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ABSTRACT. We introduce a variational time discretization for the multi-dimen-
sional gas dynamics equations, in the spirit of minimizing movements for curves
of maximal slope. Each timestep requires the minimization of a functional mea-
suring the acceleration of fluid elements, over the cone of monotone transport
maps. We prove convergence to measure-valued solutions for the pressureless
gas dynamics and the compressible Euler equations. For one space dimension,
we obtain sticky particle solutions for the pressureless case.

1. INTRODUCTION

The compressible Euler equations model the dynamics of compressible fluids like
gases. They form a system of hyperbolic conservation laws

Oo+V-(ov)=0
Oi(ov) + V- (ov®@v) +Vp=0 in [0,00) x R% (1.1)
oe+ V- (e+pv)=0

The unknowns (g, v,¢) depend on time ¢ € [0,00) and space » € R? and we assume
that suitable initial data (to be specified later) is given:

(0.v,8)(t=0,") =: (2, v,8).
We will think of ¢ as a map from [0, c0) into the space of non-negative, finite Borel
measures, which we denote by .#, (R?). The quantity o is called the density and it
represents the distribution of mass in time and space. The first equation in (L.1))
(the continuity equation) expresses the local conservation of mass, where

v(t,-) € L*(R% o(t,)) forallt e [0,00) (1.2)

is the Eulerian velocity field taking values in R?. The second equation in (the
momentum equation) expresses the local conservation of momentum m := gv. The
pressure p will be discussed below. Notice that m(t,-) is a finite R%valued Borel
measure absolutely continuous with respect to o(t, ) for all ¢t € [0, 00), because of
(L.2). The quantity ¢ is the total energy of the fluid and (¢, ) is again a measure in
M1 (RY) for all times ¢ € [0,00). It is reasonable to assume £(t, -) to be absolutely
continuous with respect to the density o(t,-) (no energy in vacuum). The third (the
energy) equation in expresses the local conservation of energy.

Formally, the equations imply that the total mass and energy are preserved
over time. Therefore, if the fluid has finite mass and total energy initially, then this
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will be the case for all positive times. We will make this assumption in the following.
Without loss of generality, we will also assume that the mass is equal to one, which
implies that o(t,-) € 2(IR?), the space of Borel probability measures.

To obtain a closed system it is necessary to prescribe an equation of state,
which relates the pressure p to the density g and the total energy e. It is provided
by thermodynamics. The following three distinct situations are important:

1.1. Pressureless gases. The pressure p vanishes and so the total energy reduces
to just the kinetic energy: ¢ = %g|’v|2. The equations (1.1]) take the form

o+ V- (ov) =0
O(ov)+ V- (pv®@v) =0

and the energy equation in ([1.1)) follows formally from the continuity and momentum
equations. The system as been proposed as a simple model describing the
formation of galaxies in the early stage of the universe. Its one-dimensional version
is a building block for semiconductor models. Since fluid elements do not interact
with each other because there is no pressure, the density o(t, -) may become singular
with respect to the d-dimensional Lebesgue measure £¢. For adhesion (or: sticky
particle) dynamics this concentration effect is actually a desired feature; see [76]: If
fluid elements meet at the same location, then they stick together to form larger
compounds and so g(¢,) can have singular parts (in particular, Dirac measures).
Consequently must be understood in the sense of distributions. While mass and
momentum are conserved, kinetic energy may be destroyed since the collisions are
inelastic. In particular, the energy equation in will typically be an inequality
only. We will call the assumption of adhesion dynamics an entropy condition.

There are now numerous articles studying the pressureless gas dynamics equations
in one space dimension and establishing global existence of solutions. Frequently,
a sequence of approximate solutions is constructed by considering discrete particles,
where the initial mass distribution is approximated by a finite sum of Dirac measures.
The dynamics of these particles are described by a finite dimensional system of
ordinary differential equations between collision times. Whenever multiple particles
collide, the new velocity of the bigger particle is determined from the conservation
of mass and momentum, and the choice of impact law. The general existence result
is obtained by letting the number of discrete particles go to infinity. In order to pass
to the limit, several approaches are feasible. We only mention two: One approach
relies on the observation that the cumulative distribution function associated to
the density o satisfies a certain scalar conservation law (see [13]) so the theory of
entropy solutions of scalar conservation laws can be applied. Another approach
makes use of the well-known theory of first-order differential inclusions, applied to
the cone of monotone transport maps from a reference measure space to R; see [65].
We refer the reader to [94|10}/12,|391|45]49, 521|162} /66,68.(74] for more information.

For the multi-dimensional pressureless gas dynamics equations, global existence
of solutions to has been considered in [34]. The global existence proof in [71]
for sticky particle solutions seems to be incomplete, as the authors in [14] show that
for certain choices of initial data, sticky particle solutions cannot exist. This raises
the question of the correct solution concept for the equations (L.3).

} in [0,00) x R%, (1.3)

1.2. Isentropic gases. In this regime, the thermodynamical entropy of the fluid is
assumed to be constant in space and time. Consequently, the pressure is a function
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of the density only. We introduce the internal energy

U(r(z))dx if o=rL?,
Ulo):= /Rd (r(e)
00 otherwise,

where U(r) := k17 for r > 0. The constant v > 1 is called the adiabatic coeflicient,
and k > 0 is another constant. The total energy is the sum of the kinetic energy
introduced above and the internal energy. Since we are only interested in solutions of
with finite total energy, the density o(¢,-) must be absolutely continuous with
respect to the Lebesgue measure for all ¢ € [0, 00). Let r(¢,-) be its Radon-Nikodym
derivative. Then p(t,-) = P(r(t,-)) £ for all ¢ € [0, 00), where

P(ry=U'(r)r—U(r) forr>0.

This setup describes polytropic gases. Other choices of U are possible, for example
U(r) = krlogr for isothermal gases (then P(r) = xr). We consider

6tQ+V (Q'I)) =0
O(ov) + V- (pv®@v)+ VP(o) =0

(with slight abuse of notation). As in the pressureless case, the energy equation in
follows formally from the continuity and the momentum equation.

It is well-known that a generic solution to the isentropic Euler equations will not
remain smooth, even for regular initial data. Instead the solution will have jump
discontinuities along codimension-one submanifolds in space-time, which are called
shocks. Then the continuity and the momentum equation must be considered in the
sense of distributions, and the energy equation does no longer follow automatically.
A physically reasonable relaxation is to assume that no energy can be created by
the fluid: The energy equality in must be replaced by the inequality

o (bl + V(@) + V- ((3ol? + U'(0)2)v) <0 (1.5

in distributional sense. Physically, strict inequality in means that mechanical
energy is transformed into heat, a form of energy that is not accounted for by the
model. Notice that a differential inequality like (1.5 contains some information on
the regularity of solutions: The space-time divergence of a certain non-linear function
of (o, v) is a non-positive distribution, and thus a measure. In the one-dimensional
case, it is even reasonable to look for weak solutions of that satisfy differential
inequalities like simultaneously for a large class of non-linear functions of (g, v)
that are called entopy-entropy flux pairs. Such an assumption on the solutions is
again an entropy condition. Using the method of compensated compactness, it is
then possible the establish the global existence of weak (entropy) solutions of .
We refer the reader to [21H23,35H37,/56,591/60] for more information.

