself which maps R? \ Enz(Q) in a 1-1 way onto
R?\ {Q} and pinches the disk an (Q) to the point Q. In the same way it follows that
®,, o 7 is a continuous, weakly monotonic mapping from dB onto I'* if B = dom(z).
Since &, satisfies a Lipschitz condition on R? we have P,or e H 1.2(B,R?), and so
we infer @, o T € €(I'*), which is (ii).
It remains to show assertion (v). From

|@y(x) — x| =[x = O - [1 = gp(lx = QD]

we infer
|®,(x) —x| <n forallx e R2,

whence
|®,otr—1|<n onB. (3.12)

Furthermore, /g € C (IR?), and for some constant m > 0 we have

IVe(x) = Vel + lgji1(x) — g1 (IE N < mlx — y| G
for x,y,£ € R% |£] < 1. '
By (1.1) we also have
milE]* < g1 (x)&7E <my|E*  forall x,& e R, (3.14)

and
m; < /gx)<mp forall x € R2. (3.15)
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For the following computations we write

_ =0
Cle-of

T:=®,07r and

and we note that on

R:={weB:n <|t(w)— Q| <n}

we have
1
t=04+¢,(lt— 0D —0Q) with ¢,(Jt—Q]) =2— Oﬂ%n
and
p —e -1, 0 _ —€ Ty
atr(T-eh =g et =2l =g o
Then,

- 1
Ty = (Pn(|f - 0Dt — 1_(€ “Ty)e on R,
0ogn
(3.16)

Ty = @p(|t — Q1w — logn(e “Ty)e on R.

Since 0 < ¢, < 1 and |e| = 1 we get
&) = gD,

N 2 o 1 o
= g@nn = g @O (ene + s gi@ee e m)

[logn
By (3.14) it follows that

IA

gii®Otiele-t) < malullel(e- ) < mlul?

A

my mag;i (1)t th = m7'my€ () on R,

and

2

gii(Helel(e - ) < mlefle - w)® < malwl’ < mi'mE(x) onR.

Furthermore, (3.12) implies |T — t| < n on B. Thus by (3.13) and (3.14)

gDt = {gu(@) + g1 — gt
E(7) + mn|n|* < €(x) + mmy '€ (v),

IA
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and we obtain

(%)

IA

() + [mm7'n + my ' ma(2log n| ™" + |log | 7)€ (x)
(1) + m7 ' [mn + 3ma|logn|~'1€ (v)

IA

since g < 1/e. By (3.11) it follows

&(7) < 8(r)+ (§/K)&(r) onR,
and analogously one finds

9(T) <9(t)+ (6/K)§(r) onR.

This leads to
DRr(T) < Dr(r) + (/K)D(1r) < Dr(7) + 6. 3.17)

Now we want to show that also
AR(T) < ARr(T) + 6. (3.18)

From (3.16) we obtain on R:
det DT =% ATy = gp (It — ODTu A T

+ [log | ¢y (I — QD{(e - ) (u A e) + (e Tu)(e A )}
Applying the identity

(e-b)ane)+(e-a)lenb)=anb fora b, ecR>with|e| =1,
it follows that
det D7 = {g; (It — Q) + |logn| "¢y (|r — Q])} det D

whence
|det D7| < (1 + |logn|~")|det Dz| on R.

Since |7 — 7| < 5 on B, we infer from (3.13) and (3.15)
Ve@® — V@ <mn, m =g, Ve <m.
Consequently,
Veg(@)|det DF| < /g(T)(1 + |logn|~")|det Dt| on R,
and by (3.11)
Ve@U +logn™) <= Ve + Ve - Ve@)| + Ve@)logn|™
Ve@{1 +my [mn + ma|log n| ™1}
(14 8/K)y/g(1).

A TA

IA
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Thus we obtain
Ve@)|detD7| < /g(r)(1 +6/K)|det Dt| on R.
Since Ag(t) = [» v/g(t)|det Dt| dudv, and analogously for A g (7), it follows

AR(T) = AR(D) + (8/K)ARr(T)
AR(T) + (8/K)Dr(1) < Ar(7) + (6/K)D(7),

A

and so we have (3.18).
From (3.17), (3.18), and A% = (1 — €)ARr + € Dg we infer

(7)< A%(1) + 6.

