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A SIMPLE PROOF OF GLOBAL EXISTENCE FOR THE 1D
PRESSURELESS GAS DYNAMICS EQUATIONS

FABIO CAVALLETTI, MARC SEDJRO, AND MICHAEL WESTDICKENBERG

ABSTRACT. Sticky particle solutions to the one-dimensional pressureless gas
dynamics equations can be constructed by a suitable metric projection onto
the cone of monotone maps, as was shown in recent work by Natile and Savaré.
Their proof uses a discrete particle approximation and stability properties for
first order differential inclusions. Here we give a more direct proof that relies
on a result by Haraux on the differentiability of metric projections.
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1. INTRODUCTION

The one-dimensional pressureless gas dynamics equations

dr0 + 0z (0v) =0 .
9(0v) + 95 (0v?) = 0 } in 0,00) x R (1.1)

describe the dynamics of a mass (or electric charge) distribution that moves freely
in the absence of any external or internal forces. The quantity g is a positive Borel
measure depending on time/space (¢, x), while v is the Eulerian velocity field. We
will assume in the following that o(t, -) is a probability measure for all times. This
assumption is consistent with the first equation (I.I]), called the continuity equation,
which describes the local conservation of mass. The second equation in (1) models
the local conservation of momentum. We are interested in the Cauchy problem, so
we assume that an initial density ¢ (which is a Borel probability measure) and an
initial Eulerian velocity v € Z?(R, 9) (with finite kinetic energy) are given.
System (I.TJ) is a building block for semiconductor models. Its multi-dimensional
version has been proposed as a simple model describing the formation of galaxies
in the early stage of the universe. Since there is no pressure, the fluid elements do
not interact with each other. For the applications, however, one typically augments
the system (CI]) with the assumption of adhesion (or: sticky particle) dynamics;
see [20]. That means that, whenever any fluid elements meet, they stick together
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to form larger compounds. The density ¢ can therefore have singular parts (Dirac
measures). While mass and momentum are conserved, these collisions are inelastic,
so that kinetic energy is destroyed. The assumption of adhesion dynamics can be
understood as an entropy condition for the hyperbolic conservation law (TJ).

There is now a huge amount of literature studying the pressureless gas dynamics
equations (I.I]) and establishing global existence of solutions. Frequently, a sequence
of approximate solutions is constructed by considering discrete particles: The initial
mass distribution is approximated by a finite sum of Dirac measures. The dynamics
of these particles are described by a finite dimensional system of ordinary differential
equations between collision times. Whenever particles collide, then the new velocity
of the bigger particle is determined from the conservation of mass/momentum and
the assumption of the correct impact law. The general existence result is obtained
by sending the number of discrete particles to infinity. To pass to the limit, several
approaches are feasible. We only mention two: Brenier and Grenier [5] consider the
cumulative distribution function M associated to the density o:

M(t,z) = /I o(t,dz) forall (t,z) € [0,00) x R,

— 00

and show that M is the unique entropy solution of a scalar conservation law
WM + 0, A(M) =0 in[0,00) x R,

where the flux function A: [0,1] — R depends in the initial density and Eulerian
velocity. In particular, the function M satisfies Oleinik’s entropy condition.

A second approach, introduced by Natile and Savaré [15], uses the theory of first-
order differential inclusions on the space of monotone transport maps from some
reference measure space ([0, 1], £'[j.1;) =: (€2, m) (where £ is the one-dimensional
Lebesgue measure) to R. To every density/velocity (o, v) that solves (ILT]) one can
associate a unique map X € Z?(2,m) with X monotone such that

o(t,") = X(t,-)#m forall ¢t € [0, 00). (1.2)
Here # indicates the push-forward of measures. Then X satisfies
X +0I4(X)>V forallte|0,00), (1.3)

where ¢ denotes the closed convex cone of all transport maps X € .£2(2,m) that
are monotone, and where dl¢ is the subdifferential of the indicator function of €.
If X satisfies (L3) and is related to o through ([2)), then the Eulerian velocity v

can be recovered from the Lagrangian velocity V := X through
V(t,-) =v(t,X(t,-)) forallte|0,00). (1.4)
Assuming finite kinetic energy, it is natural to require that
V(t,) € L*m), wv(t-) e LR, o).