In several space dimensions the only available entropy-entropy flux pair is the
total energy-energy flux. Using non-linear iteration schemes like the ones introduced
by Nash [63,/64] to construct isometric imbeddings of Riemannian manifolds, one can
establish the existence of a large class of initial data for which weak solutions of
exist globally in time. We refer the reader to the ground-breaking results by De Lellis
and Székelyhidi [28,/29] and subsequent work [24H26L|40] by various authors. These
results give, in fact, much more precise information: One can show that for suitable
initial data there exist infinitely many weak solutions of , even if one requires

} in [0, 00) x R¢ (1.4)
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that solutions satisfy an entropy condition in the form (L.5)). This is related to the
fact that there is—in addition to energy dissipation through shocks—an additional
dissipation mechanism due to very high oscillations of the velocity field, which is
reminiscent of anomalous dissipation in turbulence. Moreover, there is a precise
threshold of Holder regularity 1/3 between the energy conserving and the energy
dissipating regimes. For incompressible flows, this has been conjectured based on
physical considerations by Onsager [67]. A mathematical proof of this conjecture has
been provided in a series of recent articles; see [16,/17,53] and references therein. For
related results for the compressible Euler equations see [41]. The Cauchy problem
for in several space dimensions, however, has not been solved yet: In order to
apply the above methods for any given initial data, it currently seems necessary to
allow a small increase in energy initially, which is in violation of .

1.3. Full Euler equations. We consider a polytropic gas with adiabatic coefficient
~ > 1. Then the pressure is given in terms of (g, v,¢) by the formula

1
p(t,:) =(y—1) <5 - 2Q|’U|2> (t,) forallt e [0,00). (1.6)
Density and pressure define the specific thermodynamical entropy, given as

S:zlog( p’y) with c:=k(y—1)>0and v > 1

o’
in the case of polytropic gases. We assume that

S(t,-) € L (RY, o(t,)) forallt € [0,00),
so that the entropy density o = 05 is well-defined as a measure.

Definition 1.1 (Internal Energy). Let U(r,S) := ke®r? for all r > 0 and S € R,
where k£ > 0 and vy > 1 are constants. Then we define the internal energy

U(r(z),S(z)) dz if o=rL? and o = oS,
Ulp, 0] :== /]Rd (() ())

00 otherwise,
for all pairs of measures (p,0) € Z(R?) x .4, (RY).

Since we are only interested in solutions with finite energy, the density must be
absolutely continuous with respect to the Lebesgue measure, thus o(t,-) = r(t,-) £L%.
In this case, we define P(r,S) =U'(r, S)r — U(r, S) (here ’ denotes differentiation
with respect to r), and the pressure term in takes the form

p(t,") = P(r(t,-),S(t,-)) L* forall t € [0,00). (1.7)
Moreover, combining (1.6)) and (1.7]) with (1.1)), we obtain that
O +V-(ov) =0 in[0,00) x R (1.8)

Equivalently, the specific entropy S must be constant along characteristics:
oS +v-VS=0 in[0,00) x R% (1.9)

Formally, system (1.1]) is equivalent to the one where the energy equation is replaced
by (1.8) (or even ([1.9])). But since the solutions to the compressible Euler equations
may become discontinuous in finite time, the physically reasonable relaxation is
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that the specific entropy should be non-decreasing forward in time, which expresses
the second law of thermodynamics. It follows that

inf S(t,x) > inf S(x) forallt € [0,00), (1.10)

zeR9 zeR?
where S is the initial specific entropy. An Eulerian argument in support of (1.10)),
based on entropy inequalities, was given in [72]. We will assume that

inf S(z) >«
z€R4

for some o € R. Since the shift of S by «a can be absorbed into the constant x > 0,
we may assume without loss of generality that o = 0, thus S is non-negative. As for
the isentropic Euler equations, global existence and uniqueness of weak solutions to
the full system (1.1)) are open problems, even in one space dimension.

In this paper, we will consider a variational time discretization for the compressible
gas dynamics equations that is motivated by minimizing movements for curves of
maximal slope on metric spaces; see [433}/54]. For any given initial data with finite
mass and total energy, we prove that sequences of approximate solutions generated
by this scheme converge to a measure-valued solution of .

Definition 1.2. We denote by &25(IR?) the space of Borel probability measures with
finite second moment, endowed with the 2-Wasserstein distance; see Definition [2.1
below. For a map t +— o; € P5(R%), t € [0, 7], we denote by

||‘Q|| P dy) = sup W2(Qt1, th)

Lip([0,T7; R = T e\Eh )y &2

(0T Za () t1,t2€[0,T) |to — t1]
t1#t2

the Lipschitz seminorm, with Wy the Wasserstein distance; see ([2.1)).

Definition 1.3. We denote by .#g,:(IR?) the space of non-negative Borel measures
with finite second moments and total variation equal to Ent € [0, 00), endowed with
as suitably rescaled Wasserstein distance; see Definition

We will assume that the total momentum vanishes initially, which implies that
the total momentum vanishes for all £ > 0. This is not a restriction as the hyperbolic
conservation law is invariant under transformations to a moving reference frame
in the absence of boundaries. The momentum map ¢ — m; = p;v; takes values
in a convex set of R%valued Borel measures whose total variations are uniformly
bounded, as a consequence of a bound on the total energy. On this set, the narrow
convergence of measures is metrized by the Monge-Kantorovich norm:

Definition 1.4. We denote by Lip(R?%; R") the vector space of Lipschitz continuous
maps ¢: R — RY. The Lipschitz constant of ¢ € Lip(R%; R") is

HCHLip(]Rd) = sup w

T1#T2 |I1 7$2|

We denote by BL(IR?; RY) the subspace of bounded functions in Lip(R¢; RY). It
is a Banach space when equipped with the bounded Lipschitz norm

I¢lme ey == mas {JIcll e ey IC hespma }-
Let BL1(R% RY) be the space of all ¢ € BL(R:RY) with [[¢[|pr,mra) < 1.
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We denote by . (R% RY) the space of R"-valued Borel measures m with zero
mean and finite first moment, equipped with the Monge-Kantorovich norm

||m||//[K(]Rd) = sup { /]Rd C(x) -m(dx): ¢ € BLl(]Rd;lRN)}. (1.11)
The Monge-Kantorovich norm is bounded above by the total variation.

We refer the reader to [18,27.38}/51] for additional information. Notice that the
integral in (1.11)) is well-defined because m has finite first moment, by assumption.
By Cauchy-Schwarz inequality, this holds true whenever m = pv with

0€ Po(RY) and wve L%RYp).

Remark 1.5. We think of weak solutions of as maps t — (o¢, My, 0y) taking
values in a convex set of vector measures with uniformly bounded total variations,
equipped with the Wasserstein distance/Monge-Kantorovich norm. Since the maps
are Lipschitz continuous, they are strongly differentiable almost everywhere (a.e.)
in time. In particular, the time derivative of the momentum exists as an element in
the closure of the space of vector measures with respect to the Monge-Kantorovich
norm, which is a proper subset of the dual space BL(IR?%; R%)*; see [8] for additional
properties. The usage of the Monge-Kantorovich norm is thus very well adapted
to the structure of the equations , with the time derivative of the momentum
given as the divergence of a measure field taking values in the symmetric, positive
semidefinite matrices. Testing against BL; (R%; R¢)-functions, we can (mollify and)
integrate by parts. Since the derivative of the test function is bounded in norm, we
must control the size of the matrix field, for example with respect to the 1-Schatten
norm (the sum over the absolute values of the singular values). For symmetric,
positive semidefinite matrices, this is simply the trace of the matrix.