Set B :={w e B :|t(w) — Q| <n*}and B” := {w € B : |t(w) — Q| > n}. Then
B = B'"URUB”, and 4$,(7) = 0, 4%, (7) = 4%, (7). Thus we finally arrive at

A(T) <A (1) +8 forO0<e<land? = Pjor,

which is (v). i

4 The Douglas problem for A€ assuming the Douglas condition

For 0 < € < 1 we consider the conformally invariant functionals
A1) := (1 —e)A(r) + €D(7)

which are defined for r € H'?(B,R?) with B = dom(z) € N (k). Clearly,
A1) = A1), A1) = D(v),

and we have
A(T) < A() <D(r) for 0<e<l.

For 0 < € < 1 we obtain A(t) = A¢(r) = D(7) if and only if 7 satisfies
&E(r)=86(x), F(x)=0.

Our ultimate goal is to find a mapping t € €(I") that simultaneously minimizes -+ and
D in €(I'). As a preliminary step we shall in this section prove Theorem 1.5, i.e. for
any € € (0, €9] with 0 < €y K 1 there is a minimizer € of A€ in € (") provided that
the Riemann domain (0, ds?) satisfies the Douglas condition. In Section 5 it will be
shown that this hypothesis is superfluous and that any t€ with 0 < € < ¢ furnishes a
minimizer for both 4 and O in €(I).
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In this first step the Douglas condition is used to find a minimizing sequence {t,}
of A€ in €(I") with B, = dom(t,) € N (k) such that B, — B € N (k). Without this
condition it would be conceivable that the limit domain B of the Bj, is degenerate, i.e.
B ¢ N (k). It is well known that this may happen for the Douglas problem in RY if
N > 3. In our situation we have N = 2 and we shall be saved by the fact that surfaces
7 € €(I") have co-dimension zero.

In order to define the Douglas condition for k > 1 we have to consider the class of
mappings 7 : B — R? whose domains B are disconnected. Precisely speaking we
assume that B is aset {B!,..., B} of k,-circle domains B¥ € N (k,) with

k=ki+ky+---+ks, s>1,
and 7 is a collection {t(V, ..., )} of mappings
™ e H2(BY,R*) N C°(dB",R?)
such that 70|55y is a weakly monotonic mapping of dB" onto a collection T'V of k,
disjoint closed, rectifiable Jordan curves, and that {I"', ..., T'*} forms a permutation
of the curves 'y, ..., [y defined by I'; := 10(C;) (see Section 1). The set € (T") of

such mappings t is called the class of splitting mappings bounded by T'.
Now we define A€(7) for = (z(D, ..., 7)) by

AS(T) = A D)+ A D),
and then

d(T,e):= inf A¢, dT([,e):= inf A€,
€(r) e+ ()

in particular

a(l') = inf A, at():= inf s,
€([T) €t ()

that is, a(I") = d(I",0) and a (") = d T (T", 0).
Definition 4.1. The Douglas condition is the hypothesis

a(l') <a™ ().

In the following discussion we need a third function of € besides d(I',¢) and
d ¥ (T, €), namely

d*(T, €) := inf{liminf A () : {Tm} = separating sequence of 7, € €(T')}.
m—0Q

Lemma 4.2. The infima d(T',€), d (T, €), d*(T', €) are nondecreasing functions of
€ €10, 1], and

— I + - L +
d(r.0)= lim d(T.e). d*(T.0)= lim d*(T.e). @.1)
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Proof. Since A(7) < D(r) we obtain for 0 < ¢ < €’ that

AS(r) = A(t)—i—e[i)(r)—A(r)]

IA

A7) + e/[@(r) - A(r)] — A€ (1),

which shows that d(T", ), d (T, -), and d*(T, -) are nondecreasing, whence in partic-
ular
d(I',0) < lim d(T,e€).
e—>+0

Suppose that
§:= lim d(T',e)—d(T,0) > 0.
€e—>—+0

Then there is a mapping t € €(I") such that

§ , 8
A(r) < d(T,0) + 5= Egrgod(r, €) — >

Choosing €* € (0, 1) so small that
0= €| D) - AWM = 8/4,
it follows that

AT (1) = M)+ e*[@(r) - A(t)] < A7) + g

]
< lim d(Te)— =+ -
= JimdTeg-5+7
) * )
< d(,e")— - < AS -,
= dNe) - =A (D) -
a contradiction. Thus we have § = 0 and therefore d(I",e¢) — d(T’,0) as ¢ — 0.
Analogously the second relation in (4.1) is proved. o