The relation (C4)) in particular determines the initial Lagrangian velocity V in (I3)
in terms of the initial data (o, v)(0,-) =: (g,9) of the system (LI)).

Integrating (L3)) in time and using the fact that the assumption of sticky particles
implies that the subdifferential 0l (X (t,-)) is nondecreasing in time (as a subset
of #?(2,m)), one can show that the solution of (I3) can be written as

X(t,") = Pg(X +tV) for all t € [0, 00), (1.5)
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with X := X(0,-) given by ([Z). Here Py denotes the metric projection onto the
cone %. The connection between (LI]) and (L3]) makes it possible to apply classical
results from the theory of first-order differential inclusions in Hilbert spaces to study
the pressureless gas dynamics equations; see [7}[15] for more.

In particular, one can use stability results for first-order differential inclusions to
prove that the discrete particle approximation outlined above generates (a certain
class of) solutions for (II]), as the number of particles converges to infinity. Similar
results can be obtained by applying the scalar conservation law approach by Brenier
and Grenier. We also refer the reader to [3,/41[6],10,1T} 13,14 16HIS].

In this paper, we will show directly (that is, without passing through a discrete
particle approximation first) that the representation (5] generates solutions of the
pressureless gas dynamics equations. To this end, we need a good understanding of
the derivative of the map ¢ — X (¢, -), thus of the derivative of the metric projection
away from the boundary of €. A classical result by Haraux [12] gives a variational
characterization of X, which in our case implies that V is exactly of the form (I,
for a suitable Eulerian velocity v. Our approach is simpler than the ones mentioned
above, which rely either on the theory of entropy solutions of scalar conservation
laws, or alternatively on the theory of first-order differential inclusions.

2. DIFFERENTIABILITY OF METRIC PROJECTIONS

Let % be a closed convex subset in some Hilbert space 7, equipped with scalar
product (-, -) and induced norm || - ||. For any Y € 2 we will denote by P« (Y) the
metric projection of Y onto the set €, so that P4 (Y) satisfies

Y — Pe(Y)| = inf {||Y —Z|: Z¢ %}.

It is well-known that the metric projection P« (Y") exists and is uniquely determined
for all Y € J#. Moreover, it is characterized by the following property:

Y5 = Pu(Y) = {Y* €% (2.1)
Y-Y*Y*-—Z)>0 forall Z€%.
If € is a cone, then one can choose Z =0 and Z = 2Y™* in ([2I)) to obtain
Y-YY"=0, (Y-Y*"Z)<0 forall Z€%. (2.2)
It is also well-known that the metric projection is a contraction:
[P%(Y1) = Po(Y2)|| < [[Y1 — Ya| for all Y1,Yz € 2. (2.3)

We refer the reader to [I9] for further information on metric projections.
For given X,V € . we now consider the map ¢ — X, := Px(X +tV) for t € R,
which is well-defined and Lipschitz continuous because of ([Z3]). We have

| Xeen — Xo|| < |R|[|V]| for all t,h € R. (2.4)

The velocity V; := limp,o(X¢4n — X¢)/h exists strongly for a.e. t € R and satisfies
the inequality [|[V;]| < ||V||. For any Z € € we define the tangent cone
Tz% :=TsC, Tz%:=|J W% - 7). (2.5)
h>0
Note that Tz% is a convex set: if hy, ho > 0 and Y7,Ys € € are given, then

(1= MY = 2) + Mo (Ya = 2) = h(((1 = i)Vi + u¥a) = Z) € Ty
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for all A € [0,1], where h := (1 — A\)hy + Ahg > 0 and p := Mho/h € [0,1]. For any
Y € 4% we denote by [Y]+ the orthogonal complement of RY .
We will rely on the following result:
Theorem 2.1. For fizredt € R, let V; be any weak limit point of
Vi(ha) = (Xesn, — Xt)/ha

as hy, — 04+. Then V; € Bx, € and (V — Vi, Vi) > 0, where

Yx, € :=Tx,CN[(X +tV) - X" (2.6)
Moreover, we have (V — Vi, W) <0 for all W € Tx, € N[(X +tV) — X;]*+.

