PROJECTIONS ONTO THE CONE OF OPTIMAL TRANSPORT
MAPS AND COMPRESSIBLE FLUID FLOWS

MICHAEL WESTDICKENBERG

ABSTRACT. The system of isentropic Euler equations in the potential flow
regime can be considered formally as a second order ordinary differential equa-
tion on the Wasserstein space of probability measures. This interpretation can
be used to derive a variational time discretization. We prove that the approx-
imate solutions generated by this discretization converge to a measure-valued
solution of the isentropic Euler equations. The key ingredient is a characteri-
zation of the polar cone to the cone of optimal transport maps.
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1. INTRODUCTION

We are interested in compressible fluid flows in the isentropic regime, where the
thermodynamical entropy is assumed to be constant throughout time and space.
In this case, the compressible Euler equations take the following form:

Qo+ V- (ou)=0

O(ou) + V- (pu®u)+ VP(g) =0

for the unknowns (g, u): [0,00) x R* — U with U := [0, 00) x R%. The nonnegative
function g is called the density; it describes the distribution of mass in space and

time. The R%valued function u is the Eulerian velocity field. The pressure P is
related to the internal energy U of the fluid via the relation

P(r)y=U'(r)r —U(r) forallr>0. (1.2)

} in [0,00) x R, (1.1)

We will mostly consider the case of polytropic gases, for which

P(r) =kr? forallr >0, (1.3)
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with constants v > 1 and x > 0. We assume that
(0,u)(0,-) = (g, @) for suitable initial data (g,1): R¢ — U.

For smooth density/velocity (g, u), the system (1.1) implies an additional conser-
vation law for the total energy density defined as

E(r,u) == irjul?+U(r) for all (r,u) € U.

In fact, we have that
o (3ol +U(0)) + V- ((;g|u|2 + Q(g))u) —0 in[0,00) xR, (14)
where the function @ can be expressed in terms of the internal energy as

Q(r)=U'(r)r forallr >0.

Equation (1.4) implies that for smooth solutions (g, u) the total energy is conserved.
A typical phenomenon in compressible fluid dynamics, however, is the occurrence
of jump discontinuities (shocks) in the conserved quantities, so (1.4) cannot hold
globally. Since (1.1) describes a closed system, in which no energy is injected from
outside, a reasonable relaxation of (1.4) is to require an inequality

(1ol +U@) + - (3ol + @@)u) <0 (L5)

in the sense of distributions. This inequality implies that energy can only decrease
(be transformed into different forms of energy not represented in the model, such as
heat), but no energy can be created. The total energy E is convex in the conserved
quantities (g, pu). As a consequence of (1.1) and (1.5), one obtains that

(1) The Total Mass is Conserved.
For all ¢ € [0,00) we have

/Rd o(t,z) dz = /R o(z) da. (1.6)

(2) The Total Energy is Nonincreasing in Time.
For a.e. 0 < t; <t < 0o we have

/m (%Q\uP + U(g))(tz,x) dx < /Rd (%Qllll2 + U(Q))(tlax) da. (1.7)

We assume that the initial data (g, ) has finite total mass and total energy. Then
(1.6) and (1.7) imply that the mass and total energy stay bounded for all time.
Pairs of functions (1,¢): U — R x R? with the property that

in all open sets in [0,00) x R? where the solution (g,u) of (1.1) is smooth, are
called entropy/entropy-flux pairs. Due to the occurence of shocks, equation (1.8)
cannot hold globally, so one typically requires a differential inequality in the sense
of distributions, for all entropy/entropy-flux (7,¢) such that 7 is convex in the
conserved quantities (o, ou). This assumption is called an entropy condition.

In one space dimension, there exists a large class of convex entropy/entropy-
flux pairs. They provide a priori estimates that are crucial for all global existence
results that are available for this case; see [16] and the references therein. In the
multidimensional case, the only entropy seems to be the total energy. Dafermos [9]
suggested to strengthen the entropy condition for conservation laws by looking not
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for any weak solution that satisfies the entropy inequalities (like the one in (1.5)
for solutions of the isentropic Euler equations (1.1)), but instead to look for that
particular solution for which the total entropy (total energy in the case of (1.1))
decreases as fast as possible. Such a steepest descent approach has already been
very successful in the context of certain degenerate parabolic equations. It was first
developed by Otto [22] for the porous medium equation and relies on the theory of
optimal transport and the calculus of variations.

To explain the approach and to introduce some notation, let us explain Otto’s
result in some detail. Let P and U be the pressure and internal energy introduced
above, satisfying the relation (1.2). Then the porous medium equation

dro— AP(p) =0 in [0,00) x R? (1.9)

can be considered as a gradient flow on a suitable manifold, in the sense that the
solutions of (1.9) are precisely those curves along which the internal energy

U(p) := /Rd Ul(p) dz (1.10)

decreases with maximal rate. Recall that for any gradient flow X = —~VE (X), the
following mathematical structure must be given: we need

(1) a manifold M with tangent space Tx M for X € M,
(2) a smooth function E: M — R with differential dE(X) € Tx M*, and
(3) a metric tensor g, which allows us to define VE(X) € Tx M by

9x(VE(X),V) :=dE(X)V forall V € TxM.
For the porous medium equation these objects are given as follows:

(1) The manifold is the space 2(R?) of probability measures with finite second
moments, that are absolutely continuous with respect to the Lebesgue measure £.
This space is equipped with the Wasserstein distance, which is defined by

W(Ql; 02)2 := inf { // |ff2 - $1|27(dff1,d352)1 Wi#’? = Qz‘ﬁd} (1-11)
RexR4

for all o1, 02 € Z(R?). The number in (1.11) is the minimal quadratic cost required
to transport the measure p; £? to the measure 9o£%. The map 7*: R x R — R
is the projection onto the ith component, and # denotes the pushforward. The
probability measure v on R% x R? is called a transport plan, and one can show
that the inf in (1.11) is attained. In fact, the optimal transport plan is induced by
a map: there exists a convex function ¢: R — R such that v = (id, V¢)401.

(2) For any o € Z(R%), we now define the tangent space T, Z(R?) as
the closure of {V(b: XS .@(Rd)} in the Z%(R%, p)-norm.

Then the Z?(R?, p)-inner product induces a metric on T, 22 (R%). This definition
is motivated by the fact that for any sufficiently smooth curve t — o(t) € Z(R%)
with 0(0) = g, there exists a unique u € T,Z(R?) with the property that

Do+ V-(ou)=0 in 2'(R?). (1.12)
There is in fact an orthogonal decomposition (see [5])

ZL%(RY,0) = T, Z(RY) & NoZ(RY), (1.13)
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where the normal space is the space of divergence-free vector fields:
N, Z(RY) := {W € Z*R%0): V- (ow) =0 in @/(Rd)}. (1.14)

(3) The internal energy (1.10) is displacement convex (that is, convex along the
geodesics of the metric space (2(R%), W)). Its subdifferential is defined as

AU (o) = {v € Ty 2(RY):

Uo™) >U(Q)+/

v - (r—id) g for all r € Opt(p, Q*)}7
Rd

and the unique element in OU(p) with minimal .#2(R¢, g)-norm is given by
VU'() = 0" 'VP(0).

If we now use u := —p !V P(p) in the continuity equation (1.12), then we obtain
the porous medium equation (1.9) at one instance in time.

This result has been generalized considerably, and we refer the reader to the re-
cent monographs [5,26] for more details. The interpretation of dissipative evolution
equations as abstract gradient flows on the Wasserstein space Z2(R?) suggests a
natural time discretization: Given a timestep 7 > 0 and the approximate density
o" € Z(RY) at time t" := n7, the value at time t"*! is defined as

W (0", 0)?

0"t € argmin {
2T

+U(0): 0 € f@(Rd)}; (1.15)

see [14]. One can show that this approximation converges to a solution of (1.9) as
7 — 0. Since the multidimensional isentropic Euler equations are not a gradient
flow, the above framework cannot be used. There is considerable interest recently
to develop an analogous theory for Hamiltonian systems; see e.g. [3].

In [12] we proposed a variational time discretization similar to (1.15) for the
isentropic Euler equations (1.1). For initial data (g, ) =: (¢°, u’) with finite energy
and given timestep 7 > 0, we construct approximate solutions (o™, u™) of (1.1) at
times t" := n7 with n € N by iterating the three steps of the following scheme:

(1) Velocity Projection.
(2) Free Transport.
(3) Energy Minimization.

In the velocity projection step, we substitute for u” a velocity " € Z?(R4, o")
that has the property that the vector field t” := id 4+ 74" is an optimal tranport
map (a gradient of a convex function). In [12] we used Brenier’s polar factorization
[8] to construct the new velocity @™ from the old one u™. In this paper, we propose
to compute the metric projection onto the cone of optimal transport maps instead.
We refer the reader to Section 2, where we will explain this step in detail.

In the free transport step, we push ¢"L£? forward along the optimal transport
map " = id 4+ 74", which defines a new measure §" := f’#(g”ﬁd).

In the energy minimization step, we then compute

3
0" € argmin {WW@", 0 +Up):0€ BZ(Rd)}.
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This minimization is similar to the one in (1.15) for the porous medium equation.
There exists a unique map r"*! € Opt(o"*+!, "), which is given by

n+1 . 27—2 1 n+1
r"ti=id + TVU (" ); (1.16)
see [5]. The new density/velocity (o"*!, u"*t1) then satisfy the identities
—1 2 2 -1
oLt = ((id + Tﬁ") o (id + ;VU’(Q"'H))) (o"LY), (1.17)
#

—1 27.2
wtt = o (i + i) °(id+ £ VU’<@”+1>>—TVU’<@"+1>. (1.18)

They can be justified as the minimizers of an optimization problem for the den-
sity /velocity similar to (1.15), where the Wasserstein distance is replaced by a new
cost functional called the Minimal Acceleration Cost, which measures the deviation
of particles from their free transport paths. The intuition here is that fluid particles
prefer to travel on straight lines in the direction of their velocity, but may deviate
if by doing so, the internal energy can be decreased; see [12].

Since (1.16) is a second order in 7 perturbation of the identity, equation (1.17)
indicates that up to second order, the new density ¢"*! is obtained by transporting
o" in the direction of the optimal velocity field ™. This is the discrete analogue
of the continuity equation (1.12). Similarly, the new velocity u™*! is up to second
order equal to the old velocity ™ transported in the direction of @™, minus the
pressure term VU’(o"1). This corresponds to the velocity equation

du+u-Vu+VU'(g) =0, (1.19)

which formally follows from the continuity and the momentum equation in (1.1).
The variational time discretization is well-defined (see [12] and Section 2 below).
Moreover, in each step the total energy is decreased: If we define

eow= [ (3ol +U(0) () ds

for all densities/velocities (p,u), then we have the energy dissipation estimate
2
St + 5 [ VTP e < S (120)
Rd

The second integral on the left-hand side of (1.20) allows us to control the second
order terms that appear in equations (1.17) and (1.18). We proved in [12] that a
sequence of approximate solutions generated by our variational time discretization
converges weakly to a density/velocity (g, u), which satisfy the continuity equation
(1.12). We will consider the momentum equation in Section 2.

We explained above that the porous medium equation can be considered as a
gradient flow on the space of probability measures Z(R?), and thus as a first-order
ordinary differential equation. Here the velocity is given by an “algebraic” relation
for the velocity u, which is Darcy’s law u = —VU’(p). It only involves the value
of the density at a given time. In contrast, for the isentropic Euler equations the
velocity or momentum equations involve the time derivative of u, asin (1.19). If we
think of u as a tangent vector on the manifold £(R?), then (1.19) must have an
interpretation in terms of covariant derivatives and we need a second-order calculus
for 2(R9), which has attracted a lot of interest recently. In the following, we will
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review the basics of this theory and show how the isentropic Euler equations fit
into this framework as a second order differential equations.