Definition 1.6. Let E C R be some subset and (X, d) a metric space. We denote
by BV(E, X) the space of maps f: I — E with finite variation

VE(f) == Supzd(f(ti—1)7 f(t:)),

where the sup is taken over all tg < t; < ... < t,, contained in F.

We refer the reader to [43] for further information on metric space-valued functions
of bounded variation. In particular, a version of Helly’s compactness theorem for
sequences of X-valued maps is proved there. A function f: E — X has bounded
variation if and only if it factors as g o ¢ where ¢: E — R, defined as

B(t) == Vi_soynp(f) forallte E,

is its total variation and g: ¢(F) — X is Lipschitz continuous. We will consider
spaces BV(E, X) with E = [0,7] and X = .#x(R%RY).

Remark 1.7. Since we consider densities with finite second moment (thus momenta
with finite first moment), it is possible to consider test functions with non-compact
support. With V any Banach space, let €,(IR%; V') be the space of all continuous
functions ¢: R — V with the property that lim|) o0 ((2) € V exists. Then

C.(RLV) =V 4+ % (R4 V),
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where %,(IR%; V) is the closure of the space of compactly supported continuous
V-valued maps with respect to the the sup-norm. We define
A= {ue ¢ (R4YRP): Vu e €. (RS Matpya(R)) }, (1.12)

with Matpxq(R) the space of real (D x d)-matrices. We will not explicitly indicate
the dimension D as it will be clear from the context. Functions in 2 grow at most
linearly at infinity. Let ¢}([0,00)) ® 2 be the space of tensor products

n®((t,x) :==n(t)¢(z) withne €} ([0,00)) and ¢ € A
We will assume ([1.13)) to hold in duality with this space, testing against all
n® (e ECH[0,00)) @A

Notice that all products of conserved quantities (g, m, o) with n ® ¢ are integrable
since these measures have finite first moments. On the other hand, the derivative
V. is bounded and so the integrals involving the fluxes are well-defined as well.
For all T > 0, the tensor product €([0,T]) ® V is dense in €([0,T]; V') with respect
to the sup-norm, with V' any locally convex topoligical vector space.

We can now state our main existence result.
Theorem 1.8 (Global Existence). Suppose that initial data
o€ PR, veL*R%0), SeZLFRY0)

is given with vanishing total momentum and finite internal energy:
[ o atdn) =0, ulga) <o,
R4

where & := 9S. Let Ent := f]Rd o(dz) be the initial total entropy.
For any T > 0 there exist curves
0 € Lip([0,T]; Z2(R")), o € Lip([0, T]; Mnt(RY)),
m € Lip([O,T];(//lK(]Rd;le))

with the following properties:
(1) The initial data is attained:

«Q(O? ) = é? m(07 ) = @57 U(Ov ) =o0.
(2) We have m =: gv and o =: ¢S with
U(ta') EXQ(IRdvg(tv'))a S(ta') Efﬁo(]]f{d,g(t,.))

for allt € [0,T].
(3) There exist two Young measures

v e Z0([0,T); A (RY x X)),
where X is a suitable compactification of the set
X :=[0,00) x R? X [0, Stmax),  Smax := |S]| .z (R0
of admissible (o,v,S), such that
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0o+ V- [ov] =0
0i(ov) + V- [ov @ v] + V[P(0, )] =0 § in (%Cl([O,T))Qle) . (113)
0t(0S) +V - [pvS] =0

Here the brackets [-] and [] denote the integration of v' and v?, respectively, against
suitable functions of (o,v,S). We refer the reader to Sectionfor details.

Remark 1.9. The two Young measures from Theorem play slightly different roles:
One is used to describe the kinematic aspects of the flow (transport). It is generated
by a sequence of approximate solutions that are interpolated piecewise linearly in
time. The other one is used to describe the dynamical aspects (acceleration due to
pressure gradient). It is constructed using piecewise constant interpolants. Since the
approximations of the maps t — (g, m¢, o) are sufficiently regular in time, both
Young measures generate the same conserved quantities. In order to have equality
for the non-linear terms pv ® v and P(p, S), however, one needs to control the time
regularity of the total energy. This will be considered elsewhere. It requires a more
refined time interpolation, like De Giorgi’s variational interpolation for minimizing
movements; see Section 3.2 in [4]. Notice that while the derivative of ¢t — m; is
uniquely determined a.e. in time in the closure of the space of measures with respect
to the Monge-Kantorovich norm, the matrix measure field representing it is not.

We conclude this section by highlighting some aspects of our method.
Maximization of Entropy Production.

The recent results by De Lellis, Székelyhidi, and others suggest that non-unique-
ness of weak solutions of compressible Euler equations in several space dimensions is a
fact of life. The accepted entropy conditions, in the form for the isentropic case,
for example, are insufficient to select a unique solution. It is therefore natural to at
least try to identify the “extreme” solutions among all possible weak solutions. Since
the entropy condition already implies that the total energy is non-increasing
in time, it appears promising to strengthen this condition by requiring that total
energy be dissipated at mazimal rate, as suggested by Dafermos [30]. It was shown
in [25], however, that this entropy condition seems to favor the highly oscillatory
solutions of the isentropic Euler equations, which are non-unique.

Instead of decreasing the total energy, we will balance the dissipation of internal
energy and minimizing the work done by the system (defined in terms of acceleration
of the fluid elements), which amounts to changing the velocity a little as possible.
We partition a given time interval into subintervals of length 7 > 0. The updates in
each timestep are obtained as the solutions of the above minimization problem. A
similar approach has been studied for polyconvex elasticity in [31}[32].

Recall that by the first law of thermodynamics T'dS = dU — W, where T' denotes
temperature, dS and dU are the infinitesimal changes in thermodynamical entropy
and internal energy, and W is the work done on the system by its surroundings.
Classically, the work is given by the formula W = —pdV, with p the pressure and
dV the infinitesimal change of volume. Instead, we will utilize the minimal work
functional, which we will introduce in the next paragraph. Our method boils down
to minimizing the sum W 4 U, depending on some timestep 7 > 0. Denoting by
W, U, the corresponding minimizers, we obtain the inequality

Ur+ W, <Uy+0,
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where the index 0 refers to the fluid state obtained by not doing any work. Defining
dU := Uy — U,, we observe that we are trying to mazimize dU — W, which can
formally be interpreted as maximizing 7" d.S, thus maximizing the entropy production.
Similar ideas have been explored in the recent paper [15].

Minimal Work Functional

Given o € Z5(IR?), we denote by Z,(IR2?) the space of Borel probability measures
€ Po(R??) whose first marginal p'#u = 0. Here p'(z, &) := z for all (z, &) € R4,
and # is the push-forward. Any measure u € Z,(IR??) describes the state of some
fluid with density o € P5(IR?) and velocity distribution p, for g-a.e. x € R?, where
p(dx,d§) =: p.(d€) o(dx) denotes the disintegration of p with respect to o. The
special case p(dr,d§) = dy(y)(d§) o(dr) represents a monokinetic state where all
fluid elements located at the position x € R have the same velocity u(z) € R¢ and
are therefore indistinguishable. The velocity field u € .Z%(IR¢, o), by construction.
We will occasionally use bold letters to denote elements in IR?¢ such as

CL':<.’17,§), Y= (y,’U), and z = (Z,C),
where z,y, 2 € R? represent positions and &, v, € R velocities.