Lemma 4.3. Let € € [0,1] and C > 0, and suppose that {Qy,} is a sequence of k-
fold connected domains Qp, in R*> whose boundary configurations T™ converge to
the boundary configuration I' of Q in the sense of Fréchet (denoted by ' — I') as
m — o00. Then for any cohesive sequence of mappings T, € €(I'™) with

D(tm) <C  forall meN 4.2)
there exists a mapping t € €(I") with B = dom(t) € N (k) such that

d(T,e) < A% (1) < l,i,,nl)iélof"d"e(Tm)'
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Proof. We omit the proof for & = 1 since it follows readily from Proposition 3.5 using
the method of [12], and so we suppose k > 1. By virtue of Lemma 2.1 we may also
assume that

By, := dom(ty,,) € N (k).

There is a subsequence {t,,, } such that
vll)rgo A (Tn,)) = lrinrr_1>iélof A (), 4.3)
and because of (4.2) we can also assume that
D(tm,) > L €]0,C] as v— oo 4.4)

On account of Proposition 3.5, (ii), we may furthermore assume By, — B € N, (k)
since {tm} is cohesive. By Proposition 3.6 there are C I_diffeomorphisms o, : B —
By, from B onto By, such that

¥ 1= 1y, 00y € HY(B,R?) NE(I™)
defines a cohesive sequence {z;} which satisfies
D)=L as v— oo 4.5)

Using a suitable variant of Poincaré’s inequality and passing to a subsequence of {7, }
which is again denoted by {z;} we obtain

¥~ ¢ in HY?(B,R?)

and
t¥lop — tlpp in L?(dB.R?) as v — oo.

By Proposition 3.5, (i), we can assume that
t*lag = tlag  in C°(OB,R?) as v — oo

(uniform convergence), and so t|3p provides a continuous and weakly monotonic
mapping from dB onto I' since I'" — T in the Fréchet sense. Thus v € €(I")
with dom(t) = B € N(k) and d(T', €) < A(t). The lower semicontinuity theorem
by Acerbi and Fusco [1] implies

AS(7) < 1{)n_1)ior<1>f A (7). (4.6)
Now, since # is invariant under C 1—diffeomorphisms of the domain,
A = (11— AT + D))
= (1= A(m,) + €D (tm,) + €[ D) = D(tm,)]

= A (tm,) + e[i)(rj‘) — J)(rmv)],
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and
[éD(t:) - éD(th)] —0 as v—>o0

on account of (4.4) and (4.5). This implies
lim A€(z)) = lim A®(tm,),
V—>00 V—>00
and by (4.3) and (4.6) we arrive at the assertion. O

Lemma 4.4. For all € € [0, 1] we have
d(T,e) <d*(T',e) <dT(T,e).
Proof. For any separating sequence {7, } in €(I") we have
d(T,e) < A (1) forall m € N,
which implies d(T', ¢) < d*(T, €). Thus we have to prove
d*(T,e) <dt (T e). 4.7

This is obvious for k = 1 since then €T (I") = @ and therefore d (T, €) = oo. Thus
we consider the case kK > 1. We have to prove the following:
For any partition {I"!, ..., I'*} of I" with s > 2 one has

N

d*(T.e) <) d(I e). (4.8)

J=1

This is equivalent to the following assertion:

For every number n > 0 there is a separating sequence {t,,} of mappings T, €
€(I") such that

N
liminf A€(t,) < Y _d(I',€) + 1. (4.9)
m—00
j=1
We begin with s = 2 and an arbitrary partition {I"', ">} of I. For an arbitrarily chosen
§ > 0 there are t") € €(I'V) with B” = dom(z™) € N (ky),v = 1,2,k +k, = k,
such that
AST™) <d(TV,e)+8 for v=12.