As is done in classical differential geometry, let us consider a curve in our man-
ifold, which is a one-parameter family of probability measures ¢t + g, € Z(R?).
We assume that a tangent vector field t + v; € To, Z(R?) is defined along the
curve. In order to differentiate v; along the curve, we first need a way to transport
vectors from one tangent space at o, to another tangent space at g;. Notice that
since Ty, Z(R?) C Z?(R%, 0;), these spaces may be very different for s # t. For
simplicity of presentation, let us assume that the curve ¢t — p; admits a velocity
vector u; € To, & (Rd) and that the vector field u; is so smooth that the flow

Xi(s) =us 0 Xy(s), X,(t)=id forall s,t
is a diffeomorphism. Then the pull-back under the flow, given by
Xi(8)(vs) :=vs o Xy(s) for all s,t,
is an isometry from .Z2(R<, o) to £?(R%, 0;). We now define the total derivative

—v; := lim —Xt(s)(vs) — Ve

. 2Rd
o lim p— in Z(R% o). (1.21)

Even if the vector field is tangent along the curve: that is, if v; € Ty, Z(R9) for all
t, the total derivative %vt in general is not a tangent vector. In order to restore the
tangency, we combine the total derivative with a projection: Recall that .Z?(R¢, )
admits an orthogonal decomposition into the space of tangent and normal vector
fields; see (1.13). We define the orthogonal projection

Py, : 32(Rd7gt) — Tgt@(Rd)'

Then the covariant derivative of v; in the direction of u is given by

Vutvt = Pgt (th> = Pgt <8tVt +u - Vvt> . (122)
The last identity follows from the fact that the computation of the total derivative
in (1.21) requires both a partial derivative with respect to the parameter ¢ as well
as a convective derivative, which takes into account the action of the flow. One can
show that definition (1.22) is natural in the sense that it is the analogue of the Levi-
Civita connection and therefore compatible with the inner product on Ty, Z(R9).
We refer the reader to [4,13,18] for further information.

We now compute the covariant derivative of the velocity t +— u; € Ty, Z(R?) in
the direction of the flow (in the direction of u;). Recall that tangent vectors are
(limits of) gradient vector fields. Assuming that formally we can write u; = V¢,
for a suitable potential field ¢;, we then obtain the following identity

Vu,us = Po, (atv¢t + D¢y - V¢t) = V(@@ + ;V¢t|2>- (1.23)

The left-hand side represents the second derivative of the curve t — o.

We now invoke Newton’s law, which states that an acceleration must be com-
pensated by a force. For the isentropic Euler equations the force comes from the
pressure due to the presence of nearby fluid elements. We thus consider

Va,u = —VU'(00). (1.24)
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Since VU'(0;) € To, Z(R?) the projection P,, leaves the pressure term unchanged.
We combine (1.23) with (1.24) to obtain the modified velocity equation

Pgt (&ut +u; - Vut + VU,(Qt)) =0. (125)
If we again write w; = V¢, for a suitable potential ¢;, then
1 .
V<at¢t + §|V¢t‘2 + U/(Qt)) =0 in spt oy,

which is Bernoulli’s law. The second-order ordinary differential equation (1.24) on
the Wasserstein space #(R%) therefore represents the isentropic Euler equations in
the regime of potential flows, for which the velocity is a gradient vector field. The
continuity equation (1.12) plays the role of a compatibility condition for the density
and the velocity. Among all velocity fields in .Z?(R%, o;) that satisfy (1.12), the
gradient vector fields are those with minimal kinetic energy.

In this paper, we will make some of the formal arguments above more rigorous.
As usual in the theory of conservation laws, it will be important that the equations
we consider are in conservative form. In order to understand what equation (1.25)
implies, note first that in our discussion above we assumed that

R; := 0yuy +w; - Vuy + VU/(Qt) S XZ(Rd, Qt)

We will show below that such a statement is true on the level of the discretization.
By (1.25), the tangent component of R; vanishes and so the vector field R; must be
normal to the manifold 2(R9); see the orthogonal decomposition (1.13). According
to the characterization (1.14), this entails that R; is divergence-free:

V. (Qt (atllt +u; - Vut + VU/(Qt))> =0.

Using the continuity equation (1.12), we obtain that (¢, us) satisfy

V- <3t(9tut) + V- (oru @ uy) + VP(Qt)) =0

in distributional sense. We therefore only test against gradient vector fields instead
of against all R%-valued test functions ¢ € 2(R?), and so the interpretation of the
system of isentropic Euler equations as second order ordinary differential equation
on Z(R?) only implies a modified momentum equation. The full information from
(1.1) is restored when we take into account the fact that velocity fields are supposed
to be tangent and therefore gradient vector fields.

Here is an outline of our paper: In Section 2, we will discuss the metric projection
of vector fields in .Z2(R<, p) onto the closed and convex cone of optimal transport
maps, which are gradients of convex functions. In Section 3, we will show that the
difference between a given vector field and its metric projection can be expressed in
terms of a matrix-valued measure, which we call a stress tensor field. We will derive
bounds on the stress tensor. In Section 5, we will consider a sequence of approximate
solutions to (1.1) that are obtained from our variational time discretization in the
limit 7 — 0. We will show that a suitable subsequence converges weakly, and in
fact generates a Young measure that captures possible oscillations. In Section 6,
we will show that this Young measure is a measure-valued solution to (1.1).
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2. VELOCITY PROJECTION

In the following, we will denote by Z2(R%) the space of probability measures on
RY with finite second moments. We will use the short-hand notation ¢ < £% to
indicate when a measure g is absolutely continuous with respect to the Lebesgue
measure £¢. To simplify the notation, we will not distinguish between a density o
and its induced measure o£% whenever the meaning is clear from the context.

For any ¢ € Z(R?) we define the tangent bundle

T#(R?) = {(g, u): o€ Z(RY),ue TQ@(Rd)},
with tangent spaces T, Z(R%) given as
the closure of {V(p: pE .@(Rd)} in the Z%(R%, p)-norm.

We will occasionally write {a,b) := a - b for all a,b € R? for the Euclidean inner
product, and we will denote by 7*: RN¥? — R? the projection of RV? = (R%)N
onto its (k + 1)st factor, where N e Nand k=0...N — 1.

Definition 2.1 (Distance). Let o € Z(R%) be given. Then we define
Py(R*) .= {’7 € P(R*): nhy = g}.

We introduce a distance as follows: For any v!,~v2 € Z22,(R2%) we let
Walr' 7= [ Wiko2)? o),

where ¥ (dz, dy) =: v (dy) o(dx) with k = 1...2 denotes the disintegration of v*
with respect to 9. Here W is the Wasserstein distance defined as

W (o1, 02)* := inf { // |zo — 212 y(day, das): wity = Qi}
R4xRd4

for all 01,00 € Z(R%). The inf is attained for an optimal transport plan -y, which
is supported in the subdifferential of a lower semicontinuous, convex function. We
denote by Opt(o1, 02) the set of optimal transport plans from g1 to gs.

Definition 2.2 (Transport Plans). Let o € Z(R?) be given.
(i.) Admissible Plans. For any v!, 4% € 2,(R??) we define

Admo(y',7?) i= {a € PRM): (0, 7))o = 4, (70, 7)o = 7 ).
(ii.) Optimal Plans. For any v!,v% € Z,(R??) we define

Optg('yl7'72) = {a € Admg('yl,'yQ):
Wo(v'v?)? = / y' — o2 a(dx,dyl,dyz)}.
R34

Theorem 2.3. Let o € Z(R?) be given.

(i.) The function Wy is a distance on P,(R??) and lower semicontinuous with
respect to the weak convergence in 2(R2?). We have

Woy' 4?2 =  min /|ylfy2|2a<d:c,dy1,dy2>
a€Adme(y!,7?) JRa3d

for all y1,v? € P,(R?%). In particular, the set Opty(yt,v?) is nonempty.
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(ii.) The set (Z,(R>*?), W) is a complete metric space.
Proof. We refer the reader to Section 4.1 in [13]. O

Remark 2.4. An important subset of &2,(R??) consists of those measures v that are
induced by maps: there exists a function r € .Z?(R%, p) such that v = (id,r)xo.
Note that if v, 4% € Z,(R?%) and ~! is induced by a map r!, then

Walr' 7 = [ i) -y dy).
as follows from (5.2.12) in [5]. If in addition 42 is induced by a map r?, then

Walr 7 = [ i) =) ofda),

which is the usual Z?(R?, p)-distance between r! and r?. We thereby identify the
Hilbert space .#2(R4, o) with a closed subset of (Z,(R2?), W,).

Consider now the set of optimal transport maps
Co = {r € Z*R% 0): (id,r) 40 € Opt(o, r#g)} (2.1)

and the set of induced optimal transport plans Cp := {(id,r)x0: r € Go}. Let us
also introduce the isomorphism ¢ : €, — C, defined by

((r):=(id,r)xp for all r € %,. (2.2)
Using Remark 2.4, we find that for all r!,r? € €, we have

Wo (1), 6%)) = ' = ¥l 22 e o)

so the isomorphism (2.2) is an isometry if %, is equipped with the usual .#?(R¢, o)-
distance, and Cy is equipped with the distance W of Definition 2.1.

Remark 2.5. We emphasize the fact that we only consider optimal transport maps,
not plans. This is no restriction if the measure p is absolutely continuous with re-
spect to the Lebesgue measure. Our choice is motivated by the connection between
the metric projection onto %, and the sticky particle dynamics for pressureless gas
dynamics. We refer the reader to Section 5 for further information.

Proposition 2.6. Let o € 2(R?) be given and let €, be the set of optimal transport
maps defined by (2.1). Then %, is a closed, convex cone in L*(R?, o).

Proof. Consider first a sequence of optimal transport maps r" € %, with r* — r
for somer € #?(R, p). Then the induced optimal transport plans ¥" := (id, ") 40
converge narrowly to the plan v := (id,r) g0 € P,(R?*?); see Lemma 5.4.1 in [5].
But the narrow limit of a sequence of optimal transport plans is again an optimal
transport plan (see Proposition 7.1.3 in [5]), and therefore r € %.

Recall now that a transport plan v € £ (R?2?) is optimal if and only if its support
is cyclically monotone; see Section 6.2.3 in [5]. That is, if we have

N . i i
Z(ﬂ ) 20 for any N € N and any choice of (z*,3") € spt~y (2.3)

with i = 1... N, where 20 := 2.

i=1
Notice that the plan v, := (id, b)x e, which pushes g forward to the Dirac measure
located at position b € RY, trivially satisfies (2.3). Hence %, contains all constant
functions. Consider now the optimal transport plan v = (id,r)4p for some r € %,.



10 MICHAEL WESTDICKENBERG

Define v° := (id, sr)xo with s > 0. Then (z,y) € spt~® if and only if y = sr(z),
which in turn is equivalent to (z,y/s) € spt~y. Since

N

N
Z<xz _ $i71,yi> _ SZ<1,¢ _ .’tiil,yi/8>
i=1

i=1
for any (2%,y") € spt~?, and since spt~ is cyclically monotone, we obtain (2.3).
Similarly, if v¥ = (id, r¥) 40 for r* € €, and k = 1...2, then we define
Al = (id, (1—s)r! + er)#g for s € [0,1].
Then (z,y) € spt~[! if and only if y = (1 — s)r'(x) + sr?(z). On the other hand,
defining y* := r*(z) we have that (z,y*) € spt4*, for k =1...2. Since

N

N N
et -2y = (1—5)> (@' =2yt ) 45 (@t — a2t yh?)
=1

i=1 =1

for any (2%, ") € spty[*] and y** := r¥(z?), and since spt " is cyclically monotone,
we obtain (2.3). This proves that € is a closed, convex cone in .Z?(R4, g). O

For any given transport plan v € Z,(R%) we want to find an element in C, that
is closest to v with respect to the distance Wy. Since any plan 1 € Cj is induced
by an optimal transport map r € %,, Remark 2.4 implies that

Walrn = [ =@ y(de.dy).