Remark 2.2. Theorem 2] follows from Proposition 1 in [12]. We include the short
proof below for the reader’s convenience. If the cone % is polyhedric, so that

Tx, ¢ N[(X +tV) - X+ =%x,€
for all t € R, then the map ¢ — X} is strongly right-differentiable and, denoting the
right derivative again by V;, we have V; = sztcg(V) for all £ € R. Recall that the
metric projection onto a closed convex set is uniquely determined, so the weak limit
points of V;(h,,) for all sequences h,, — 0+ have the same limit. In order to prove

the claim it is sufficient to observe that, by continuity, we have (V -V, W) <0 for
all W € Xx, €. In particular, this implies that (V — V;, V;) = 0.

Proof of Theorem [2]. The difference quotients V;(h) are uniformly bounded in 57
for all t,h € R (because of (24])), and therefore weakly precompact. Let h,, — 0+
be any sequence such that the weak limit V; := lim,,_, oo Vi(h,) exists. Then

0> <(X +(t+ha)V) = Xign,, Xe — Xt+hn>

- <((X F V) + 1, V) = (haVi(ha) + X0), Xi — (ha Vi) + Xt)>

= —ho (X + V) = X, Vilhn) ) = B2(V = Vilhn), Vi) ):
see (). We used that Xiyp, = Xt + hyVi(hy) and X; € €. This implies that

12V = Vilhn), Vi) ) < (X +47) = X, Viha)) (2.7)

- <(X F V) = Xy, Xeon, — Xt> <0.
We now divide by h2 > 0 and let n — oo to obtain —(V — V;, ;) < 0, using
(V. Vilha)) — (V. Vi) and [[il]® < liminf |Vi(h,)
Dividing ([27) by h,, > 0 instead and letting n — oo, we obtain
(X +1tV) = X, Vi) =0 (2.8)
because the V;(h,) are uniformly bounded. On the other hand, since T'x, % (recall
[23)) is convex, its weak and strong closures coincide. Then the weak limit
Ve= lim (Xepn, = Xe)/hn
satisfies V; € Tx, €. It follows that V; € ¥x,%.
Consider now any Z € € with the property that

(X +tV)— X, Z — X;) =0. (2.9)
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Let 6, := Vi(hy) — Vi so that 6, — 0 as n — oco. Then
0> (X + (t+ha)V) = Xisn,, 7 = Xion, )
- <((X V) = Xi) + ho(V = Vi) = hbn, (Z — Xi) — h Vi — hn5n>.
Rearranging terms and dividing by h,, > 0, we obtain
(V—Vi,Z — Xy)
<X +tV) =Xy, Z — X))/ hny
+ (X +67) = X0, Vi) + (X +4V) = X, 6) + (80, Z = X0))
ol (V= Vi Vi) + (V= Vi, 6) = (50, V) = 16]1).
Passing to the limit on the right-hand side and using (2:9)/(Z38]), we obtain
(V—-Vi, Z — X¢) <0 forall Z € € with 23).
We observe now that for any W € Tx, % N [(X +tV) — X;]* there exist h > 0 and
Z € € with W = h(Z — X;) and 29). Then (V — V;, W) < 0 follows. O

3. STICKY PARTICLE SOLUTIONS

We now apply the result of the previous section to the following situation: the
Hilbert space 5 = Z2(R, ) for some reference measure 1 € P5(R), where Z25(R)
denotes the space of all Borel probability measures with finite second moment (thus
Jg |z|? p(dx) < o0). The inner product (-,-) and the norm || - || are the £2(R, u)-
inner product and -norm, respectively. The cone is defined as

¢ = {X € £*(R,p): X is monotone}. (3.1)
We say that X is monotone if the support of the induced transport plan
vx = (id, X)#p (32)

is a monotone set in R x R, where # denotes the push-forward of measures. This
definition is motivated by the theory of optimal transport, where a transport plan
(a probability measure of the product space) is optimal if its support is contained
in the subdifferential of a convex function (see [2]), which is monotone. Recall that
a subset I' C R x R is monotone if for any (m;,z;) € T', i = 1..2, we have