In order to measure the “distance” between two state measures pu', u? € @Q(IRM),
we will use the minimal acceleration cost introduced in [46]. It is defined as follows:
For a given timestep 7 > 0, consider a fluid element with initial position/velocity
x € R??. Assume that the fluid element transitions into a new state z € R??. The
transition is described by a smooth curve X (:|z, z): [0, 7] — R¢ such that

(X,X)(0) = (z,6) and (X, X)() = (2,¢)

(with X := X(-|z, z)). Among all such curves there are the ones that minimize the
acceleration [ |X(t)|? dt. They are uniquely determined and given by
t2
X(the,2) = v+ 1€+ (3(z = 0) = 7(¢ +20)) 5 — (2z = 1) — 7 +9))

2

t3

ﬁ

for all ¢ € [0, 7]. The minimal acceleration can be computed explicitly, which allows
us to define a cost measuring the “distance” between the two end states:

2or (+E
T 2

for all ¢,z € R??. Note that a,(x, z) = 0 if and only if z = 2 + 7¢ and ( = €.
The cost function (|1.14) can be rewritten in the following form:

2
ar(@, 2)? = 3 3l (1.14)

2

ar(@,2)? = l(@ +76) — oI + ‘c - (5 ~ @+ 7o) - z)> (1.15)

for every x, z € R?%. The first term measures how much the final position z differs
from z + 7€, which would be the position of the fluid element after a free transport.
The second term measures the difference between ¢ and the velocity

Vi(z,2) =€ — %((HT@ —z), (1.16)

which is the velocity that minimizes the acceleration among all curves that connect
the initial position/velocity & € IR?¢ to the final position z € R?. Notice that by
minimizing the final velocity ¢ for fixed (z, 2), setting ¢ equal to , we closely link
velocity and transport. The minimal work functional is then defined as an optimal
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transport problem with cost function (1.14)) and for pairs of py, py € Po(R2?), in
analogy to the Wasserstein distance; see Definition [21]

Non-Coercive Energy Functional and Monotone Maps.

Our variational method amounts to minimizing the sum of minimal work func-
tional plus internal energy of the final state (the one after transport). We will be
particularly interested in transport maps, where a fluid element at location 2 € R?
is transported wholly to a new position t(x) € R, without being split up. More
precisely, we consider R%-valued transport maps t € .Z?(R¢, p). Taking into account
Definition [I.I] and assuming that the specific thermodynamical entropy S is simply
transported along with the flow (recall ), we can formally write

Ult#o, t#o] = /]Rd Ul(o(x),S(x)) det (Vt(ac))l_7 dzx (1.17)

for the internal energy of the final state, using the change of variables formula. Here
we have identified p with its Lebesgue density. Moreover, we have assumed that
the transport map t is sufficiently regular and invertible. Our minimization scheme
will ensure that the internal energy of the new fluid state is finite. But since the
map t — U[t#o, t#0] is not coercive, it does not suggest any natural function space
setting to formulate the minimization problem. In order to be able to use the direct
method of the calculus of variations, we need compactness of sublevel sets of the
internal energy functional in a suitable topology, and its lower semicontinuity with
respect to this topology. To achieve this, we make two choices:

e we assume that the transport maps are monotone, and

e in we replace the gradient Vi(z) by its symmetric part;
see Proposition A monotone map is locally of bounded variation. In particular,
its variation (the total variation of its derivative) over any convex set can be controled
in terms of its oscillation (the size of its range). This provides us with the necessary
compactness of sublevel sets. On the other hand, by using only the symmetric part
of the derivative Vi(z), the resulting energy functional becomes convex and lower
semicontinuous with respect to weak™ convergenve in the space of functions with
bounded variation. We refer the reader to Section [H for details.

The Geometry of Monotone Maps.

In continuum mechanics, a configuration is a function that assigns to each point
of the body manifold (called the reference configuration) its position in physical
space R?, at any given time. These maps are required to be injective because matter
must not interpenetrate. The space of configurations therefore cannot be a vector
space (subtracting a configuration from itself, we obtain the zero map, which is not
injective). Our assumption of monotonicity of the transport maps is consistent with
these considerations, but a bit stronger than mere injectivity. Note, however, that
we require monotonicity of the transport maps in the limit of small timesteps 7 > 0
only, so that the minimizing ¢ will be a perturbation of the identity map, which is
monotone. Recall also that in the theory of generalized gradient flows on the space
of probability measures, which utilizes the Wasserstein distance to determine the
local geometry of the problem, the optimal transport maps are cyclically monotone
(gradients of convex functions), which is a stronger condition than monotonicity. We
do not wish to work with cyclically monotone maps since the induced velocity fields
(obtained as limits of difference quotients between optimal transport maps and the
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identity) inherit the gradient property. For the compressible Euler equations, this
would result in the regime of potential flows; see also |73].

Our variational methods is phrased as a convex minimization problem over the
closed convex cone of monotone transport maps. As is usual in optimization, such a
constraint may result in the appearance of Lagrange multipliers in the optimality
conditions. For the monotonicity constraint under consideration here, it turns out
that the representation of such Lagrange multipliers fits very neatly into the overall
structure of our problem. In fact, elements in the closed convex cone that is polar
to the cone of monotone maps can be represented as divergences of measure fields
taking values in the positive semidefinite symmetric matrices; see Section This
is precisely the form of the flux terms in the gas dynamics equations (|1.1)).

In continuum mechanics, admissible velocities are elements of the tangent cone
to the manifold of configurations. Consequently, if we consider the map ¢ +— g, as a
curve on the manifold of probability measures, then the corresponding velocity v
should represent a curve in the tangent bundle. In our variational time discretization
we update the velocity as follows: we first move the current velocity using the optimal
transport map, then we project onto a suitably defined tangent cone to the cone of
monotone maps at the new configuration. This projection will turn out to be trivial
in the cases with pressure; in the pressureless case, the projection of velocity will
be related to the sticky particle condition. This two-step update for the velocity is
similar to the construction of the parallel transport of tangent vector fields along
the space of probability measures, as developed in [3}/48].

Measure-Valued Solutions.

The Young measures of Theorem [1.8]are obtained as weak* limits
v e . 25°([0,00); A4 (R x X))

of sequences of analogous maps constructed from approximate solutions (o, vy, Sp)
of (1.1). The (¢, z)-marginal of such v is the weak™ limit ¢ — p;(dzx) of

Hn,t *= On,t + (%Qn,t|vn,t|2 + U(Qn,t; Sn,t))

(see /(6:21))), which captures the space-time distribution of mass and total
energy. The Young measure v captures both oscillations and concentration in the
approximating sequence. Notice that the concept of measure-valued solutions to
hyperbolic balance laws is fairly weak. On the other hand, in view of the non-unique-
ness results by De Lellis and Székelyhidi one may wonder whether a distinguished
weak solution of can be identified at all and what sets it apart from the other
solutions. It has therefore been suggested by some researchers that the solution
concept for must be reconsidered, for example in favor of measure-valued or
statistical solutions; see [42,/57,58]. It would be interesting to investigate whether
the non-linear iteration techniques introduces by De Lellis, Székelyhidi, and others
can be used to promote measure-valued solutions to weak ones, at least in regions
where the flow is expected to be laminar instead of turbulent/non-unique.

Our variational time discretization decreases the total energy, while preserving the
entropy. This may seem backwards from the physical point of view. We would like
to point out, however, that in turbulence it is standard to assume that solutions of
the incompressible Navier-Stokes equations converge (in the high Reynolds number
limit) to velocity fields that dissipate kinetic energy, even though they formally solve
the incompressible Euler equations. Therefore the incompressible Euler equations
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seem to only give an incomplete description of the actual physical phenomena. It is
natural to expect that similar effects occur in the compressible models.