Theorem 2.7. Let o € 2(RY) be given and let €, be the set of optimal transport
maps defined by (2.1). For all v € P,(R>?) there is a unique v~ € €, with

/ ly — r~(2))? v (dz, dy) < / ly — v(x)?y(dx,dy) for allr € €. (2.4)
R2d R2d

The minimizer r~ has the following properties:

[ = ra(a) @) (o dy) = 0 (2.
[ o= w3(0).53(@) ) (e dy) > 0 (2.)
/de (y — r~(z),b)v(dz,dy) =0 for all b € RY. (2.7)

Proof. To prove the existence of a minimizer, note that (2.4) is equivalent to

||"7/ — r"/||$2(Rd,g) < ||"_}/ — r”fo(Rd,g) for all r € ng, (28)

where vy(dz, dy) =: v,(dy) o(dx) is the disintegration of vy and

¥(x) ::/ y7.(dy) for p-a.e. x € RY
Rd

is the barycentric projection. This shows that the optimal transport map ry € 6, is
the metric projection of the barycentric projection ¥ € Z2(R?, ) onto the closed,
convex subset €, of Z?(R%, g). Its existence and uniqueness are well-known.
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Since %, is in fact a cone in the Hilbert space .Z?(R%, o), the minimizer r, is
characterized by the following condition (see Lemma 1.1 in [27]):

/Rd F(z) — vy (z),r~(x) —r(2)) 0(dz) = 0 for all r € 6.

By definition of 7, this inequality is equivalent to

/RN (y — ry(x),ry(x) — r(2)) y(dx,dy) >0 for all r € Co. (2.9)

Using this estimate for r = 0 and r = 2r~, which are both in %, because of its cone
structure, we obtain (2.5). Inequality (2.6) follows from the choice r = id.
Notice that using (2.5) in (2.9), we find that

/de (y —rvy(x),r(x))v(dzr,dy) <0 forall r € . (2.10)
Applying this estimate with r = +b and b € RY, we get (2.7) O
Remark 2.8. There is an equivalent characterization of T,Z(R?) as
the closure of {)\(r —id): r € €p, A > 0} in the Z?(RY, )-norm;

see Theorem 8.5.1 in [5]. For all optimal transport maps r € €, we have that id+r
is again optimal because %, is a convex cone. Hence €, C T, Z(R?). Using the
decomposition (1.13), we then find that inequality (2.8) is equivalent to

[Pe(7) — |l 22 (mi,0) < [|[Pe(7) — vl g2(ma,y forall r € €, (2.11)

where Pp: Z?(R%, 0) — T, 2 (R?) is the orthogonal projection. To compute the
metric projection of v onto the cone of optimal transport maps, we therefore only
need the tangent component P,(%) of the barycentric projection of +.

Remark 2.9 (Polar Cone). Inequality (2.10) is equivalent to

/ (5 — (2),v(x)) o(dz) <O for all ¥ € G, (2.12)
Rd

which means that the difference 4 — r~ is an element of the polar cone of %,. Again
we may replace 7 by its tangent component P,(¥); see Remark 2.8.

We now want to rewrite the discussion above in terms of wvelocities instead of
plans. To this end, consider the bijection H,: R?** — R2¢ defined as

H.(2,8) = (z,z + 7€) for all (z,&) € R*,

where 7 > 0 is some fixed number. Its inverse function is given by

H-Y(z,y) := <x, y= m) for all (z,y) € R*,

and the pushforward under H, is an automorphism of Z,(R?2?) for any o € Z(R9).
To every transport map r € .Z?(R%, p) we can assign a velocity u € .Z?(R¢%, o) by
defining r =: id + 7u. In a similar fashion, to every transport plan v € Z,(R>2)
we can assign a generalized velocity by p = (H 1) gy € Z,(R?).
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Theorem 2.10 (Velocity Projection). Let o € Z(R?) and T > 0 be given. For any
measure p € Po(R??) we consider the transport plan vy, := (H;)gp € Po(R??),
and we let rur € L?(RY, 0) be the uniquely determined optimal transport map of
Theorem 2.7, with v = y.-. Then we define a velocity up,- € L*(R%, o) by

rp,r =:id + Tup,r o0-a.e., (2.13)

which has the following properties:
[ 6= (o)t ra e (o) (e d) =0, (2.14)
| @ otdn) + [l v @) uidode) < [ (6P wldo.de). (215)
R4 R2d R2d

/ (€ —upr(2),b) u(de,d€) =0 for allb e R (2.16)
R2d

Proof. The equalities (2.14) and (2.16) follow immediately from the definitions and
Theorem 2.7. To prove (2.15), notice first that (2.6) and (2.13) imply that

0< /de (y—rpqr(x),rpr(x) — ) Y, (dz, dy)
- A2d<($ +78) — (x + Tupr (7)), Tup,r () p(dr, dS)

- 7-2 — Up,7(Z), Op, 7 (T T, ,
=72 [ (6 e (0. e (o) (e )
and so
—9 [R &t (2) p(d, d€) < -2 [R g (2)[? o(da). (2.17)

Expanding the quadratic term in (2.15) and using (2.17), we obtain the result. O

3. STRESS TENSOR

In this section, we will show that the difference in Theorem 2.10 between the ve-
locity distribution determined by the measure p € Z,(R??) and the optimal trans-
port velocity uu,r € Z?(R?, g) can be decomposed into the divergence of a matrix-
valued measure field, which we will call a stress tensor field, and a divergence-free
component. We will derive a precise estimate on the size of the stress tensor.

We write S¢ for the set of all symmetric (d x d)-matrices, and S_‘f_ resp. Si+
for the subsets of positive semi-definite resp. strictly positive definite matrices. For
any A, B € 8% we denote by (A, B) := tr(AB) the inner product.

Theorem 3.1 (Stress Tensor). Fiz 7 > 0. For any 0 € Z(R%) and p € P,(R?*?)
let up,r € L?(R4, ) be the velocity projection of Theorem 2.10. Let

CN,T = ﬂ — Up,7 S 32(Rda Q)7

where p(dz,d€) =: u,(d€) o(dz) is the disintegration of p and

a(x) == /Rdﬁum(dﬁ) for o-a.e. x € RY.
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Then there exists a measure op,r € ///(Rd,Si) with the property that
(D%, 0ur) =V (Cus) in2'(RY), (3.1)

/ tr(op,r) < —/ (id, Cp,r)o dz. (3.2)

Using (2.14) in (3.2), and then inequality (2.15), we obtain

1/2
/ tr(a'p,,‘r) < T (/ |€|2 [,L(dl', df))
Rd R2d

1/2
< ([ leP utrde) = [ uarl?o) 53)

Proof. We modify the argument in [17]. For any measurable function f: R — R
we denote by [f] € 2'(R?) the distribution defined by integration against f:

[f1(p) == fodr for all p € 2(RY).
RCL

To simplify notation, we will omit the subscript p,7 in the following.

Step 1. It is well-known [11] that a distribution 7 € 2'(R%) is induced by a
convex function if and only if D?°T € 2'(R%,8¢). That is, if T(D?p) is a symmetric
and positive semi-definite matrix for all ¢ € Z(R?) with ¢ > 0, so that

(v, T(D*p)v) >0 for all v € RY. (3.4)

This is equivalent to the following statement: the distribution 7" is induced by a
convex function if and only if for all p € 2(R?) with ¢ > 0, we have

(A,T(D?*p)) >0 for all A€ ST, with tr(4) = d. (3.5)

Indeed, assume that (3.4) holds. Any A € 8¢, can be written in the form

d
A= Z e e, (36)
=1

where A\; > 0 are the eigenvalues of A and e; are the corresponding eigenvectors,
which form an orthonormal basis for R%. This implies that

d

(4, T(DQ@» = Z i (eq T(D2<p)€i>,
i=1
which is nonnegative because of (3.4), and so (3.5) follows.
Conversely, assume that (3.4) does not hold and there exist a ¢ € 2(R%) with
¢ > 0 and a vector v € R? such that (v, T(D?*p)v) =: § < 0. Without loss of
generality, we may assume that |v| = 1. Then we define

o = sup {|(w,T(D2<p)w>|: we R |w| = 1}’

which is a finite number. Now fix some orthonormal basis {e; := v, es,...,e,} and
an € > 0 sufficiently small such that § + (n — 1)ae < 0. Let

d n
A= —rc—— + E ; i |-
5 (n_1)e (v QRv+e e; ® ez>

=2
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Then A € 8¢, with tr(A) = d and we have that

(A, T(D*p)) = 1+<nd_1>€ <<U7 T(D*p)v) + 5;(% T(D2<P)€i>>
0+ (n—1)ae

Therefore, if (3.4) does not hold, then (3.5) does not hold either.
This proves the following identity:

Do (RY) = (V{Z4(R?): A € 81, with tx(4) = af, (3.7)

where
Dlons(RY) i= {T € 7'(RY): T = [¢] with ¢: R — R us.c. convex},  (3.8)
7', (RY) := {T € 2'(RY): (A, DT >0in .@'(Rd)}. (3.9)

Here we assumed without loss of generality that the convex functions in (3.8) are
upper semicontinuous. Recall that a convex function is continuous in the interior of
its domain. By linearity, we have (A, T(D?p)) = T({A, D?p)) for all ¢ € Z(R?).
It is easy to check that both (3.8) and (3.9) are convex cones.

Step 2. Any A € Sjir . admits a unique square root given by

d
BZZZ\/);%@QESi_i_,
1=1

where )\;, e; are the eigenvalues and eigenvectors of A introduced in (3.6). In order
to simplify notation, we will work with B instead of A = B? in the following.
Defining the linear map £p(z) := Bz for all x € R?, we obtain that

(B2, D*)(polp)=(Ap)olg forall pc 2(RY).
Consider now any T € Z},,(R?). Then

(A(T o 63)) (p) = T(%)

_ T<<Bz771>e(tw;|63—l)) _ <<327D2>T) (%), (3.10)

Notice that ¢ € 2(R%) implies pp := polg-1/|det B| € Z(RY), and that ¢ >0
whenever ¢ > 0. Therefore the distribution T := T olp € 2'(R?) is subharmonic.
It is well-known [10] that any subharmonic distribution is induced by a subharmonic
function, so that T = [¢p], where ¢p: R? — R may be assumed u.s.c. Since

polp-1) _ _ _ polp
T( det B| ) =Tg(p) —/Rd(bB(pdx—/Rd (q[)BoEBl)( det B| )dw.

for all p € 2(R?), we conclude that T = [¢] with ¢ := ¢p o lp-1.