(my —ma)(z1 — x2) > 0.
For a Borel measure v defined on some topological space 2, we say z € sptv if
v(N) >0 for every open neighborhood N of z.
Consequently, a point (m,z) € R? x R? belongs to the support sptyx if
vx (Bs(m) x Bs(z)) >0 for all § > 0. (3.3)

Lemma 3.1. For given reference measure p € P2(R) and X € € we define vx as
in B2). Then there exists a Borel set Nx C R with u(Nx) =0 such that

(m,X(m)) € sptyx for allm e R\ Nx. (3.4)
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Proof. 1t is known that every finite Borel measure v on a locally compact Hausdorff
space {2 with countable basis is inner regular; see e.g. [9] for more details. It follows
that v(U) = 0, where U := Q \ spt v. Indeed we have

v(U) = sup {V(K): KcU compact}, (3.5)

by inner regularity of v. For any x € U there exists an open neighborhood N, of z
with v(N;) = 0, as follows from the definition of sptv. The family {N,},cv is an
open covering of the compact set K, and so a finite subcovering exists: Let V' C U
be a finite set such that K C (J,cy N.. Then we can estimate

V(K) <Y v(N;) =0. (3.6)
i€V
Combining this inequality with ([B.3]), we obtain that v(U) = 0.
Applying this observation to transport plans, we obtain ([B4]). Just note that

u({m eR: (m,X(m)) & sptvx}) = u((id x X)7'((R x R) \sptvx))

=x ((R X R)\ Sptvx) =0,
by the definition of push-forward of measures. O

Lemma 3.2. The set € defined in [B1)) is a closed convex cone in L*(R, ). For
any X € € and any smooth, strictly increasing function (: R — R that coincides
with the identity map outside a compact set, we have (o X € €.

Proof. We proceed in two steps.

Step 1. Consider a sequence of X* € % converging strongly to X € .Z%(R, u).
The sequence of transport plans yx«, as defined in ([B2]), converges narrowly to vyx;
see Lemma 5.4.1 in [2]. Narrow convergence implies convergence in the Kuratowski
sense (see Proposition 5.1.8 in [2]): for any pair of points (m;, T;) € sptyx, i = 1..2,

there exist sequences of (m¥, z¥) € sptyx« such that

(mF,z¥) — (M, ;) as k — oo,
for 4 = 1..2. Since sptyx+ is monotone, by definition of €, we have
(M1 —me)(Z1 — T2) = klij;o(mlf —my)(zf —x5) > 0.
This implies that also sptyx is monotone and X € €. Therefore € is closed.

Let now X1, X2 € ¢ and s € [0,1] be given and define X := (1 — s) X! + sX?,
which is an element in .#?(R, u). Let vx, be corresponding transport plan defined
by B2), and let N* be the pu-null sets in Lemma 1] corresponding to X*, k = 1..2.
Pick any pair of points (m;, Z;) € sptyx,, ¢ = 1..2. For any § > 0 there exist

m; € Bs(m;) \ (N UN?)
such that X,(m;) € Bs(Z;). Indeed assume that not. Then
0= ,u({m € Bs(mi) \ (NLUN?): X,(m) € BJ(@-)})
= M({m S B(;(mi)i Xs(m) S Bé(fi)}>

= x, (Bs(mi) x Bs(z:)),
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which would be a contradiction to our choice of (7, Z;) € sptyx,. We get that
(ﬁ’Ll — ’ﬁ’LQ)(J_?l — 1_72) 2 (m1 - mz)(XS(ml) - Xs(mg)) (37)
— 26 (|ma | + |ma| + [Z1] + [T2|) — 46°.
But since (m;, X*(m;)) € sptyyx: and X*¥ € €, and by definition of X, it follows
that the first term on the right-hand side of ([B17) is nonnegative. Recall that § > 0
was arbitrary. Therefore the left-hand side of (B77) is nonnegative as well. Since
this construction works for any (m;,Z;) € sptyx,, ¢ = 1..2, we have that sptyx, is

a monotone set, and thus X, € € for any s € [0,1]. Hence ¥ is convex.
The proof that % is a cone is similar and omitted.