Applying Proposition 3.7 to # := A€ we construct new mappings ¢, € €(I'") with
dom(¢,) = BY € N(ky) and

v|By (py) =0 for some disks By, (py) CC B”

such that
A(Ly) < Ae(r(”)) +48 for v=1,2.
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Shifting B? in a suitable way we may assume that p; = ps; set p := p; = py. Let p
be the inversion with respect to the circle 0B, (p) and set

B} := p(B*\ Bar(p)).
Furthermore, let C* be the “outer” boundary circle of B, and B* be the disk bounded
by C*. Set

By := B'\ B*
and
& =Gl =0 p p;

Then

o ¢y on Bf

¢y on Bj
defines a mapping t* € €(T") with
dom(t*) = B U BS € N (k).

Since A€ is conformally invariant it follows

AT = AT + AN = A(lpy) + A (G2l B,, ()
= A(G) + A(D)

< AGED)+ 5+ APD) + 8
< d(I'',e) +d(? ) +46.
Given n > 0 we choose § := n/4 and 1;, := t©* for all m € N. Then {t;,} is a
separating sequence satisfying (4.9) for a partition {I"!, I'?} of T".
Similarly, if T" is partitioned as {I'',..., '}, we fix a § > 0 and choose ") €

€ (") with B” = dom(t™) € N (k). k| + --- + kg = k, such that
AT <d(TV,e)+68, v=1,...,s.
By the above procedure, carried out (s — 1) times, we find a mapping t* € €(I") with

dom(t*) € N (k) satisfying

N
AS(T*) = Y AE®) 427718

v=1
whence R
AS(T*) D d(TY €) + (s + 278,
v=1
Choosing § := (s + 2°7!)7!5 and considering the separating sequence {z,,} with

Ty := 1™ for all m € N we again arrive at (4.9). Thus inequality (4.8) is verified, and
this implies (4.7). O
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Lemma 4.5. (a) Let ' — T as m — oo in the Fréchet sense, and {ty,} be a
sequence of mappings ty, € C€(I'™) where I' is the boundary configuration of a
k-fold connected domain Q,, in R*, m € N. Then

d(T,€) < liminf A®(t,,) forany e € (0,1]. (4.10)
m—00
(b) For any € with 0 < € < 1 we have
d*(T,e) =d T (T e). (4.11)

Proof. (a) Inequality (4.10) is trivially satisfied if liminf,, oo 4€(7) = oo. Thus
we may assume that the numbers A€ (z,,) converge as m — oo, i.e.

liminf A€ (1) = lim A¢(t,) < 0o (4.12)
m—00 m—00

(otherwise we pass to a suitable subsequence which is again denoted by {t;,}). Since
D(tym) < € ' A (1;y) we have

D(ty) <C forall meN 4.13)

and some constant C = C(¢) < o0 if 0 < € < 1. Then (4.10) follows from Lemma
4.3 provided that {t;, } is cohesive; in particular the assertion is established for k = 1
since then any sequence is cohesive.

Now we are going to prove (4.10) by induction over k where we can restrict our-
selves to noncohesive sequences {7, }, and we fix € € (0, 1].

Induction hypothesis. Suppose that (4.10) is satisfied for boundary configurations
consisting of at most k — 1 closed curves, k > 1.

Consider now a noncohesive sequence {t,,} such that 7,, € €(I'") and B, =
dom(ty,) € N(k), k > 1, satisfying (4.12) and therefore also (4.13). By Lemma 2.1
we may in fact assume By, € N (k). As {1, } is noncohesive, it possesses a separating
subsequence which we again call {t,,,}. Then there exist points Q,, € R?, numbers
Nm > 0 with n,, — 0, closed Jordan curves y,, in B, which are not homotopic to
zero in B,, and bound a strong Lipschitz domain B, in R?, such that ,,, possesses a
well-defined continuous trace {,, = “1, on y, = dB,, with

|//
Ym

sup [&m — Oml < 773”-

Ym
Then we choose a sequence of numbers §; > 0 with §; — 0 and apply Proposition 3.8
with § := §; and K := C(€). Let 10, ; be the corresponding number 79 € (0, 1). For a
suitable sequence {m;} of m; € N withm| < my < m3 < ... wehave Nm; < MNo,; for
all j € N. Renaming tn;, Om;» {m;» Mm,» as tj, Qj, {j, nj, respectively, it follows

n; < no,j forall j € N,
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and by Proposition 3.8 there are mappings

P 1=y, 0, = &y, : R? - R?