Step 3. Assume now that g is smooth and g(x) > 0 for all x € R%. Let

G5 = {r € L2(R%,0): [r] = VT with T € Pl (Rd)}
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for all B € 8¢, with tr(B?) = d. Then %, p is a convex cone. To prove that it is
closed in Z%(R4, p), consider a sequence r* € €, p with [r¥] =: VT* and

r* —r in Z%RY )
for some r € Z2?(RY, p). Since g is smooth and positive, it is uniformly positive on

compact sets, and so convergence in £2(R%, o) implies convergence in %2 (R?),
which in turn implies convergence in the distributional sense. Since

O;[r*]; — ;" = 0,(0;T%) — 9;(8;,T%) =0 in Z'(RY)
for all 1 <4,j < d and all k, we obtain that
dilr]; — 9;[r)i =0 in Z'(RY).
Therefore there is a distribution 7' € 2’(R?) such that [r] = VT see [24]. Since

(B2, 031" () (B2, D7) (¢)

H H

- (% B*Vy)dz —— — (r, BV ) dz
R4 R4
for all ¢ € 2(RY) (in particular, those with ¢ > 0), we have that T € ZJ,,(R?).
Therefore 6, is a closed, convex cone for all B € S, with tr(B?) = d.

Let €, be the closed, convex cone of optimal transport maps introduced in (2.1).
Since p is absolutely continuous with respect to the Lebesgue measure, every r € %,
is defined only almost everywhere with respect to £¢. On the other hand, every
cyclically monotone subset in RY x R? is contained in the subdifferential of a convex
function, which is single-valued everywhere outside a H¢~!-rectifiable set; see [1].
An optimal transport map in %, with ¢ absolutely continuous with respect to £?
is therefore uniquely determined as the gradient of a convex function. Hence

Gy = {r e L2(R%,0): [r] = VT with T € _@éonv(Rd)}.
As a consequence of (3.7), we then find that
%= {%,B; BeSt, with tr(B?) = d}. (3.11)

To simplify the notation, in the following we will no longer distinguish between a
locally integrable function and the distribution it induces by integration.

Step 4. We now introduce the polar cones

€5 = {C e L%RY,0): /Rd<C,I‘>Q <O0forallre ‘Kg},

%”QJ‘ = {Ce.iﬂ(Rd,g):/Rd<C,r>g<Ofor allre%”g,B}

for all B € 8¢, with tr(B?) = d. Then (3.11) implies that

2% (R, 0)
Ci = coan {%éB: B e 8t with tr(B?) = d} (3.12)

(that is, the polar cone of %, is the closure in .Z?(R¢, 9) of the convex hull of the
polar cones of €, p); see Corollary 2 to Lemma 2.1 in [27] for a proof.
We now use the following characterization:
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Lemma 3.2. For all B € 8%, such that tr(B?) = d and for all ¢ € %ng there
exists a nonnegative function f € LY (R®) with the property that

<BQ7D2>f =V-(e€) in ‘@/<Rd); (3.13)
d f(z)dx = —/ (x,¢(z))o(x) du. (3.14)
Rd Rd

Before proving Lemma 3.2 let us finish the proof of the proposition. Let ¢ € €;-
be given. By (3.12), there then exist sequences of integers Ny € N and

By € 8¢, with tr(BR ;) =d, i €[0,1], i €%op,,

for all 1 < i < Ny, with the property that E 1 Ak =1 and
k‘,
Co =Y MniChi — ¢ in 2R ). (3.15)
i=1

By Lemma 3.2, for every (y, ; there exists a nonnegative fy ; € L1 (R4) and
(D?, f, sz i) =V (0€;) in 7'(RY).
d [ pu@yde== [ @Cutaota)da.

‘We now define

Ny,
o = Z)‘k,ifk,iBI%,i S fl(Rd,Si).
i=1
By linearity, we then have
(D*,01) =V - (C),) in 2 (RY), (3.16)

| wonends = - [ (¢l da. (3.17)
Rd Rd

Because of (3.15), the right-hand sides of (3.16) and (3.17) converge to the right-
hand sides of (3.1) and (3.2). In particular, the Z! (R%)-norm of tr(e,) is uniformly
bounded. Recall that for positive definite matrices the trace is equivalent to the
trace-norm and thus to any matrix norm. Therefore the sequence {0} is uniformly
bounded in .Z (R?,8¢). By Banach-Alaoglu, there exists a subsequence (which we
still denote by {o} for simplicity) and a measure o € .#(R%, S8¢) such that

o — o weak® in .#Z (R, SY). (3.18)
This implies that (D% o) — (D2, ) in 2'(R%), and so (3.1) follows.
To prove the estimate (3.2), we first note that

/m tr(e) = sup { /Rﬁwvff% w € G(RY, 8%, plw(z)) < 1for all z € Rd},

where p(A) := max{(v, Av): [v| < 1} for all A € 8 see [7]. Since ¢;,(R%,S?) is
separable, the functional o — fRd tr(o) is lower semicontinuous with respect to
the weak* convergence of measures. Because of (3.18), we therefore obtain

/ tr(o) < liminf tr(og).
Rd

k—oo  JRd
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Step 5. We consider now a general density o € Z(RY) and ¢ € €,-. Let
oo (z) == e % (x/e) forall z € R and € > 0,
where @1 (2) := wq exp(—|z|?) and wy is chosen such that [p. ¢1(x)de = 1. Let
0- = o0xp. and (0€): = (0€) * p-.

Since g-(z) > 0 for all z € R%, we can define ¢, := (0¢)./0-, which is smooth for
all € > 0. Since ¢ is an even function, we have that

/ 2P0 () de < &2 / |21 (2) dz + / wl? o(dy),
Rd Rd R4

and so o, € Z(R%) for all £ > 0. We now use the following identity:

/Rd ICIQst%p{/Rd (— |§|29+2<QC7£>)}, (3.19)

which holds for all densities o € Z(R%) and vector fields ¢ € Z%(RY, o); see [6].
The sup in (3.19) is taken over all vector-valued ¢ € %3, (R?). This yields

/RdICEIQQEdz—sgp{/Rd (— (|§|2)€+2<<,§5>)Q}
<81§p{/Rd (* |€s|2+2<g,gs>)g} g/Rdsz,

where & := € x .. We used Jensen’s ineqality to estimate

(7). @)= [ lewPote =y > ( [ lelocte - dy)2

W)z —y)dy| = ‘§E(I)|2

L.
for all z € R%. Hence ¢, € Z?(RY, o.).
Consider now an r € %,.. Note that since g, is smooth, every optimal transport
plan over . is in fact induced by a map. To prove that the convolution r. := r* .
is well-defined, let f be any component of the vector-valued function r. We denote
by fi := max{f,0} its positive part. We choose a sequence {s*} of simple functions
with 0 < s¥(z) < s**1(2) < fi(2) for a.e. z € R% and k € N, and s¥(z) — f. ()
as k — oo. Since s* is bounded, the convolution s¥ := s¥ x ¢ is well-defined. By
Jensen’s inequality, we have that s¥(z)? < (s¥)2 x p.(z) and therefore

[ st@redn < [ sS@ledns [ fiefowdn (20

R4 R4 R4

which is finite since r € .Z?(R, o.). By monotone convergence, we have that
st(z) = /Rd " (y)pe(x —y) dy — / F+@)pe(z —y) dy = f1(x)

for all z € RY. By Fatou’s lemma and (3.20), we obtain that

/Rd f+,e( o(dx) / fy( Qs

In particular, we have that f . is finite p-a.e., and so f; . = fy * . is well-defined.
Repeating the same argument for the negative part of f and for all other components
of r we get that r. := r % ¢, is well-defined and r. € Z?(R?, o). Moreover, since
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r coincides with the gradient of a convex function, and since convolution with a
nonnegative function preserves the convexity, we conclude that r. is still an optimal
transport map and thus r. € %,. For all r € %,. we have that

[ emeda= [ (e0mpdo= [ (crae (321)
Rd Rd Rd
By choice of ¢, the integral in (3.21) must then be nonpositive, thus ¢, € €,t.
By Step 4, there exists a stress tensor field o, € fl(Rd,Si) such that
(D% 0:) =V - (0¢). in Z'(RY). (3.22)

Moreover, we have the estimate

/m tr(o.) = */Rdﬁd, (0€)c) dz = 7/Rd<id5,c>g (3.23)

< |id]] 22 (ra,0) [I€].22 (R, 0) 5

where we used that id. := id x ¢, = id for all € > 0 because ¢, is an even function.
Therefore the sequence {o.} is uniformly bounded in .#(R%,S¢). By the Banach-
Alaoglu theorem, there exists a subsequence (which we still denote by {o.} for
simplicity) and a measure o € .#(R%, S8%) such that

o. — o weak* in .#(R% S}) as e — 0. (3.24)

This implies that (D?,o.) — (D? o) in 2'(R).
Since ¢. == ¢ * p. — ¢ in Z(R?), we also have

/RJW»@OEWH /R (V6.C)0— /R (V6.0 0.

Identity (3.1) now follows from (3.22). To prove the estimate (3.2), we proceed as
we did in Step 2, using the lower semicontinuity of the map o — fRd tr(o) with
respect to the weak™® convergence of measures, and the convergence (3.24). d

Proof of Lemma 3.2. We split the proof into several steps.

Step 1. We consider first the case when B = id, for which we have (B?, D?) = A.
Let ¢ € %;:id be given and recall that o¢ € £ (R?) because of Holder’s inequality.
For p — 1 > 0 small and » > d(1 — 1/p) there exists a constant C' > 0 such that

o€l —romay < Cllo€l| 21 (re),

by Sobolev embedding. If d > 2, then we obtain a solution of the equation

Af=V-(o¢) in Z'(R%) (3.25)
by computing the integral transform

fi=(=8)72R - (= 00),
where R := (—A)~'/2V is the Riesz transform and (—A)~'/2 denotes the fractional
integration operator. For d = 1 we use the Hilbert instead of the Riesz transform.
Since p > 1 the Riesz/Hilbert transform is continuous from % ~"P(R?) into itself.
The fractional integration is continuous from % ~"?(R%) to .Z¢(R%) with

dp d

7= d—p(l—r) Sd-1
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We refer the reader to [25] for further information. By choosing r sufficiently close
to d(1 — 1/p) we can obtain ¢ arbitrarily close to d/(d — 1), thus ¢’ close to d.

We claim that the function f defined above is nonnegative. To prove the claim,
consider any g € Z(R?) with g > 0. If ¢ is the solution of A¢ = g given by

9(y) d
¢($)WdeWdy for all z € R

(with the usual modification for d = 2), then ¢ is smooth. Here wy is some constant
depending only on d. If d > 3, then ¢ decays like |z|>~% as |z| — co. If d = 2, then
¢ grows logarithmically. If d = 1, then ¢ is linear outside a compact set.

We now choose ¢ € Z(R) such that ¢ is even,

1 if|s

o(s) €[0,1] forall s e R, and ¢(s) = {O i s :
i

<1
3.26
g (3.26)

We define 1, € 2(R%) for all s > 0 by
Vs(x) == @(s|lz])p(z) for all z € RY,
and then test (3.25) against ¢s. For the right-hand side, we obtain

_/r{d<V¢s($)aC($)>Q($)dm:_S/Rd ‘Pl($$|)¢(x)<|x7C( )> ( )dm
~ /R sl (Vo(a), ¢ () o) do.

If d > 3, then we can estimate the first integral on the right-hand side as

s [ ¢ laoo){ 5.¢(0) Yolo)da

< 5[l || oo (m) |0l 2o (mey || €€ || 21 2y —> O as s — 0.