Step 2. Consider now a smooth function ¢ as above and X € ¥. Choose M > 0
such that ((x) =« for all || > M and let Y := (o X. Then

/ YPu :/ |Y|2u+/ YPu
R {IX|<M} {IX|=M}

(S / XP g,

which is finite, and so Y € .Z?(R, u). With vx and 7y defined as in (3.2)), we must
show that sptyy is a monotone subset of R x R. We first claim that

sptyy = F(sptyx), where F(m,z) := (m,{(x))

for all (m, z) € R x R. Notice that ¢ is invertible. Consider any (m, ) € F(sptyx)
and let 7 := (~!(¥), so that (m,Z) € sptyx. For § > 0 arbitrary we have

Yy (Bs(m) x Bs(y)) = M({m € Bs(m): Y(m) € st@)}>,

by definition of vy . Since ( is smooth, there exists ¢ > 0 with B.(z) C (~1(Bs(%)).
Without loss of generality, we may assume that ¢ < §. Then

vy (Bs(m) x Bs(7)) > ,u({m € B.(im): X(m) € BE(J‘;)})
=X (Bs (m) x Bs(j))a
which is positive since (7, T) € spt yx; see B3). It follows that F(sptyx) C sptyy.
For the converse direction, we argue analogously, noting that F' is invertible with

F~1(m,y) == (m,("(y)) for all (m,y) € R x R. Consider now (m;,y;) € sptyy,
i=1..2. Then (m;,z;) € sptyx with x; := (~(y;). Assume x; # x5. Then

((z1) — ((w2)

(- —my) > 0.
o —ay (BT T2)(mi—mo)

(Y1 — y2)(m1 —ma2) =

Indeed the first factor is positive since ( is strictly increasing, and the second factor
is nonnegative since sptyx is a monotone set. We conclude that Y € €. O

We are going to prove the following result; see [15].

Theorem 3.3 (Global Existence). Let initial data g € P2(R) and v € L?(R, p) of
the pressureless gas dynamics equations ([LI)) be given. For some reference measure
we P(R), let X € € be the unique monotone transport with X #u = 0. Let

Vi=00X, X;:=Pgx(X+tV) foraltecR. (3.8)

<
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Then X, is differentiable for a.e. t € R and V; := X, can be written in the following
form: there exists a velocity vy € L2 (R, o) with o, :== Xy#u, such that Vi, = v,0X;.
The pair (ot,vt) i a weak solution of the conservation law ([LI)).

Let us start with three lemmas.
Lemma 3.4. For any X; as in Theorem [3.3 we define
Hx, =L (R, p)-closure of {0 X,: ¢ € D(R)} (3.9)

and o; = X#u. Then the following statement is true: the function W € £*(R, )
is in A, if and only if there exists w € L*(R, o¢) such that W = w o X;.

Proof. Let W € #%, be given and consider a sequence of ©F € Z(R) with
oo Xy — W in LR, p), (3.10)
so that the ©* o X; form a Cauchy sequence in .Z2(R, u1). Since
19" o Xill w2y = 19" [l 22 R0

the ¢" then form a Cauchy sequence in .Z?(R, g;). Hence there exists w € (R, g;)
with the property that ¢* — w in Z2?(R, g;), by completeness. This implies

P o Xy — wo X, in LR, p). (3.11)

Combining (BI0) and (BI1]), we obtain that W = w o X;.