2. NOTATION

In the following, we will always assume that R” is equipped with the Euclidean
inner product, for which we write x -y or (z,y) with ,y € RP.
Let Matq(IR) be the space of real (d x d)-matrices and

Maty(R,0) := {A € Maty(R): v - (Av) 00 for all v € ]Rd}

where [ stands for either > or >. We will refer to the elements of Mat4(IR, >) (resp.
Matq(R, >)) as positive semi-definite (resp. positive definite) matrices. Notice that
these matrices are not assumed to be symmetric. The analogous spaces of symmetric
matrices will be denoted by Sym,(R) and Sym,(IR,). We have A € Matq(R,0)
if and only if A%Y™ € Sym, (IR, ) where A%™ := (A + AT)/2 is the symmetric part
of A. The antisymmetric part of A is defined as 42" := (4 — AT)/2 and we will
denote by Skew,(IR) the space of antisymmetric real (d x d)-matrices. Recall that
the Frobenius inner product of matrices is defined as

A:B:=tr(ATB) forall A, B € Maty(R).

The norms on these spaces will be the ones induced by the inner products.

We denote by %;,(IRP) the space of bounded continuous functions on R” and by
& (]RD ) the space of Borel probability measures. Weak convergence of sequences
of probability measures is defined by testing against functions in %;,(R”). For any
1 < p < 0o we denote by Z,(RP) the space of Borel probability measures with
finite pth moment, so that [5, [#]P o(dz) < oo for every o € Z2,(RP).

Definition 2.1 (p-Wasserstein Distance). For any o', 0*> € Z(RP) let
Adm(o', 0%) := {'y € P(R?P): pF#~ = oF with k = 1..2}
be the space of admissible transport plans connecting o' and o2, where
pF(z!,2?) ;= 2% for all (z!,2?) € R*P = (RP)?
and k = 1..2, and # denotes the push-forward of measures. For any 1 < p < oo the
p-Wasserstein distance W, (o', 0*) between p!, ¢? is defined by

Wo(oh, 0°)P = |zt — 2%|P y(dz?t, dz?). (2.1)

inf /

yE€Adm(ot,0?) JR2D
Remark 2.2. The inf in (2.1)) is actually attained, so the set Opt (o', 0?) of transport
plans « that minimize called optimal transport plans) is non-empty. For p = 2
the support of each v € Opt(o!, ¢?) is contained in the subdifferential of a lower
semicontinuous, convex map (therefore it is cyclically monotone). If ¢! is absolutely
continuous with respect to the Lebesgue measure £, then each optimal transport
plan is induced by a map (its support lies on the graph of a function):

~ = (id, t)#o" for suitable t € Z*(RP, o').

We refer the reader to [4] for further details.
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For any n € N and k = 1...n, we define projections
pF(zt. ..z :=2F forall (2'...2") e R" = (RY)".
We will also use projections x and y* defined by
x(z,yt. oy =z, yR@ gt y") =k

for all (z,y'...y") € R4 = (R¥)"+! and k = 1...n, with n € N. Sometimes
it will be convenient to write z* or v¥ in place of y* (same definition), depending
on whether the symbols represent positions or velocities, which will be clear from
the context. For n = 1 we will usually write y := y! etc.

Definition 2.3 (Distance). Let o € 25(IR%) be given and
Po(R*) = {'y € Zy(R*?): x#t~y = g}.

We introduce a distance as follows: for any v, 72 € Z,(R??) we define
Wo(v',7?)? = /Rd W(7z,72)? odz),

where v*(dz, dy) =: 7% (dy) o(dz) with & = 1..2 denotes the disintegration of v*,
and where W is the Wasserstein distance on 5 (R%); see [4}48].

Definition 2.4 (Transport Plans). Let o € 25(IR%) be given.
(i.) Admissible Plans. For any v, 4% € 22,(IR??) we define

Admy(v,~?) = {a € Zy(R*): (x,y")#a = ~* with k = 1..2}.
(ii.) Optimal Plans. For any v', 4% € P,(R>?) we define
Opt,(v',7?) i= {@ € Admo(y',7?):
Welr' ) = [0 =P alde. iyt i)}

Theorem 2.5. Let o € P5(RY) be given.

(i.) The function Wy is a distance on Po(R??) and lower semicontinuous with
respect to weak convergence in P5(R%?). We have

Wo(', 722 =  min / ' — 2 adde, dy", dy?)
acAdmp(y!,v?) JR3d

for all v*,~% € P,(R??), and thus Opt,(y',v?) is non-empty.
(ii.) The set (Po(R2%),W,) is a complete metric space.

Proof. We refer the reader to Section 4.1 in [48]. O

Definition 2.6 (Barycentric Projection). For any o € 25(R%) and v € Z,(RR??)
the barycentric projection b(vy) € Z?(R?, p) is defined as

b(y)(z) = / y7.(dy) for p-ae. x € R,
R4

where vy(dz, dy) =: v.(dy) o(dx) is the disintegration of .
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An important subset of #2,(IR%¢) consists of those measures ~ that are induced
by maps: there exists a t € .Z?(RY, p) taking values in R such that

v(dz,dy) = ¢z (dy) o(dx).
In this case, the distance W, reduces to the Z?(IR¢, p)-distance of the corresponding
maps. If v}, 72 € Z,(R??) and v = (id, t)#0 with t € Z?(R?, o), then
Welr v = [ ela) = o7 oo dy?): (2.2

see Lemma 5.3.2 in [4]. If Wo(y™,v) — 0 as n — oo, with 4", v> € Z,(R??) and
A" = (id, t")#o for some t" € L%(RY, ), then " — t strongly in Z?(R%, o) and
~v = (id, t)#0. Indeed, our assumption implies that the sequence {t"},, is Cauchy in
Z%(RY, p) and hence converges to a limit ¢>°, by completeness. On the other hand,
since (id, t",t>)#p € Admp(y™,v>°) with v*° := (id, t*°)#0, we have

Wo(y™, 7)) < It" =t g2(rap) — 0 asn — oo.
Then we use that Wo(vy,v*°) < Wo(4™,v) + We(y™,7>°). We have the estimate
Ib(v") = b(v*) |l 22 (me,0) < Wol(v', 7).
as follows easily from Theorem (i.) and Jensen inequality.

Minimal Work. As outlined in the Introduction, our approach relies on a functional
measuring the work done to the fluid, called minimal work functional.

Definition 2.7 (Minimal Work). For any pair of measures !, u? € 225(IR??) we
denote by Adm(p!, u?) the set of transport plans w € Z(R*?) with

(', p*)#w=p' and (p° p")#w=p’

The minimal work is the functional A, defined by
A (p', p?)? = inf { / a, (', x*)? w(dx', dz?): w € Adm(p', HQ)}. (2.3)
RA4d

Note that A, is not a distance: It is not symmetric in its arguments p' and p?,
which follows from the asymmetry of the cost function (1.14]). Moreover, it does
not vanish if p! = p?. Instead, we have the following relation:

Ar(php?)=0 — p’=F#pu',
where F,: R?¢ — R?? is the free transport map defined by
F.(x):= (z+7&¢) for all z € R*.

The minimal work functional measures how much each fluid element deviates from
the straight path determined by its initial velocity; see [46] for more details.
When minimizing the integral in (2.3)) over all plans w € 5 (RR*Y) with

(]pl,pz,]pg)#w =: 3 for given 8 € «@2(]1{3d)7

then there exists a unique such minimizer, which takes the form w = H,#3, with
the map H,: R3 — R*? defined for all € R?*? and z € R? as

H.(x,z):= (;c, z, Ve (, z))

This determines the final velocity in terms of the data x and the new position z.
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3. ENERGY MINIMIZATION: FIRST PROPERTIES

In preparation of our variational time discretization for (1.1]), we first consider
the metric projection onto the cone of monotone transport plans.