A similar estimate holds if d < 2 since ¢ grows at most linearly and ¢ € Z%(R?, ).
Moreover, by dominated convergence we obtain that

—/Rd p(slz)(Vo(z), C(x))o(x) de — — | (Vo(z),((x))o(x) dx

Rd
since sup,cgra |@(s|z])Vé(x)| < 0o and ¢(s|z|) — 1 for all z € R? as s — 0.
For the left-hand side of (3.25) we find

[ s@su@d=s [ MD[|-VM@+
+¥/'ﬂmwwmw@Mx
/ f(z o(sl|z]) dz (3.27)

Recall that ¢(s|z|) =1 if |x| < 1/s. Since g has compact support, the last integral
in (3.27) equals [g, fg for s small enough. If d > 3, then we estimate

/ f@)e" (s|z])(z) dax <SQIIw”IIxoo(R)||¢|Izoo(Rd)/ |f ()] dzx

lo|<2/s

< Os*s™ Y| f|| gamay — 0.

d—1

7] o(x)| dx
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The constant C' < oo depends on d and ¢, but not on s. Recall that ¢’ > d and
that we can choose ¢’ arbitrarily close to d. For d = 2 we obtain a similar estimate
with an additional factor log(s~!) because ¢ grows logarithmically. For d = 1 we
obtain an additional factor s~! because ¢ grows linearly. Similarly, we have

(slal) [ o V¢(x)+d|;1¢(x)] d

Agam the constant C’ < oo depends on d and ¢, but not on s. Note that 1/|z| < s
whenever ¢'(s|z|) # 0, and that ¢(z)/|x| is bounded for large z, even for d = 1
when ¢(x) grows linearly at infinity. This yields the identity

/Rd fg=- /R (& Vo). (3.28)

Since V¢ is bounded, we have that V¢ € £%(R%, 0). We even have V¢ € € iq be-
cause A¢p = g > 0. By choice of ¢, the last term in (3.28) must then be nonnegative.
Since g € 2(R?) with g > 0 was arbitrary, we get that f > 0.

Step 2. Formally, the identity (3.14) follows by testing (3.25) against the func-
. 10: 112 . . ) . s
tion 5|id|* and integrating by parts. Since we do not know yet that f is integrable,
we must proceed carefully and prove that all integrals are well-defined. To this end,
let ¢ be given by (3.26) and define v, € Z2(R?) for all s > 0 by

< C/SS_d/q/”foq(Rd) — 0.

Vs(x) == |z>0(s|z|) for all z € RY, (3.29)
so that Vis(z) = ¢s(z)x with
bs(x) := 2¢(s|z|) + s|z|¢'(s|z|) for all z € R (3.30)

Note that
© - Vos(x) = 3s|zl¢’ (sla]) + s*|a*¢" (s]x])
=sZ¢s(z) forallz e R and s > 0.
We now test (3.25) against 1 and integrate by parts. We obtain
dh(s) + s h(s) =r(s) forall s >0, (3.31)
with
W)= [ o) f@yde and r(s) == [ o) (e C@ota) da

Note that h and r are smooth for all s > 0.
The function ¢, is bounded in .£°°(R?) uniformly in s, and ¢4(x) — 2 for all
r € R% as s — 0. By dominated convergence, we therefore obtain

r(s) — —2 /Rd (x,¢(z))o(x)dr =119 ass— 0. (3.32)
On the other hand, from (3.31) we find that
Ih(a) = BR(B) + /; 577 1r(s)ds forall 0 < 3 < a.
We claim that 8%h(8) — 0 as 8 — 0. Indeed, since f € Z9(R?), we estimate

BYh(B)] < Cp / (@) dz < B8~ || ]l agmey — O,
lz|<2/8
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where C' 1= sup,.|2¢(s) + s¢’(s)| < co and C" < oo depends on d,C, and ¢, but
not on 5. Using (3.32), we then conclude that the function

[e3
ha) = a_d/ 577 r(s)ds — ro/d as a — 0.
0
To show that f is integrable, we now apply a similar argument again: Let

k(s) := /Rd o(s|z|)f(x)dx for all s > 0.

By the definition of ¢5 and h(s) above, we have that
2k(s) + sLk(s) = h(s) for all s >0,

which implies that

k(o) = B*k(B) + /a sh(s)ds forall 0 < S < a.
B

We claim that 32k(3) — 0 as 8 — 0. Indeed, since f € Z9(R?), we estimate
B2k(B) < 2ﬂ2/ (@) dz < C" BB~ || f|| gpa(may — 0.
|z|<2/8
where the constant C”” < co depends on d and ¢, but not on 3. Recall that we may
choose ¢’ arbitrarily close to d, thus d/q" close to 1. Hence
k(a) = a_g/ ’sh(s) ds — ro/2d as a — 0.
0

On the other hand, by monotone convergence we know that

k(o) — f(z)dx asa—0.
Rd
Then equation (3.14) follows. In particular, we have that f € Z1(R?).

Step 3. If d = 1, then there is nothing left to do, so we assume now that d > 2.
Consider a general B € 8¢, with tr(B?) = d. Then we claim that

rE€%,p < TE€ %G5 (3.33)
CeEC)y — (€Cia (3.34)

where
t:=Brolpg, (:=B 'Colp, and p:=det(B)oo/lp. (3.35)

Indeed if r € 6, p and T, p are defined by (3.35), then

/ 1£(y) Paly) dy = / |Br(z)2o(z) dz,
R4 R4

which is equivalent to fRd |r|?0 since B is strictly positive definite. By the definition
of 6, 5, there exists a distribution T such that [r] = VT in 2'(R%). Recall that r
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is defined almost everywhere in R? since o(x) > 0 for a.e. z € R%. Then
| rw.e

" <
(2t
() () s
for all ¢ € 2(R?), and thus [r] = V(T o ¢5) in Z'(R%). By (3.10), we have
A(Tolp) = ((BQ,D2>T) olp in 2'(RY),

B€B1)>da¢

which is nonnegative if (B2, D?)T > 0 in 2'(R?). Hence r € €, 5 entails ¥ € €, 4.
Since B is invertible, these arguments work both ways, and so (3.33) follows.
For any ¢ € ‘K;:B and T € 65,4 let ¢, r be defined by (3.35). Then

/ ) Paly) dy = / B¢ (@) 0le) d,
R4 Rd

which is equivalent to [,

/<E(y)7f(y)>§(y)dy=/ (C(x), x(x))o(x) de,
R4 Rd

which is nonnegative since r € ‘5;7‘3, by (3.33). We conclude that ¢ € ngj,_id' Again

the argument works both Ways since B is invertible, which proves (3.34).
For given ¢ € %QLB let { € C, 1d be defined by (3.35). As shown in Step 2, there

exists a nonnegative f € & 1(R”l) with the property that
Af=V-(a€) in Z'(RY,

J Rdf(y)dy=—/ (v, Ew))aly) dy.

Recall that the .#?(R?, g)-norm of ¢ can be bounded by the .22 (R4, 9)-norm of ¢
since B is invertible. We now define f € Z'(R%) by f := f o fp-1/det(B), which
is again a nonnegative function. Then we obtain the identity

/Rd f(x)(B? D?*p(z)) dx
= [ iw(Bp2emn)a = [ Fo)(aotn)way
for all ¢ € Z(R?). Note that p o fp € 2(R?). Then (2.14) implies that
| fo (Ao ) way
= [ {ew (Voo ta)) )t dy

—— [ (¢w. BB dy =~ [ (¢(a), Vola) o) do
R4 Rd
for all ¢ € Z(R?), from which identity (3.13) follows.

¢|%0 since B is strictly positive definite. We have
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To prove (3.14), we test (3.13) against the function ¢4 defined in (3.29). Then

_ Baxl?
[ @ pun@)de=d [ @it [ f@aw T
where ¢, is defined in (3.30) and
bs(x) := 3s|x|¢ (s|x|) + s2|x|?p" (s|z]) for all z € RY.

Both ¢, and ¢, are uniformly bounded in z € R? and s > 0. Since f € Z(RY)
and since ¢4(z) — 2 and ¢4(x) — 0 for all z € R? as s — 0, we can then apply
the dominated convergence theorem to conclude that

dzx,

/ f(x)(B? D*)4(x)) dx — 2d f(x)dr ass— 0.
R4 Rd

For the right-hand side of (3.13)/(3.14), we proceed as in Step 2 above. O

4. VARIATIONAL TIME DISCRETIZATION

In this section, we discuss in detail a variational time discretization for the system
of isentropic Euler equations (1.1). This scheme is a variation of the one we proposed
n [12]. In the next two sections, we will then show that a sequence of approximate
solutions generated by this discretization converges weakly and generates a Young
measure that is a measure-valued solution of the isentropic Euler equations.

Definition 4.1 (Energy). Let U: [0,00) — R be a proper, lower semicontinuous,
convex function with U(0) = 0 such that the map r — r¢U(r~?) is strictly convex
and nonincreasing on (0, 00). We also assume for simplicity that U is nonnegative.
For o € Z(R%) we define the internal energy as

x))dxr i d
O ER

400 otherwise.

For o € 2(R%) and vector-valued m € .#,.(R%) we define the kinetic energy as

1lu(z)]? o(dz) if m = pu with u € £*(R?, o),

o = b

400 otherwise.

We define the total energy as the sum £(p, m) := K(g, m) +U(p). Occasionally, we
will write £(o,u) instead of £(p, m) with m = pu, to simplify notation.

Definition 4.2 (Minimal Acceleration Cost). For any s > 0 let

mp—x L+&f
T 2

for all x; = (z;,¢;) € R?. Then the Minimal Acceleration Cost is the functional

AS(X17X2)2 =3 + i'SQ - 51‘2 (41)

A, (py, ps)? = inf { //R2d o Ar(x1,%2)? B(dxy,dx3): B € F(p,l,/f)}, (4.2)

defined for all measures p,, py € Z(R??). Here I'(u!, u?) is the set of all transport
plans 8 € Z(R??xR2?) such that W%&ﬂ = p?, where 7¢: R?¥xR2?? — R2? denotes
the projection onto the ¢th factor with ¢ =1...2.
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For given 7 > 0, consider now ¢ € Z(R?) and u € Z?(R4, 9) with the property
that U(p) < oo and £, := id + 7u € €,. Define a measure p € Z(R?*?) by

[ eon@= [ swu@eds forall pe R, (03)
R2d Rd
with x = (x,&). We proved in [12] that for all s € (0, 7) there exists a unique

B, € aurgmin{As(mu*)2 +U(Tpp™): p* € @(RM)}, (4.4)

where 7: R? x R? — R? denotes the projection onto the first factor. The mini-
mizer p, is induced by a density o, € 2(R?) and velocity u, € Z?(R?, o) as in
equation (4.3). In fact, the new density g, is the unique

3
0s € argmin {452W(@5, 0")? +U(0"): 0" € Q(Rd)}, (4.5)

where g5 := (Fs)go with £y := id + su is the push-forward measure. Notice that
since p is absolutely continuous with respect to the Lebesgue measure, so is 0s; see
Proposition 1.3 in [19]. Moreover, there is a unique optimal transport map pushing
0s forward to g, which is given by z; := ¥, !; see Lemma 7.2.1 in [5]. Since g in

(4.5) depends continuously on s > 0 and g, (see Lemma 3.2.1 in [5]), and
W (0s,,0s,) = |51 — SQlHUHgZ(Rd’Q) for all s1,s2 € [0, 7]

because of Theorem 7.2.2 in [5], the measure g; depends continuously on s > 0. In
particular, we have that o, = lims_,, o5 with respect to the Wasserstein distance.
There is a unique optimal transport map rg pushing g5 forward to g5 given by

2 2
ry = id + %VU/(QS) for all s € (0,7), (4.6)

which is invertible since 9o, is absolutely continuous with respect to the Lebesgue
measure. We denote the inverse map by zs := r; !. Equation (4.6) is still correct if
s = 7, but then r; may no longer be invertible anymore. We have

-1

0, L% = ((id + su)_l o (id + 2382VU’(93)>> (L), (4.7)

#
1 282
u; =uo (id + su) o (id + 3VU/(QS)> —7VU'(0s). (4.8)
Moreover, we have the following energy dissipation estimate:
2
E(os,us) + - / ) VU (05)?0s dz < E(p,0). (4.9)
R

We refer the reader to [12] for more details.
For all s € (0,7) we now define a plan a, € Z(R??) by

/de o(x,y) as(dx, dy) = /Rd c,o(x,u(x),zS (f‘s(:v))) o(dx)

for all ¢ € 6,(R??), with x = (z,£). Then we have the following identities:
[ etntan = | g0 anlix.dy), (4.10)
R2d R3d
| etoman = [ el 5 avldx.dy)
R2d R3d



PROJECTIONS ONTO THE CONE OF OPTIMAL TRANSPORT MAPS 25
for all € 6,(R??), and

/Rd |VU/(QS($))|295(x)dm:/

R
where B4(x,y) 1= € — 2 ((z + s£) — y) for all x € R* and y € R?. Again we refer
the reader to [12] (in particular Proposition 4.5) for further information.