For the converse direction, we recall that any finite Borel measure v on a locally
compact Hausdorff space 2 with continuous base is inner regular and so the space
of all continuous functions with compact support is dense in .#?(Q, ). We refer the
reader to [9] for more information. If € is also a vector space, the same statement
is true for smooth functions with compact support. Let W = w o X; be given and
choose a sequence of ¢* € Z(R) such that ¥ — w in Z?(R, g;). Since

W = ¢" 0 Xill 22y = llw — "l 22,0, — O
for k — oo, we conclude that W € J#,. This finishes the proof. i
Lemma 3.5. Let %, be defined as in Lemma[54 Then 5%, C Sx, %, with
Sx, € = LR, p)-closure of Tx, € N[(X +tV) — X,]*.
Proof. By density, it is enough to show that ¢ o X; € Tx, % N[(X +tV) — X;]* for
all p € Z(R). We choose a constant i > ||¢’|| ¢ ) and define
1
Zif = <id + Egﬁ) o Xy,

which is a composition of a (smooth) monotone map with X;, and thus an element
of the cone €; see Lemma 321 Rearranging terms, we obtain the inclusion

poXy=h(Z} — X;) € Tx,%.
On the other hand, using the characterization (21]), we find that
(X +1V) — X, p0 X)) = h{(X +tV) — X1, Zif — X;) <0,
from which the orthogonality ¢ o X; € [(X + tV) — X{]* follows. O

Lemma 3.6. With the notation above, we have V; € 7%, for a.e. t € R.
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Proof. Since the map t — X, is Lipschitz continuous, it is (strongly) differentiable
for a.e. t € R. Fix any such ¢ € R. Then the velocity V; := X satisfies

Xon — X Xin—X
V= lim “H o gy 2R
h—0+4 h h—04 h

)

which implies that V; € Tx, % N (=Tx,%). We now proceed in three steps.

Step 1. Since X; € €, the support of vx, := (id, X;)#p is a monotone subset
of R x R, which can be extended to a maximal monotone set I'; see [I]. We denote
by u the corresponding maximal monotone set-valued map:

u(m) :={z € R: (m,z) €'} for m € R.

Then the level sets of u are all closed intervals; see [I]. Consequently, there can be
at most countably many level sets of u that contain more the one point.
Let now Ny, be the p-null set from Lemma B with the property that

(m,X;(m)) € sptyx, forallmeR\ Nx,.
For any x € R we define the level set
Ly = {m € R\ Ny, : X;(m) = :v}

Note that the L, are pairwise disjoint because X; is a function (thus single-valued).
Since every L, is contained in the corresponding x-level set of u, the set

0 = {:v € R: L, has more than one element}

is at most countable. Then the map X; is injective on R\ |,y Lo
Step 2. Consider any W € Tx,%. Then there exist Y* € €, \¥ > 0 with
Wh.=v*F XX, — W in Z%R,p), (3.12)

where we used that % is a cone. Extracting a subsequence if necessary, we may
assume that W* — W p-a.e. For every k € N we denote by N* the p-null set from
Lemma 311 corresponding to Y* € ¥. Then there exists a B C R with u(B) =0
such that W*(m) — W (m) for every m € R\ B, and B contains all N*. For any
x € O consider now my,ma € L, \ B with my < ms. For all kK € N we have

WH(ma) = WH(ma) = ((Y¥(mz) = NXo(ma)) = (Y*(m1) = N Xo(m)))
=Y"(m2) — Y*(m1) (3.13)
because X;(m1) = X;(msa) = x. Since Y* € € and my,ma & N*, we get
(ma —ma)(Y*(ma) — Y*(m1)) >0,

which implies a similar inequality for W*. Passing to the limit k¥ — oo, we obtain
the following statement: for all W € Tx, % and for all z € &, we have

(m2 — ml)(W(mg) — W(ml)) 2 0

for p-a.e. my,mo € L. For W € —Tx,% we have the opposite inequality.
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Step 3. As shown above, the velocity V; € Tx, 4 N(—Tx,%). Then there exists
a function v;: R — R with V; = v; 0 X; p-a.e. Indeed for all z € R\ & there exists
at most one m € L, such that X,(m) = z, so we define

() Vi(m) if such an m exists, and
ve(x) =
! 0 otherwise.

For all z € & we can pick a generic m € L, and define v;(z) := V;(m) because then
V} is constant p-a.e. in L,, as shown in Step 3. By construction, we have

Vi(m) = v(Xy(m)) for p-a.e. x € R\ Nx,.