J
with the following properties:
(i) [/* := ®;(T/) is a configuration of k closed Jordan curves such that the
Fréchet distance A(I'/,T/*) of I’/ and I'/ * satisfies
AT/, T7*) < §;  forall j €N,

Choosing the numbers §; sufficiently small we can also assume that the curves
of T'/* are the boundary curves of a bounded, k-fold connected domain QJ* in
RZ.
(i) ®; ot; € €(I'/*) and dom(®; o 7;) = Bj;
(iii) ®; =Idg: on R*\ By, (Q;);
(iv) ®j(x) = Q; on B,,g(Qj);
(V) AS(PjoT;) < A (1j) +§;.
In particular we have
CDjo{j:Q] for all jEN
Then we define
1. 2. 3
B; := B; N B]’-", Bj :=B;\ B;,

where B Jf‘ is the “inner domain” of y;, i.e. cutting along y; we decompose B; into two
disjoint parts B} and B}. Since y; is not homotopic to zero in B 7, both B 11 and BJZ
contain at least one of the boundary circles of B;. Therefore there is a circle 8; in B 11

whose center does not lie in B;. Let p; be the inversion with respect to 8;, and set

E]1 = B*U pj(B]!) with B := “inner domain” of p; (y;),
2 * 2
Ej = Bj UB;.

We note that E} e N(k'), EJ? e N(k"ywithl <k’ k" <k andk =k’ + k.
Now we define new mappings 0} € Hl’z(E}, R?) and a]? € Hl’z(EJZ, R?) by

ol e ®joziop;t  on pi(B))
J Qj on B}k*,

0T 2
> {Qjorj on B;
JoT

j *
0; on B
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Roughly speaking this process amounts to “pinching” 7; to a point Q; in the neigh-
bourhood of the closed curve y; and to decomposing the resulting surface into two
surfaces of lower topological type by cutting through y;.

Then there is a decomposition ' = {f’l, fz} of I" and correspondingly a decompo-
sition '/ = {I'/"!, T'/2} of I'/ such that

oj € €(®;([), o] e€(P;(IV?)
and that B 3 B 3
;T -T' and @;T/?) —>T? as j — o0
in the sense of Fréchet. Furthermore the construction yields
AN(0]) + AY0]) = AP 0 j|p1) + AP 0 Tj]p2)
= AY(Qjo1)),
and the induction hypothesis implies

d(I'' . e) <liminf A°(0}) for [ =1,2.
J =00

The partition I' = {I"!, I'2} leads to
dt(T,e) <d(!, e) +d(T?%e),
and by Lemma 4.4 we have
d(T,e) <d™ (T, e).
Therefore
d(T,e) <d*(T,e) <liminf A°(®; o 7;).
Jj—o0
On account of (v) we arrive at

d(T,e) <d™(T,e) <liminf A (7)), (4.14)
J—>00

which completes the proof by induction, and we have verified assertion (a).
(b) For k = 1 we have d*(I',¢) = dT(I',€) = oo, and so (4.11) holds true. If
k > 1 then by Lemma 4.4 we have d*(I",¢) < d (I, €) < oo; so it suffices to show
d*(I',e) < d*(T,€). For given § > 0, there is a separating sequence {7,,} in €(I")
with
liminf A€ (1) < d*(T, €) + 6.
m—0o0

By the same proof as in (a) we obtain (4.14) for this sequence. Therefore
dt(T,e) <d*(T,e) +§

for any § > 0 whence
d*(T.e) <d*(T.€)

which finishes the proof of part (b). |
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Now we can prove the final result of this section which is just Theorem 1.5, namely:

Theorem 4.6. If the Douglas condition a(T') < a™¥ (') is satisfied, then there is an
€0 € (0, 1] such that for each € € (0, €] there is a mapping t€ € €(I") with

AE(T€) = d(T €)

and

E(x€) = 9(«9), F () = 0. 4.15)

Proof. If k = 1 then a™(I") = oo, and so the Douglas condition is always satisfied.
In this case the assertion is proved in [12]. Thus we assume k > 1. Since according to
Lemma 4.2

d(T,e) > d(I,0)=a), dT(T,e) >dT(0)=a" () as e— +0,
and a(T") < a™ ("), there is an €y with 0 < €y < 1 such that
d(le) <dT(T,e) for 0<e < e. (4.16)