3.1. Monotone Transport Plans. To every subset I' ¢ R% x R? we can associate
a set-valued map ur: R? — P(R?) (where P(IRY) is the power set of R?) by

ur(x) := {y eR?: (z,y) € F} for all z € RY.
For any set-valued map u: RY — P(IRY), we denote by
dom(u) := {x e RY: u(z) # @},

graph(u) := {(m,y) cRIxRY: ye€ u(m)}
its domain and graph. A subset I' € R¢ x R? is called monotone if
(1 — x2,y1 —y2) =2 0 for any pair of (z;,y;) € I.

Such a set is called maximal monotone if for any monotone set IV C R? x R? with
I' C IV we have that T' = IV, Equivalently, if it is not possible to enlarge I" without
destroying the monotonicity. We will call any set-valued map u as above (maximal)
monotone if the set graph(u) is (maximal) monotone.

By Zorn’s lemma, any monotone set (equivalently, any monotone set-valued map)
can be extended to a maximal monotone set (map). Typically, this extension is not
unique. A maximal monotone extension can be obtained constructively as follows:
Let T' € R? x R? be monotone. Then (for all (z,y), (z*,y*) € R? x R%)

(1) define the Fitzpatrick function
Fr(x,y) = sup {<y’,1’> +{,2) = () (@ y) € F};
(2) compute its Fenchel conjugate
Fi(y*,a*) = sup {(y",2) + (,0") = Fo(@,1): (@,y) € R? x R };

(3) compute the proximal average
s 1 1 s 1 2,1 2.
Nr(z,y) = inf {QFF(whyl) + 57 (Y2, 22) + gllor — 22l|* + gllyr — w2l *:

(z,y) = 5(x1,51) + %(3027312)}-
The function Nr is lower semicontinuous, convex, and proper, and the set
[ = {(z.9): Ne(a,y) = (y.2) | (3.1)
is a maximal monotone extension of I'. We refer the reader to [6,47] for details.

Remark 3.1. For any maximal monotone set-valued function u: R? — P(RR?) the
image u(z) of any = € R? is closed and convex (possibly empty); see Proposition 1.2
of |1]. Therefore the dimension dim u(z) is well-defined. The singular sets

YR (u) = {J: e R?: dimu(z) > k;}, with k =1...d,

are countably H9*-rectifiable; see Theorem 2.2 of [1] for details. Here H" denotes
the n-dimensional Hausdorff measure. In particular, the set of points 2 € dom(u) for
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which u(z) contains more than one point (that is, the set ¥!(u)) is negligible with
respect to the Lebesgue measure £¢. Outside ¥!(u) the function u is continuous.
This observation will allow us to think of a maximal monotone map u as a Lebesgue
measurable, single-valued function (just redefine u on the null set X1 (u)).

Definition 3.2 (Monotone Transport Plans). For any o € %,(IR%), we define
C,p = {'y € Z,(R??): spt~ is a monotone subset of R? x le}. (3.2)

Our definition of monotonicity for measures in Z,(IR??) is motivated by the opti-
mal transport plans of Definition 2.1} an optimal transport plan + is characterized
by the property that spt~ must be a cyclically monotone set; see Section 6.2.3 in
[4]. Then there exists a lower semicontinuous, convex, proper function ¢ with

o) + ¢*(y) = (y,x) for y-a.e. (z,y) € R? x RY.

Here ¢* denotes the Fenchel conjugate to ¢. In our setting, the cyclical monotonicity
is replaced by monotonicity, and Nr(z,y) of plays the role of ¢(x) + ¢*(y).
In the terminology of |47], the function Nr is called a self-dual Lagrangian. The
cone C, contains the set of optimal transport plans defined above.

Since we do not make any assumptions on g, its support may be a proper subset
of R% and have “holes.” Fortunately, the monotonicity constraint enables us to work
with objects that are defined on a fixed convex open subset of R¢:

Definition 3.3 (Associated Maps). Let o € Z5(R%) be given. For every v € C,
we call © a maximal monotone map associated to - if v is the maximal monotone
set-valued map induced by a maximal monotone extension of I := spt ~.

Lemma 3.4. For any o € P2(R%) and v € C,, the domain of a mazimal monotone
map u associated to y contains the conver open set () := int conv spt o, where int
denotes the interior of a set, conv the convexr hull, and conv its closure.

Proof. Let v € C, be given and consider any maximal monotone map u associated
to 7. Then graph(u) is a maximal monotone extension of I' := spt -y, which implies
that the projection X := p!(I') of I' onto R? is contained in dom(u). Since

int conv dom(u) C dom(u) C conv dom(u)

(this is true for every maximal monotone set-valued function; see Corollary 1.3 of [1])
we conclude that the convex open set int conv(X) C dom(u). It therefore suffices to
show that int conv(X) = Q. Note that € is independent of v and u.

To prove the claim, choose any x € X and r > 0. Then we can estimate

o(Br(2)) = v(By(z) x RY) > v(B,(z) x B,(y)) >0,

for suitable y € R? with (z,y) € I' = spt~. Since € X and r > 0 were arbitrary,
we get that X C spt o, which implies that int conv(X) C Q.

Conversely, for every x € Q there exists a ball B,.(z) C convspt g for some r > 0.
Pick an open d-cube @ centered at x as large as possible with Q@ C B, j2(z). Then
the closure @ is the convex hull of its corners z; € 0B, /2(x), which satisfy

x; econvspto fori=1...2%
Let ¢ > 0 denote the side length of @ and 0 < & < £/8. Then there exist
yi € Be(x;) Nconvspto fori=1...2%
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Each y; can be written as a convex combination

N; N;
Yi = )\i,kziyk with )\i,k c [0, 1] and Z )\i,k = ].,
k=1 k=1

for suitable z; ;, € spt o and N; € IN. We now claim that for any z € sptpand ¢ > 0
there exists Z € B.(z) N X. Assume for the moment that the claim is true. Then
for each z; ; we can find Z; ;, € Be(z;5) N X. We define convex combinations

N;
Ji= NixZix foralli=1...2%
k=1

which satisfy ||y; — ;|| < € and thus g; € Ba.(x;) for all i. Consequently, the convex
hull of these y; contains a d-cube centered at = with side length ¢/2; which in turn
contains a ball Bs(z) for § > 0 small enough. By construction, this ball is a subset
of the convex hull of the z; , € X from above, so that « € intconv(X). This proves
the lemma. To establish the claim, assume that on the contrary, there exists € > 0
with the property that for all z € B.(z) we have z ¢ X. Then

Q(Ba(z)) = 7(35(2) X Rd)
<y(®\ X) xR?) < 7((R! x R)\T) =0.

The second equality follows from the fact that 4 (being a finite Borel measure on a
locally compact Hausdorff space with countable basis) is inner regular; see [44]. We
conclude that z ¢ spt g, which is a contradiction. [l

3.2. Minimal Acceleration Cost. Suppose that o € Z3(R¢) and p € F,(R??)
are given. For any timestep 7 > 0 we would like to minimize the acceleration
A, (p,7y) over all v € Zy(R?*) with

(1) the transport plan taking p'#u to p!#~ is monotone,
(2) the velocity distribution of ~ is tangent to C, at the new configuration

(where the tangency to C, is yet to be specified). As mentioned above, this would be
consistent with the usual setting in continuum mechanics. Unfortunately, tangent
cones often do not possess good continuity properties, as can already be observed in
convex polygons in IR?: the tangent cone at any point on an edge of the polygon is a
half-space. But the tangent cone collapses to a smaller set at a corner. Consequently,
the distance of a fixed point in R? to the tangent cone may jump upwards as the
base point of the tangent cone approaches a corner of the polygon.