We now claim that the sequence {a} is tight: Note that the first two marginals
of a5 do not depend on s; see (4.10). The third maginal of s equals g5, and {gs}
converges with respect to the Wasserstein distance to o, as s — 7. Therefore {ps}
is a tight set. The tightness of {as} then follows from Lemma 5.2.2 in [5]. Applying
Prokhorov’s theorem again, we conclude that there exists a subsequence (which we
still denote by {a} for simplicity) and a measure o, € Z(R3?) such that

o 1Bs(%,y) — §|2 o (dx, dy),

a; — o narrowly as s — 7.

By Proposition 7.1.3 in [5], the measure 4, € Z(R>2?) defined by

/ p(x) 4, (dx) = / o(x,x + 7€) ar(dx,dy) for all € 6, (R??)
R2d R3d

is an optimal transport plan between ¢ and §,, which is induced by the map
and thus uniquely determined. Similarly, the measure v, € 2(R>2?) defined by

[ ot0m ()= [ oo+ 19 ardxdy) forall o € (R
R2d RBd

is an optimal transport plan between o, and 4., induced by r, given by (4.6).
We now define a measure pu. € Z(R?) by

[ etmetix) = [ ol Brxp)ardxdy) forall € R, (111)
RQd R3d

By lower semicontinuity, we then obtain from (4.9) the energy inequality
2

([, el a0 +uuen) + 75 [ 190G orde <o, (a12)

Note that the new state p. may no longer be monokinetic. That is, the measure
. may not be induced by the density o, and an Eulerian velocity field as in (4.3).
If we now apply the velocity projection defined in Theorem 2.10 to p,, however,
then we obtain a velocity u, € XZ(Rd, o-) with the property that id + 7u, € ..
Moreover, the kinetic energy of (o,,u,) is bounded above by the old energy:

[ dhu@Pe@de< [ HePu(ax). (4.13)
Rd R2d,

In fact, we have a more precise estimate, which gives a lower bound bound on the
energy dissipation; see (2.15). Combining (4.13) with (4.12), we obtain

2

E(or,ur) + % /Rd VU (0,)*0r dz < E(0,n). (4.14)
Remark 4.3. In [12] we chose the timestep 7 > 0 in such a way that the pushforward
measure 0, is absolutely continuous with respect to the Lebesgue measure, and so
the plan a; between o, ¢, and g, is uniquely determined by the two optimal and
inwvertible transport maps r, and r-. Here we use the velocity projection to compute
an optimal transport velocity corresponding to some fized timestep 7 > 0 and then
push the density forward in the direction of the new velocity as far as possible. This
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typically creates singular measures. In fact, in a very interesting, recent paper [21],
the authors explore the connection between the velocity projection and the sticky
particle dynamics for one-dimensional pressureless flows, which are modeled by the
system of conservation laws (1.1) with P(r) = 0 for all » > 0. Then the density
may become a singular measure in finite time. The physical interpretation is the
following: Due to the absence of pressure, fluid element do not notice each other
unless they collide, in which case they stick together to form a bigger particle. Total
mass and momentum is preserved during the collision, but some kinetic energy may
get lost. The velocity projection captures this behavior since in regions where the
given transport map is not optimal, it introduces constant segments. This implies
that a positive amount of mass may be concentrated at some location and thereby
form a Dirac measure. We refer the reader to [21] for further details.

Note that even if the optimal transport plans between ¢ and ¢, and between o,
and ¢, are unique and induced by the maps r, resp. r,, when ¢, is singular there
may be many plans o, connecting the three measures. But the precise trajectory
of fluid elements determines the new velocity through the function 3, above, which
depends on the old position/velocity and the new position. All these plans give the
same value for the minimal acceleration cost since A, reduces to the Wasserstein
distance in (4.5) from the pushforward measure g,; see Proposition 4.5 in [12]. We
therefore choose for o the limit of a; as s — 7. Notice that when the internal
energy vanishes, then the minimization (4.4) reduces to a free transport. That is,
we have p, = (F)xp, where F,(x) := (x + 7€, €) for all x = (z,¢) € R?%

Definition 4.4 (Time Discretization). Let 7 > 0 and (g,1) € TZ(R?) be given.
Then we define approximate solutions (o}, uf) € TZ(R?) at discrete times ] := kr
for all k € NU {0} by executing the steps of the following program:

(1) Initial Data
Let k =0 and o, := g. Define a measure p] € Z(R>2?) by

/ o(x) puh(dx) == / o(x,u(z))a(z)de  for all ¢ € €, (R).
R2d Rd

(2) Velocity Projection
Let uj, € £ (R, 0},) be the velocity obtained by the velocity projection
defined in Theorem 2.10 corresponding to the measure pu = pj.

(3) Energy Minimization
Let as € Z(R3%) be the plan defined above for p = pf and s € (0,7). We
denote by af_; some narrow limit of as as s — 7, and by uj,, € Z(R*)
the measure given by (4.11). Increase k by one and continue with (2).

Then we define a piecewise constant curve (o7, u”): [0,00) — TZ(R%) by
(o7, u”)(t) := (of,uy,) forallte [t7,t;,,) and k € NU{0}.
Finally, we define the momentum m” (¢) := (o"u")(t) for all ¢ € [0, 00).

Combining (2.15) with (4.14), we obtain the following result:
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Proposition 4.5 (Energy Inequality). Let the density/velocity (¢, u},) be given by
Definition 4.4 for k € NU{0}. Then we have the estimate
2

T T T T T
St + 5 [ VU )P da
45 [l i) P ke, de) < £ u).

5. YOUNG MEASURES

We consider now a sequence 7" — 0 and construct a corresponding sequence of
densities/momentums as in Definition 4.4. We will use the superscript n instead of
7™ in the following, to simplify notation. We obtain a sequence of functions

(0", m"): [0,00) x R — H for all n € N,
taking values in the set H := ((0,00) x R?) U {(0,0)}.

Our goal is to show that there exists a subsequence of {(¢", m™)} that converges
to a solution of the system of isentropic Euler equations (1.1), in a sense to be
specified below. Let us first establish precompactness of the sequence in a suitable
topology. Consistency with (1.1) will be considered in Section 6.

The only uniform bound on {(¢™, m™)} that is readily available, is the bound on
the total energy provided by Proposition 4.5. We have that

sup esssup/ E(o",m")(t,z) dx < o0, (5.1)
n  te[0,00) JRA

with E(r,m) =

1
2
= 1 ny\2 1o ny\|2,.n
ZE(T ) VU (or)|"or dz
Rd

k=1

|m|?/r+U(r) for all (r,m) € H. The energy dissipation estimate

oo

<> ([ Bl o

E(of,my) dm),
k=1

Rd
which also follows from Proposition 4.5, is too weak to enforce strong convergence of
{0"} in some Lebesgue space. We therefore try to identify a notion of convergence
that relies only on the energy bound (5.1). Let us assume for the moment that the
internal energy U is given by the power-law (1.3). Then (5.1) implies that

sup ess sup/ ((g")“’ + \m”|p) (t,x)dx < o0 (5.2)
n te[0,00) JRA

for v > 1 and p := 2v/(y + 1). By Banach-Alaoglu theorem, there exists a subse-
quence (which we still denote by {(0", m"™)} for simplicity) such that

ot — o weak® in foo([o,oo),f”(Rd)),

m" — m  weak* in £>(]0, 00), L7 (RY)),

for suitable limit density/momentum (g, m). By lower semicontinuity of the total
energy (see Section 2.6 in [2]), we find that m is absolutely continuous with respect

to the measure p£%, so that there exists a unique velocity field u € .Z?(R?, o) with
m = pu. Moreover, for a.e. 0 < a < b < oo we have the estimate

/ E(o,m)(t,z)dxdt < liminf/ E(o",m")(t,z) dx dt. (5.4)
la,b]xR4 [a,b]xR4

n—oo

(5.3)
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For more general internal energies, the above argument can be modified suitably.
Note that by Proposition 4.5, the map

t E(o",m")(t,z)dxdt for a.e.t € [0,00) (5.5)
R4
is nonincreasing in time, thus a function of bounded variation. Using Helly’s theo-
rem and extracting another subsequence if necessary, we may therefore assume that
the sequence of maps (5.5) converges pointwise to a bounded, nonincreasing limit
function. Using Fatou’s lemma in (5.4), we obtain that

/ E(o,m)(t,z)dxdt < / < lim E(0",m")(z,t) dx) dt
[a,b]x R4 [a,b]

n—oo Rd

for a.e. 0 < a < b < 0o, which implies the estimate

E(o,m)(t,z)dx < lim E(o",m")(t,z) dx
R4 n—roo R4
for a.e. t € [0,00). In general, this inequality can be strict. Estimate (5.1) does not
rule out the possibility of energy being lost due to the following mechanisms:

(1) Leakage to Infinity. There exists a sequence of subsets of R? that carry a
certain fraction of the total energy, and that move to infinity as n — co.

(2) Concentrations. It is possible that the sequence of total energy densities con-
centrates energy on a sequence of subsets in R% whose Lebesgue measure converges
to zero. In particular, it can happen that the sequence {FE(¢", m")} converges
weak™® to a singular measure. On the other hand, the density/momentum ¢ and m
in (5.3) are Lebesgue measurable, so E(g, m) does not have singular parts.

Concentration of energy also occurs when the density o™ converges to zero in
some set, while the velocity u™ grows without bound in such a way that the kinetic
energy stays finite. In that case, the weak™ limit of {F(¢"”, m™)} in the measure
sense might not be absolutely continuous with respect to o£%.

(3) Oscillations. The sequence {(o", m"™)} oscillates wildly as n — oo.

In order to show that these effects do not occur for the sequence of approximate
solutions {(¢™, m™)} we need stronger information in addition to the bound (5.1). In
the following, we will discuss sufficient conditions that prevent concentration effects.
We will also introduce a Young measure that is capable of capturing oscillations. It
will allow us to represent limits of nonlinear functions of density and momentum,
such as those relevant for the momentum equation in (1.1). Since we are interested
in distributional solutions of the isentropic Euler equations, for which test functions
are compactly supported, we are not concerned about leakage to infinity.

Our goal is to find a representation of the weak limits of sequences of the form
{F(0™,m")} for a sufficiently large class of functions F. This class should contain
all nonlinear maps relevant to the momentum equation in (1.1). In the following,
we will denote by # (H) the space of all functions defined as

m\ |ml|?