Fix some € € (0, €] and choose a sequence {t,, } in €(I") with

A () — d(T,€) as m — oo.
If {7 } were not cohesive there were a separating subsequence {7y, } whence

d*(T,e) < Jl_l)rgo A (tm;) = d(T, €)
which in combination with (4.11) contradicts (4.16). Thus {z;,} has to be cohesive,
and by Lemma 4.3 applied to 2, = Q and I'"* = I there is a € € €(I") such that

d(T, €) < A€ (¢€) < liminf A% (t) = d(T€).
m—0Q

Consequently,
A (€) = d(T, ),

which means
A (1€) < AS(r) forall T € €(I).

Hence the inner variation d,4€ (€, ) vanishes for any n € C'(B, R?), and since € > 0
it follows
D€, n) =0 forall n e C'(B,R?).

This implies (4.15) by virtue of Proposition 2.2. o
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5 Proof of the main result

Theorem 5.1. Suppose that the Douglas condition a(T') < a™¥ (") holds. Then there
is a mapping © € €(I') such that

A(t) = inf A = inf D = D(1). 5.1
(7) en(lr) é?r) () (5.1

Moreover, T is a conformal mapping from B onto Q of class C"™%*(B, R?).

Proof. Let €y € (0, 1] be as in Theorem 4.6, and consider a mapping ¢ € €(I")
for 0 < € < ¢y with A°(z€) = d(T,¢) and (7€) = G(z€), F(¢) = 0. Then
A€ (t€) = D(7€), and consequently

d(T,e) = A°(t%) = A(TS) = D(€) for 0 <e < e.
For arbitrary o € €(I") we have
A (1€) < A%(0) < D(0)

and therefore
D) < D(o) forany o € €(IN),

in particular
DGEE) < D) forall €€ € (0, €]

whence
D(t¢) =const =: ¢y for € € (0, €.

This implies
co=D(E€) = AGT) = A (z€) =d([,e) for 0 < e <e.
By Lemma 4.2 we have d(I",€) — a(I") as ¢ — +0, and so we obtain
d(Tl'ye) =a(l') forall € € (0, €.
Thus it follows for any € € (0, €o] that
D(€) = A(¢) = a().
Moreover, since

a(l) = inf A< inf D < D(r°)
e[) eI

we arrive at

A(T€) = inf A= inf D =Dk for 0<e<e.
er) e(r)



Conformal mapping of multiply connected domains 179

Therefore, setting T := 7€ for some € € (0, €], we have a solution T € €(I") of (5.1)
satisfying
E(r)=86(x), F(x)=0.

From (1.1) one gets
m1/ |Vo|? dudv < 2D(0) §m2/ Vo |? dudv
B B

for any 0 € H'?(B,R?). Then a well-known reasoning due to Morrey yields
1€ COB,R*)NC%(B,R?) with B:=mi/mo.

Since I' satisfies a local chord-arc condition, one findseven t € C 0.¥ (B, R?) for some
y > 0 (seee.g. L4], vol. II). As in [12] it follows that 7 : B — R? is a minimal surface
of class C™%(B,R?) in (R?, ds?) satisfying the asymptotic expansion

Tw(Ww) = a(w — wy)’ + o(Jw —wg|”) as w — wy € B (5.2)

witha € C?\ {0}, gjl(t(wo))a-/al =0,andv € N, 7 := %(‘Cu—i‘fv). From here we
can proceed as in [12] to prove that t(B) = 2 and 7 is a diffeomorphism and, in fact,
a conformal mapping from B onto €, using the area formula. Only the topological
argument leading to the inclusion

Q C ©(B) (5.3)

needs to be modified in the following way:

If k = 1 then (5.3) follows from the fact that t is continuous on B and maps
dB weakly monotonically and therefore also diffeomorphically onto I', on account
of (5.2).