We will therefore use an operator splitting: We first search for the transport that
minimizes the acceleration cost, not imposing any restrictions on the final velocity,
which will be determined a posteriori by formula . Then we project this new
velocity onto the tangent cone (to be defined) at the new configuration. The second
term in now measures the cost of realizing a feasible velocity.

As explained above, if the velocity distribution of the second measure in is
not fixed, then the minimal acceleration cost simplifies. We therefore consider the
following minimization problem: find the minimizer 8, € Z5(RR3?) of

Bz [ 7€) = 2 Blda, o (3.3)
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among all B € Z5(R??) with the following two properties:
1) @' p)#B=p, (2) .P)#BeC,. (3.4)

It will be convenient to define v, := (x,x + 7v)#u and instead to minimize

a— i/ ly — 2)? a(dz, dy, dz)
R3d

472
over all a € Z,(IR3?) with the following two properties:
1) Lp)#a=v., (2) @,p)#acl, (3.5)

Notice that for every 7 > 0 the push-forward under the map (z, &) — (z+7E, ) with
(7,€) € R* is an automorphism between the spaces of measures a, 8 € P5(R3?)
satisfying and (3.4)), respectively. We observe that (modulo the factor 3/472)
we obtain exactly the minimization that defines the distance W, (see Theorem ,
where the second measure is allowed to range freely over the set C,. Therefore the
minimization amounts to finding the element in C, closest to v, with respect to
the distance Wy, i.e., to computing the metric projection onto C,.

3.3. Metric Projection. In order to study the minimization problem introduced in
the previous section, we introduce on %, (IR??) the analogues of scalar multiplication
and vector addition in Hilbert spaces. This will allow us to define convexity of
subsets of Z,(IR??) and metric projections onto such sets.

Definition 3.5 (Addition/Multiplication). Let o € Z5(IR%) be given.
(i.) Scaling. For any v € Z,(R?*?) and s € R let
sv 1= (x,5y)#y € Po(R??).
(ii.) Sum. For any ', 42 € Z,(IR??) let

Y eyt = {(x,y1 +y ) #aac Adme('rl,’f)} C Zo(R*).

If the plans are induced by functions, then the operations in Definition [3.5 reduce
to the usual vector space structures on the Hilbert space .Z?(IR¢, p). Note also that
for all 41,42 € Z2,(R??) and s € R we have the useful equality

Wo(sv", 57%) = |s[We (', 7).
We refer the reader to Section 4.1 in [48] for a proof.

Definition 3.6 (Closed Convex Cone). A non-empty subset C' C Z,(IR??) will be
called a closed convex set if it has the following two properties:

(i.) Closed. Consider v* € C and v € Z,(R?*?) with
Wo(v*,7) — 0 as k — co.

Then also v € C.
(ii.) Convex. For all v1,4% € C and s € [0, 1] we have

(1-s)y'esy?* cC. (3.6)
The set C' is a closed convex cone if it also has the following property:

(iii.) Conme. For all v € C and s > 0 we have sy € C.

We consider metric projections onto closed convex sets in %, (IR?¢). They have
similar properties like projections in Hilbert spaces.
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Proposition 3.7 (Metric Projection). Let o0 € Z5(IR%) be given and C C P(IR?)
a closed convex set. For any v € Po(R??) there is a unique pc(v) € C with

Wo(v, pe(v)) < Wo(v,m) for alln e C.
For every n € C and all B € P5(R*) with

(x, 5", y2)#B € Opt, (v, pc(v)),
(Xayl»}’S)#,B S AdInQ(Uan)'

we have the inequality
/W (y' —y*y* — ) B(dz,dy", dy*, dy®) > 0. (3.8)

Conversely, assume that there exists a € € with the following property: for all
n € C there exists B € Po(R*) with

(X? ylv yQ)#ﬁ S Admg('U, C);

. (3.9)
(x,5,5°)#B € Opty(v,m),
such that inequality (3.8) holds true. Then ¢ = pc(v).
For any v, v? € Z,(R*) and any w € P(R>?) such that
12 1 1
X, ¥,y )#w € Opty (v, po(v)),
( ) @( C( )) (3.10)

(X7 y3v y4)#w € Oth(U27 ]pc(U2))7

we can estimate as follows:
/M v —y* P w(de, dy', ..., dy") < /Sd vt =y’ Pwlde, dy, ... dyt). (3.11)
R R

In particular, we have the contraction Wo(pc(v!), po(v?)) < Wo(vt,v?).

Proof. The proof is similar to the one of Proposition 4.30 in [48].

Step 1. Let d := inf{Wy(v,n): n € C} > 0 and consider a sequence of plans
n™ € C such that Wy(v,n™) — d as n — oo. For any pair of indices m,n € N
choose B™" € P5(R*?) with the property that

(x, ¥, y3)#B™" € Opt,o(v,n™),
(x, 5", y*)#B™™ € Opty(v,n™),

and define the plans

a™m = (x,y%, y)#B™" € Adme(n™,n"),
N = (x, 5y° 4 gy )#B™ € C.
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The last inclusion follows from convexity (3.6)). We claim that the sequence {n"},
is a Cauchy sequence with respect to Wy. Indeed we have

1
§W0(,’7m7 7’]")2

1 m,n
</ §|y2—y3\2ﬂ " (da,dy" ... dy®)
R4d

=/4d <y1—y2|2+y1—y3|2—2y
R

< WQ(U; nm)? + WQ(’U,UH)Q - QWQ(Uanm’n)z

2
Yy

2

) B (dx,dy" ... dy?)

for all m,n € N. Notice that Wy(v,n™™) > d because ™" € C. This yields
1
§W9(777”,77")2 < Wo(v,n™)? 4+ Wo(v,n™)? — 2d°. (3.12)

Since by assumption the sequence {n"},, is minimizing, the right-hand side of
converges to zero as m,n — oo, which proves our claim. Recall that (£2,(IR%%), W,)
is a complete metric space. It follows that there is a po(v) € C with the property
that W(n™, pc(v)) — 0. By lower semicontinuity of the distance Wy, we now
have Wy (v, pc(v)) = d. This establishes the existence of a minimizer.

Step 2. To prove uniqueness, assume that there exists n € C' with W (v, n) = d.
Now choose a plan 8 € P,(IR*Y) that satisfies

(x, 7", y*)#B € Opt, (v, po(v)),
(x, 5", y*)#B € Opt,(v,n),
and define the plans
o= (x,y", 3y + 2y #8 € Adm,(v, ),
7= (x5 H IY)#B  €C
The last inclusion again follows from convexity . We can then estimate

7)2 vy ° 1 3
2Wg(v,?7) </]R4d2:lj C B(dx,dy" ...dy )
1
- /W ('yl — P+l =P - 5l - y3l2> Bldx, dy" ... dy®)
2 1 9
< We(v,pc(v))” + We(v,m)* = S We(po(v),n)". (3.13)

By our choice of 17, we obtain Wo(v,7)? < d? — W,(pc(v), n)?, which shows that
if po(v) and n are different, then Wy(v, 1) < d. This contradicts the definition of
d because 7 € C. Therefore the minimizer must be unique.