F(r,m) := o(r,m) (1 + E(r, m)) + qb(m) % +cU(r) (5.6)

for all (r,m) € H, with weights
0 e CH), ¢ec?(ST), and ceR.
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Here %o (H) denotes the closure of the space of continuous functions with compact
support in H, with respect to the sup-norm. We have the following relations:

F(rm) || ¢(r;m) (i) | ©
0 r(l + E(T,m)>_1 0 0
m m(l + E(r, m))71 0 0

Note that E(r,m) — oo superlinearly in r and quadratically in m, as either r — 0
with m # 0, or as r 4+ |m| — co. This implies that in both cases ¢ € 6, (H).
We can represent more complicated nonlinear terms as follows:

m
F(T7 m) 90(7’5 m) ¢(W> &
[m[?
—_— 0 1 0
2r
me®m 0 2m ®2m 0
r [m|
U(r) 0 0 1
P(r) 0 0 v—1

Here we assumed the equation of state for a polytropic gas; see (1.2). For more
general pressures a combination of nonzero ¢ and ¢ is necessary. In the isothermal
case with U(r) = krlogr, for which P(r) = kr, we can even choose ¢ = 0.

To simplify notation, we will often use the short-hand z = (r,m) € H in the
following. We denote by &g (H) the space of all probability measures p on H with
the property that [;; E(z) u(dz) < co. Let @ C [0,00) x R% be a compact subset.
For any n we then define a weak*-measurable map v™ € £°(Q, Zr(H)) by

//C(t,x)F(z) Vit (dz) dx dt ::/ C(t,x)F (o™, m")(t,x) dx dt
QJH Q

for all ¢ € £1(Q) and F € 6;,(H). Note that the sublevels {z € H: E(z) < R} for
all R > 0 are compact and convex. Since (5.1) implies that

sup/ /E(z) Vit (dz) dx dt < oo,
n JQJu

we can use Remark 5.1.5 in [5] to conclude that the sequence of measures {v"} is
tight, thus precompact in the narrow topology, by Prokhorov’s theorem. Therefore
there exists a subsequence of {v¥™} (which we still denote by {v"} for simplicity)
and a limit function v € Z5°(Q, Zg(H)) such that

lim / / C(t,2)F(z) vy, (dz) dx dt :/ /C(t,x)F(z) Vit (dz)dxdt  (5.7)
n—00 QJu ’ QJu

for all ¢ € Z*(Q) and F € %, (H). Our goal is to extend this convergence to all F'
from the class # (H). To achieve this goal, we need additional assumptions. Our
first assumption excludes the possibility of energy concentrating on small sets:
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Assumption 5.1 (Uniform Integrability). For all 0 < a < b < oo we have

lim 1iB(en,mm)>ryE (0", m")(t,r) dzdt = 0 uniformly in n.
R—=00 J[q,p]x R4

We claim that if Assumption 5.1 holds, then (5.7) is true for all { € .Z*°(Q) and
all F' € # (H) of the form (5.6) with ¢ = 0. Note that these F' are continuous in H.
We first prove that the sequence {F(o", m")} if equi-integrable, and thus weakly
precompact in .Z*(Q). For any ¢ > 0, there exists R > 0 with

sup

/ BE(o", m")(t,z)dzdt < —, (5.8)
n JQN{E(¢",m")>R}

4L

where L := ||| g @) + |c|]. For all n and all A C @ Borel we can then estimate

/A|F(,Q",m")(t,x)|dxdt < el o @l Al —&—L/AE(Q",m")(t,x) dx dt.

We decompose the latter integral and obtain

A AN{E(o",m")>R}
+/ E(o",u")(t,z)dzdt < — + R|A|
AN{E(¢",m")<R} 4L

for all n, using (5.8). This implies that

3
/A‘F(Qn’un)(t’gcﬂdxdt <+ (I¢llz=a + LR) 4|

for all n, which is less than ¢ for all A C @) with sufficiently small Lebesgue measure.
We conclude that the sequence {F'(o™, m")} is equi-integrable.
We now define Eg(z) := min{E(z), R} and Ug(z) := min{U(r), R}, and set

Fr(2) = ¢(2)(1+ En(2)) + cUn(2)

for all z = (r,m) € H and R > 0. Then we have Fr € %, (H), and so (5.7) holds
for Fr and all ¢ € £°°(Q). By Assumption 5.1, there exists R > 0 such that

E(o", m")(t,z) dz dt < ——,

sup AL

n /QO{E(9"7m")>R}

where L' := L|(|| ¢~ (q), which implies that

// E(Z)V(t,m)(dz)dl‘dtgi/.
Q JHN{E(z)>R} 4L
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For all ¢ € £2°°(Q), we can then estimate

/C (t,x)F V(tz)(dz)dxdt—/ C(t,x)F (0", m")(t,x) dx dt

/C(t,x)FR(z) V(t,)(dz) dmdt—/ C(t,z)Fr(o™, m")(t,x) dz dt
H Q

+L||C||$°°(Q)</ / E(z) vy 5 (dz) dxdt)
Q JHN{E(z)>R}

+ L|[¢ll 2= (@) sup/ E(o",m")(t,z)dxdt |,
n JQN{E(e",m")>R}

which is less than ¢ for n large. Therefore the map (F'(r,m))) defined by

{F(r,m))(t,z) := /HF(Z) Vit,)(dz) forae. (t,r) € Q (5.9)

is in .21(Q), and that
F(o",m"™) — ((F(r,m)) weakly in Z*(Q) (5.10)

for all F' € #/ (H) of the form (5.6) with ¢ = 0.
For given ¢ € €(S%!), we now consider the map

Fy(r,m) == qﬁ(%)[((r, m) for all (r,m) € H,
with kinetic energy defined as K(0,0) := 0 and K(r,m) := %|m|?/r otherwise.
Note that K (r,0) = 0 for all » > 0, so the function F} is continuous in (0, 00) x R%.
It is, however, not continuous at the vacuum (r,m) = (0, 0) because K is only lower
semicontinuous there. In order to have (5.10) for all F € #/(H), we will assume
that no kinetic energy is concentrated in vacuum, in the following sense:

Assumption 5.2 (Absolute Continuity). For all 0 < a < b < 0o we have

lim lgonc1/ryK (0", m")(t,z) dxdt =0 uniformly in n.
R—00 J1q,p]x R4

Note first that since the kinetic energy can be bounded above by the total en-
ergy, we can repeat the argument above to show that the sequence {Fy(o", m")}
converges weakly in .Z1(Q) (after extracting another subsequence if necessary). We
only need to show that the limit can be represented by the Young measure v as in
(5.10) and (5.9). By Assumption 5.2, there exists R > 0 such that

sup/ K(o",m")(t,z)dxdt < &,
n JQn{e"<1/R}

where L := ||¢||4(sa-1y and L' := L||(|| ¢~ (), which implies that

YVt (dz) do dt <
//Hﬂ{r<1/R} (to)( 8L’
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Recall that z = (r,m) € H. By Assumption 5.1, we can choose R > 0 such that

sup E(o", m"™)(t,x)dxdt <

n /Qﬁ{E (¢",mm)>R}
€

E(z) vt (dz) dxdt <
//Hm{E(z )>R} (e 8L

We now choose ¢ € ¢ (H, [0, 1]) with compact support and
¥(z) =1 forall z€ H with E(z) < Rand r > 1/R.
Let Fy, = Fy + Fy with Fy := ¢ F; € 6,(H). For all ( € £°°(Q), we then have

.
8L’

/C(t,x)F¢(z) V(t.)(dz) dxdtf/ C(t,x)Fy(o", m"™)(t,x) dx dt
H Q

/ C(t, 2) Fol) e (da) da df — / C(t ) Fo (0", m™) (¢, z) du dt
H Q

+L||<||."f°°(@)</ / E(z) V(1,0 (dz) da:dt)
Q JHN{E(z)>R}
+ L|[¢llz=(q (/ / 2) V(1 ) (d2) dxdt)
Hm{r<1/R}
+ L{|¢]| 2= (@) (sup/ E(o", m")(t,z) dazdt)
n JQN{E(¢",m")>R}

+L||C||$°°(Q)<Sup/ K(o",m")(t,z) dxdt),
n JQN{e"<1/R}

which is less than ¢ if n is large enough, because of (5.7). This proves (5.10) for all
functions F € % (H), with (F(r,m)) € £1(Q) defined in (5.9).

Consider now an increasing sequence {Q;} of compact subset @Q; C [0,00) x R?
that converges to the whole space [0,00) x R% as | — oo. Repeating the argument
above successively for all [, we obtain the following result:

Proposition 5.3 (Young Measure). Suppose that the sequence {(0", m™)} of func-
tions generated by the time discretization of Definition 4.4 satisfies

li 1 7 mn E(o",m")(t,x)dxdt =0,
Rgnoo ol {E(¢",m")>R} (0", m")(t,x)dx

i 1em K(o™, m")(t,z)dzdt =0
Jim . {on<1/rRyK (0", m")(t, ) dx

uniformly in n, for all 0 < a < b < co. Then there exist a subsequence (which we
still denote by {(0", m")}) and a map v € L([0,00) x R, Pp(H)) with

F(o"m") — (F(r,m))) weakly in % ([0,00) x RY),
where F € W (H) and (F(r,m)) € £L.([0,00) x R?) is defined by

(F(r,m))(t,x) = /HF(Z) Vit.0)(dz)  for a.e. (t,x) € [0,00) x RY.
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Proposition 5.3 gives sufficient conditions for the absence of concentration effects.
Moreover, the Young measure constructed above allows us to represent the limits
of nonlinear compositions {F (o™, m™)} for all test functions F' € # (H). Note that
after extracting another subsequence if necessary, we may assume that (r)) = o
and {((m) = m, with density ¢ and momentum m given by (5.3).

Proposition 5.4 (Strong Convergence). Suppose that the sequence {(o™, m™)} sat-
isfies the assumptions of Proposition 5.3 and generates a Young measure v as ex-
plained there. Then we have (0", m™) — (o, m) strongly in £L.([0,00) x R?) for
limit functions (o, m) defined in (5.3), if and only if

/ C(ta) (Flrm))(t z) do dt = / C(t ) F o, m)(t, ) d dt
[0,00) xR4

[0,00) xR4
(5.11)
for all ¢ € 2([0,00) x RY) and F € # (H), with (F(r,m))) defined in (5.9).

Proof. Tt is known that property (5.11) of the Young measure is equivalent to
(0", m") — (o,m) locally in measure;

see Lemma 5.4.1 in [5]. Together with (5.3) this implies strong convergence. O

6. MEASURE-VALUED SOLUTIONS

In this section, we study the consistency of the sequence of functions {(o", m™)}
constructed in Definition 4.4, for the system of isentropic Euler equations (1.1).
Recall that we have the uniform energy bound

sup esssup E(o", m")(t,x) dr < oo, (6.1)
n  tel0,00) JRY

and the energy dissipation bound

S 1 n n n
G [ VU e Pe da
=1 Rd

k
< ([ pem - [ pmpas). 02
1 Rd Rd

The right-hand side of (6.2) is uniformly bounded by the initial total energy. We will
also require in the following that the assumptions of Proposition 5.3 are satisfied.
That is, for all 0 < a < b < co we assume that

Rlim 1ig(en,mm)>ryE (0", m™)(t,x) dx dt = 0, (6.3)
00 Ja,b]xR4

lim lggnc1/ryK (0", m")(t, z) dx dt =0, (6.4)
R—00 J[q b] xR
uniformly in n. After extracting a subsequence if necessary, the sequence {(o™, m™)}
generates a Young measure v as explained in Proposition 5.3. Notice that assump-
tions (6.3) and (6.4) are quite natural. In particular, they are satisfied whenever
the sequences {¢"} and {u"} are uniformly bounded in .Z°°.
We can now state our main result.
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Theorem 6.1 (Measure-Valued Solutions). Let (g,1) € TZ(RY) be given such
that £(p, M) < co where m := gu. Suppose that the sequence {(o", m™)} generated
by the time discretization of Definition 4.4 for some 7 — 0 satisfies

lim 1ig(enmn)>ryE(0", m")(t, ) dxdt = 0,
R0 Jiq xR {E(e )>R}

ngnoo bR l{gn<1/R}K(Qn, m")(t, LE) drdt =0
uniformly in n, for all0 < a < b < co. Then there exist a subsequence (still denoted
by {(o™, m™)} for simplicity) and a Young measure v € £°([0,0) x R, Zx(H))
as defined in Proposition 5.8 with the following properties:
(1) Continuity Equation
Defining 0 := ((r)) and m := {m)), we have

O0+V -m=0 (6.5)
and 0(0,-) = g in the sense of distributions.