Using that u(Nx,) = 0, we get the claim. Finally, since ||V || .22® 0 = [|ve]l.22(®,00)
with g; := X;#u, we have that v, € Z?(R, g;). Then we use Lemma 3.4 O

Proof of Theorem [3-3. Notice first that #%, is a closed subspace of Z?(R, i), and
that the velocity V; is an element of that subspace for a.e. t € R; see Lemma
Combining Lemma with Theorem 1] we obtain that (V — V;, W) < 0 for all
W € #x,, which implies that V; is the orthogonal projection of V onto ., .

There exists vy € Z?(R, g;) with g; := X;#u, such that V; = v; o X; p-a.e.; see
the proof of Lemma[3.6l Notice that since X € €, by assumption, we have Xg = X
and therefore g = Xo#u = X#u = 0. For any ¢ € 2([0,00) x R), we get

- / (0, 2) p(dz) = — / (0, X (m)) u(dm)
R

R

- [ & (Lot Xy ) ar

Recall that the map t — X; is differentiable for a.e. t € R, with velocity V; = vso0 X4
where v; € Z?(R, g;). For a.e. t € R we can therefore write

% ([ et xutm utam) )

BS

Dusp(t, Xu(m)) + Vem)uig (1, Xe(m)) ) p(dm)

T

Duip(t, Xo () + vo(Xe () Daco (b, Xe(m)) ) po(dm)

/N

Oro(t, ) + ve(x) 0 p(t, :C)) o+(dx).
€ 2(]0,00) x R), we have
- /R 0(0,2) o(dz) = /O /R (8t<p(t,a:) n vt(x)[?zw(t,x)) 0.(dz) dt.

This proves that (g, v;) satisfies the continuity equation in the distributional sense.
Similarly, for any test function ¢ € Z([0,00) x R), we can write

—/RC(OJ)T)(SC) o(dx) = — [ ¢(0, X (m))v(X (m)) p(dm)

R

—

R
It follows that for all

A
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We used the fact that, by assumption, the initial velocity is of the form V=0v0oX
(thus V € s%; see Lemma[34). For a.e. t € R, we can write

% (/R%ﬂ(t, X (m))V (m) u(dm))
— /]R (at@(t,Xt(m)) + V}(m)aw(p(t,Xt(m))>‘7(m)u(dm)

- / (But, X)) + (X (m))Dp(t, X (m)) ) V () ().

Since V; is the orthogonal projection of V onto .#%,, we get that
| (Buott, Xom) + 0 (Xs )0t Xeom) ) Vo) ()
= [ (Brpte, Xatm) + on(Xsm)) (e, Xom) ) Vi) )
= [ (Brpte, Xatm) + 0 (Xsm)) (e, Xom) o (Xs ) )
- /R (Gup(t,2) + v (@)ap(t, ) ) 0u() 01(d2).

using the fact that m — 9,p(t, Xi(m)) + v (X (m))Osp(t, Xi(m)) is an element of
Hx,. Tt follows that for all ¢ € 2([0,00) x R), we have

_/R( )o(@) olde) / / Oup(t, ) +ve(@ )6w90(t7x)>vt($)9t(d$)dt.

This proves that (g, v;) satisfies the momentum equation distributionally. O

Remark 3.7. Theorem [3.3] covers the special case u = g, for which (X, V) = (id, ?).
More generally, if there are two sets of initial data (;, v;), i = 1..2, and if (X;, V;) are
the monotone transport maps and initial velocities correspondmg to the reference
measure p € P5(R), then the transport maps X; ; defined as in (B8] satisfy

1 X1, — Xo il 22 ) < 11 X1 — Xollgz@u + [HIVI — Vall 22 p)

for all ¢ € R since the metric projection onto closed convex subsets of Hilbert spaces
is a contraction. In particular, this implies the uniqueness of the transport map Xy,
from which the uniqueness of the induced density o; := X;#u follows. The Eulerian
velocities v; are determined by the orthogonal projection of V onto the space #,,
which is also unique. We conclude that within the framework of solutions obtained
from (B:8), we obtain both global existence of solutions to (I]), and uniqueness.
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