If £ > 1 we may assume that t maps the outer circle C; := 9By, (q1) of 0B onto
the outer boundary I'y of Q, and that 7(C;) =T'j for j =2,...,k, C; := 8B,j. (q)).
The idea to prove (5.3) consists in filling the holes B; := Brj (gj),2 =< j =< k,
thereby reducing the case k > 1 to k = 1. To this end we construct a mapping
o € €(I'y) N C%By, R?) with dom(c) = By := By, (q1) by setting

T(w) for we B
o(w):=1q__, .
T; (hj(w)) for weB;, 2=<j =<k,

where /; is defined as the solution of the Dirichlet problem
Ah; =0 in Bj, hj=‘fj0‘[|cj on dB;, for 2 <j <k,

and 7; is chosen as a diffeomorphism from Q / onto B 7, with ©; := inner domain of
the Jordan curve I';, 2 < j < k. (For instance we could choose 7; as the inverse of the
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conformal mapping from B '/ onto Q j whose existence is proven in [12].) Since 7|¢; is
a diffeomorphism from C; onto I';, the mapping 7; o 7|¢; furnishes a diffeomorphism
from C; onto itself. By H. Kneser’s theorem (see e.g. [4], vol. I, p. 274, Lemma 3)
it follows that /; provides a diffeomorphism of B 7 onto itself; in particular we obtain
hj(B;) = B; and therefore

o(Bj)=Q; for j=2,... k. (5.4)

On the other hand, the reasoning for k = 1 implies
Qi Co(B)). (5.5)
From (5.4) and (5.5) we can deduce (5.3). 0

Now we are going to prove Theorem 1.4 by showing that the Douglas condition is
always satisfied in the present situation.

Theorem 5.2. One has a(T") < a™(T).

Proof. Since I' = (I, ..., ['x) is rectifiable it follows that €(I") # @, and therefore
a(l) < 0.
If kK = 1 then €1 (I") = @ and consequently a(I") = oo whence a(I") < a™*(I').
For k > 1 we prove the Douglas condition by induction. Suppose that it holds up to

k — 1, and consider an € with a boundary configuration I' = (I'},..., k) where 'y
is the outer boundary of € and I'2, ..., I'; are the inner boundary contours. Let £ be
the inner domain of I'; for j = 1,..., k. Then

k
Q= \ [
j=2
Set
1
8w=§mm%%@)j=1””H>Q (5.6)

where #?2 denotes the two-dimensional Hausdorff measure. Choose a mapping o =
(oM, ... 0W}y eetT) with A(0) < a™ (') + 8§ and dom(c) = B where

B:BIU...UBS, s>1’BjeN(kj),k:k1+"'+ks,

in particular 1 < k; < k for j = 1,...,s. We then can partition I in

F:{yly,..,ys} with yj =<Vlj"“’ylij>
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such that oV )|C_ ; maps C; := 0B j continuously and weakly monotonically onto y/
for j = 1,...,s. Furthermore, o) lies in €(y/) for1 < j <s, hence

a() +--+a(y’) = AGW) 4o+ AGD)
= A(0) <a™(T)+ b. (5.7)

We can assume that yll = I'|. Denote by w; the k;-fold connected domain with the
boundary configuration y' = (y/,..., y,il). Since k| < k there is (at least) one [ €

{2,....k} with T; € T'\ p!, and by the induction hypothesis we can apply Theorem
5.1. This way we obtain a domain »; € M (k;) and a conformal mapping (") from b,

onto @; such that
a(y') = AGCW) = H* (). (5.8)

Furthermore,
H (1) = H (w1 \ Q) + H2(Q). (5.9)

Since (Q,ds?) is a k-fold connected Riemann domain, there is a By € N (k) and a
diffeomorphism 7y from By onto €2 such that 7y € €(I"). Then

a(l') < A(w) = H2(Q). (5.10)
Since 2 C w; \ € it follows
H(Q) < HP (01 \ Q) = HP (1) — H(Q),
taking (5.9) into account. By virtue of (5.8) we obtain
HR) < alyh) = H(Q)
and by (5.10) we arrive at

a(l) < a@y"h—H*Q)
< a@)+a@y?) +-+ay’) = HX(Q).

Applying (5.7) this leads to

a(T) < a™(T) + 8o — H*(Q)).
By (5.6) we get #?(£2;) > 28, and so we find

a(l") = a™(I) =8 < a™ (D).

i.e. the Douglas condition is also satisfied for k. This proves the assertion of the
theorem. =

Proof of Theorem 1.4. The assertion follows from Theorems 5.1 and 5.2. o
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