(2) Modified Momentum Equation
With the notation above, we have

V. (Gtm YV (rtm e m) + V((P(r)})) —0 (6.6)
and m(0,-) = m in the sense of distributions.

(3) Energy Inequality
For a.e. 0 <t <ty < 00 we have the inequality

/ (E(r,m)) (62, 2) di < / (E(r m)) (tr, 2) do. (6.7)
Rd

R4
Moreover, we have that {E(r,m))(0,-) = E(g,m) a.e.

We proved the continuity equation and the energy inequality already in [12], so
here we will concentrate on the momentum equation. Since we assume initial data
with finite energy, the estimate (6.7) and lower semicontinuity imply that the total
energy will be finite for all times. Therefore there exists a velocity u; € Z?(R4, ;)
where g; := o(t, ) such that m(¢,-) = g;u; for a.e. t € [0,00). Then Theorem 8.3.1
in [5] and (6.5) imply that the curve t — g; is absolutely continuous with respect
to the Wasserstein distance. We refer the reader to [12] for more details.

As explained in Section 1, the momentum equation (1.1) formally follows from
(6.6) once we know that the velocity field u; is tangent, and thus a gradient vector
field. On the level of the time discretization of Definition 4.4 we are working with
velocities that are indeed tangent, but in principle this property may be lost in the
limit 7" — 0. In fact, one can prove the following result: Assume that there exists
a sequence of densities o that converges weakly in .Z!(R%) to a limit o. Consider
a sequence of tangent vector fields u® € Z?(R4, o*) with uniformly finite energy
such that the momentum mF := g¥u* converges weakly in £?(R?) to a limit m,
for some p > 1. This defines a new velocity u € Z?(R%, p) via m =: pu, and any
vector field u € .Z2(R%, 9) can be approximated in this way, if the densities o are
allowed to vanish at finer and finer scales; see [13]. This phenomenon is well-known
also in the context of variational convergence for Dirichlet forms; see [20]. It has
been suggested in [23] to use Young measures to identify necessary conditions for
the preservation of the gradient structure for varying densities.
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On the other hand, if there exists an open set {1 C [0,00) x RY on which the
sequence of densities p” stays uniformly bounded away from zero as n — oo, then
the limit velocity will still be a gradient vector field in 2. In this case, the Young
measure v constructed in Theorem 6.1 is in fact a gradient Young measure. This
concept has been studied in great detail in the literature; see [15].

Proof. We prove (6.6). Let ¢ € 2([0,00) x R?) be given and let ¢ := V(. Then

/ (O,C(t ), m™ (¢, ) d dt + / (¢(0, &), m(x)) da
[0,00) xR4

Rd

> C ot @) Yo [ (00 m) b

- [ ety mp @)~ i do+ [ (0(0.0),m() - mi@) d.

Let us first consider the second integral. Recall that m = pu with (g, 1) € TZ(R?),
and that m{ = gfuf where of = o and ug € Z?(RY, 00) is the velocity projection
of Theorem 2.10 corresponding to u and 7". By Theorem 3.1, there exists a stress
tensor field off € .#(RY, Sﬁlr) with the property that

/ (€(0, 2), m(x) — m(x)) da = — / (DC(0, 2), o (dx)),
Rd

Rd
and the latter integral can be estimated as
- [ 0c0.0) )| < 1D im0 Peo) de
R4 R4
which converges to zero as 7 — 0. Since @ — u§ € Tz Z(R?), its £?(RY, 9)-inner
product with any divergence-free vector field vanishes. By density, this implies that

the limit momentum m attains the initial data m weakly in .Z?(R¢%, g).
For all k € N, let now 4} € £%(R%, o}) be defined as

/ ()0} (9) 2l (y) dy = / (W)€ ol (dx, dy)
Rd R3d

for all ¢ € 6,(R?). Thus G} is the velocity transported by the flow. Since

(id + 7"up_ ) g (01 £9) = (ld+ g(T )QVU/(Qk)> (kL)
#

we obtain the following identity: for all ¢ € %},(R?) we have
[ el wmi (o) do
R
= / p(z +7"E)E ay (dx, dy)
R3d

Z/Rdw<y+;(T”)ZVU’(QZ(y))>ﬁZ(y)QZ(y) dy.
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Writing (' := ((t}, ), we can then decompose
[ (G ) da (6.8)
Rd
= [ G- Gro i rag ) mi ) de
Rd
2
# [ (o (10 30mPvUan) - oo ok do
Rd
o [ G ) o
Rd

[ G.¢ - bl
see (4.11) and the definition of 3,. We discuss each term in (6.8) individually.
Step 1. To estimate the first term, we define
1
Y™ (t,x) = / D((t, x4 0r™up_ (x))dd for ae. x € RY,
0
for all t € (t}_,,t}] and k € N. Then we can write
[ e g oy do = < [ tupag g mg )
R R
where 7 := " (t},-). We now use the mean value theorem to estimate

tn

() — [ wn(e) d

n
tk—l

< (720D (- @) || oo e an)) (6.9)

for a.e. z € R?, which implies that

7
’/ <p —g‘,?o(id+7"u2_1),m2_1>dx+/ / <w"u",m">dajdt‘
R4 tr_ JRA

1
< 2(7™")?)10: D || oo (11 am xR (/Rd 5\11271\29271 dm)-

We now sum in k£ and get

Z/ (¢ —¢po(id+ m"up_y), my_4)dx + / (Y"u"™, m") dx dt
k=1"/R?

[0,00) xRd

< 7" 2T(|0y DC|| 5 ((0,00) xR ) (eSSSUP E(o",m")(t, z) dff>7
t€[0,00) JRA

where T > 0 is chosen large enough such that spt ¢ C [0,T) x R?. The right-hand
side converges to zero as n — oo because of the uniform energy bound (6.1).
We now claim that

lim (W"a™, m") dedt = / (D¢, (r~'m @ mY) dx dt.

790 J10,00) x R4 [0,00) x R4

Indeed, using the mean value theorem, we obtain

1
9"(t,2) = DOt )| < 37 @)D o e
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for a.e. (t,x) € (t7_,,t%] x R? and all k € N. This implies the estimate

/ (™", " da di — / (D)™, m™) da dt (6.10)
[0,00) xR [0,00) xR
< 7" R||D*C| = ([0,00) xR / 1{jun<ry K (0", m") dz dt
[0,T] xR

+ 4||DC||$°°([O,OO)><R‘I)/

0 TIxEA 1{|un|>R}K(g",m") dl’dt,
T x

where T' > 0 as above. The first integral on the right-hand side is bounded uniformly
in n by the energy inequality (6.1). For the second integral, we have

/[OT] R4 Luri> K (2", m) dxdtg/[OT] Rd I{E(@",m”)>%R}E(Qn,m")dxdt
T x TIx

—i-/ 1pnec1/ry K (0", m") dx dt.
[0,T] xR

Let € > 0 be given. By choosing R > 0 large enough, we can make the right-hand
side less than €/2 uniformly in n, because of assumptions (6.3) and (6.4). Hence
(6.10) converges to zero as 7" — 0. On the other hand, we have
(") 'm" @m" — (r"'m®em) weakly in .Z..([0,00) x RY),
by Proposition 5.3, and so our claim follows.
Step 2. To estimate the second term on the right-hand side of (6.8), we write
n : 2 n\2 re.n n An n
G o (id+ g(T )*VU (er) | — s ag ) oy d
R4

— %(TH)Q /Rd <(/01 D¢l o (id + 9§(Tn)2VU/(QZ)) d9> VU'(o}), ﬁ}§>g}3 de,

which implies the estimate
: 2 n T n T Tn
[ (e (ia+ 30mP90 @) - i ot ds
Rd
16 1 /2
<\ BT Iz (G [ 19U @) g de
3 6 R

1 1/2
([ plaipaar)
Rd

Now notice that by definition of &} and Jensen’s inequality, we have

1 03 n 1 n 1 n g
| sk < [ SePapaxdn = [ Gl Popde 61



38 MICHAEL WESTDICKENBERG

which is uniformly bounded by (6.1). We sum in k and obtain

. 2 n 7 n LN e
(o (04 30Pv0@n)) - G ot ds (6.12)
R
16T 1 i
<V D e 0y (Z s [ VU@ ra dx)
k=1 )

te[0,00) JRY

1/2
X <esssup E(o",m")(t, z) da:) ,
using the Cauchy-Schwarz inequality. The sum on the right-hand side is controlled
by the energy dissipation estimate in (6.2). Hence (6.12) vanishes as n — oo.

Step 3. Using integration by parts, we can write

o [ (VU e da =7 [ (V-G Plep) e

Rd

We used the fact that P(o}) € #11(R?) and VU’ (o} )0} = VP(o}), which follows
from Proposition 4.5 above and Theorem 10.4.6 in [5]. From (6.9), we get

- [ vreea = [ [ (920 Pedral

< (PP0DC ey ey ( / P<gz>dx),

where K is a bounded set with spt((¢,-) C K for all ¢ € [0,00). Now we use the
estimate P(r) < C(1+ U(r)) for all € [0,00), with C' > 0 some constant. We can
then sum in k£ and arrive at

2 VU (o}) dex—/

00 Rd P(Q”)dxdt‘
o0) X

" COT|0:DC|| o ([0,00) x R (|K + esssup E(¢",m")(t, x) dx).
te[0,00) JR

The right-hand side vanishes as n — oo, and

lim (V-Q)P(o")dxdt = / (V-Q) {(P(r))(¢t,x)dx dt.

=0 J10,00) x R4 [0,00) xR4

Step 4. By Theorem 3.1, there exist o} € .#(R% S8¢) such that
[ (@)~ wi@)uiian) = - [ (DG (@), of(do)),
R2d Rd

and the latter integral can be estimated as

1/2
n n n n 1 n '3
- [ 1Dct@), k)| < 20 IDG g ([ Gt aPeisde)
R4 R4

1 1 1/2
X (/ §Iu271|2QZ;1 dfc—/ QIUZZQZdaf) :
R4 R4
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We used inequality (6.11). We can now sum in k& and obtain

usi

(6.13)

2 /R (Gh (), € — uk (@) ()

1/2
< VT VTIDC ey essoup [ (w1,
te[0,00) JRA

. 1/2

1 n n 1 n n
x Z </Rd §|uk71|29k71 dx — /Rd §|uk|29k dff) )

k=1

ng the Cauchy-Schwarz inequality. Hence (6.13) vanishes as n — oo.
Combining all terms, we find that

/[O R (<8tVs0,m> + (D%, (rtm@m)) + Ap (<P(r)>>> da dt

—I—/ (V(0,-),m)de =0 forall o € 2([0,00) x RY).
Rd

This proves the modified momentum equation (6.6) and thus the theorem. O
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