Step 3. For any i € C consider now 8 € Z5(R*) with (3.7). For every s > 0
we define 1, 1= (x, (1 — 5)y? + sy®)#8 € C; see (3.6). Then

[0 =P By’ dy?. di) = Wo(w,pe(w)’

2
< Wo(v,m,)* < /M ly' — (1= s)y? + sy®)|” Bldx, dy', dy?, dy®),
R
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which implies the estimate

0> —28/ W' —v?y* —y*) B(dx,dy', dy?, dy®)
]R4d

- s /W ly* — v B(dw, dy", dy?, dy®). (3.14)

Notice that the second integral on the right-hand side of is finite. Dividing
the inequality by —2s < 0 and letting s — 0, we obtain .

Conversely, let ¢ € C. Assume that for every n € C there exists 8 € P,(R?)
with satisfying . Then we can estimate as follows:

WQ(U7 C)2 - WQ(U’ 77)2 g ‘/]Rzld (|y1 - y2|2 - |y1 - y3|2> IB(dx7 dylvdyQa dyg)
= —2/ W' = y° —y®) Bldw, dy", dy?, dy*)
R4d

- /]Rzld |y2 - ys‘Qﬂ(d‘T?dylvdy27dy3)a

which is non-positive, by assumption. Since np € C' was arbitrary, the plan ¢ must
be equal to the uniquely determined metric projection pc(v).

Step 4. Consider now v!,v? € Z2,(R??) and their metric projections onto C.
For all a € Admy(v?, v?) there exists w € 92(R5d) with (x y , v #w = a and

(3.10). Since (x,y', y*)#w € Adme (v, pc(v?)), we apply (3.8) and obtain
/rd<y1 -3y —yHw(de,dy', ... dy") > 0. (3.15)
Similarly, since (x,y?,y?)#w € Adm,(v?, pe(v!)), we have
/ W° =y vt =y w(de,dy', ... dy") > 0. (3.16)

Adding (3.15)) and (3. 16 and using the Cauchy-Schwarz inequality, we get (3.11]).
The left- hand side of (3.11)) is always blgger than or equal to Wg(]pc( b, pe(v?))?.
The right-hand side equals W, (v!, v?)? whenever a € Opt,(v!, v?). O

3.4. Non-Splitting Projections. Under a suitable assumption on the closed con-
vex set, the projections in Proposition can be expressed in terms of maps.

Assumption 3.8. For any n € Z2,(IR??) and ¢ € C we consider the disintegrations
n(dz, dy) =: n,(dy) o(dx) and ¢(dz,dy) =: {,(dy) o(dx). We assume that if

spt 7, C comv(spt(,) for p-a.e. z € RY, (3.17)
then alson € C.

Proposition 3.9 (Properties of pc(v)). Let the closed conver set C C P(R?)
satisfy Assumption|3.8 and let pc(v) be the metric projection of v € Po(R*?) onto
C; see Proposition|3.7. Then there exists a unique z,, € £?(R??,v) with

Oth(U7]pC(v)) = {(vaazv)#v}' (318)
Proof. The proof is similar to the one of Propositions 4.32 in [48].

Step 1. Fix any a € Opt,(v, pe(v)) and consider the disintegration
a(dr,dy,dz) =: a ) (dz) v(de, dy). (3.19)
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Then we define the function
Zo (2, y) = / Z Q) (d2)  for v-ae. (z,y) € R*, (3.20)
R

and the plans

Qi

= (X,¥, Zv)#v € Admy(v, V),
U = (X, 24, ) #v.
We claim that v € C. Notice first that clearly
2o, (7,y) C CONV(Spt ay,y)) for v-a.e. (z,y) € R*.

Now consider the disintegrations

v(dzx,dz) =: 0,(dz) o(dx),

v(dz, dy) =: vs(dy) o(dz),

pe(v)(dz,dz) =: pc(v).(dz) o(dx).
It follows that
pPc(v)z(dz) = /Rd Nz (d2) Uy (dy)  for p-ae. x € RY,

and so spt a(,,,) C spt pc(v), for ve-a.e. y € R?. This yields
spt 0, C conv (spt ]pc(v)x) for p-a.e. z € RY.

By Asssumption [3.8] this implies that v € C.
Using that & € Admy(v, ), we now estimate

Wow. o < [ Iy au(w.0) v(do.dy)
R2

< / / ly — 2| Q(z,y) (d2) v(dz, dy) = Wo(v, pe(v))?.
]RQd ]Rd

The first equality follows from and the second one from . For the second
inequality we have used Jensen’s inequality. Recall that Jensen’s inequality is strict
unless the probability measure is a Dirac measure, which implies that if o, . is
not a Dirac measure for v-a.e. (z,y) € R*¢, then Wy(v,0) < Wo(v, pe(v)). This
contradicts the definition of po(v) since © € C. We conclude that

2

/ (4 — 2) e (d2)| v(dz, dy)
Rd

Aay)(d2) = 0,4, (20 (dz)  for v-ae. (z,y) € R*,

and thus o = &. The same argument works for all a € Opt,(v, pe(v)), and so all
optimal transport plans between v and p¢(v) are induced by maps.

Step 2. To prove uniqueness, assume there exist two maps z',z? € Z?(R%¢, v)
such that a* = (x,y,2")#v € Opt,(v, pc(v)) for k = 1..2. Let

B = (X'7y’ zl,zz)#v’
a:=(xy', 357 + 3 )#B.
We claim that & € Opt,(v, pc(v)). If this is true, and if z! and z? are different,

then & is not induced by a map, in contradiction to what we proved in Step 1. We
can therefore define z,, unambiguously by the property (3.18)).
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To prove the claim, let v := (x,y?)#a = (x, 3y% + %yS)#B and note that

(5% y*)#B € Adme(pe (v), po(v)).
Then v € C because of convexity (3.6). We have & € Admy(v,v) and

(x, ", 5% #B € Opty (v, pe(v)),
(X7y17y3)#3 E Opt@(vapC(v))

Arguing as in estimate (3.13), we obtain that Wy (v, v) < Wo(v, pe(v)) = d, which
shows that © = po(v), by uniqueness of the minimizer. O

Remark 3.10. Under Assumption [3.8] the third part of Proposition [3.7] simplifies

as follows: for any plans v!,v? € Z,(R?) let z* € £?(R?¢,v*) be defined as in
(3.18) for k = 1..2. Then we have the following inequality:

/sd |Zl(x7y1) —Zz (xay2)|2a(dxa yl, Y )
R? d d
S /]de ‘yl Y | a(dx, dylv dy ) for all & € Adn Q(Ul, ’1}2).

Remark 3.11. If C'is a closed convex cone, then (3.8)) implies the following statement:
for every m € C and all @ € Admy(v,n) we have that

[ o= g () vlde.dy) =0, (321)
/ (y — 2o (2, y), 2) a(dx,dy,dz) < 0. (3.22)
R34
Indeed note first that because of (3.18]), the inequality (3.8) reads as follows:
[ o= (o) zulen) - 2) alde, dy. dz) > 0 (323)
R34

for all , & as above. We have 1, := (id, 0)#p € C since C' is a cone. Then

al = (X,y,O)#’U € Adm@(“ﬂ?o)-
Using a! in (3.23)), we obtain the inequality

[ =zl me) vlde.dy) > 0. (3.21)
On the other hand, we have 2p¢c(v) € C since C is a cone. Then
a? = (x,y,22,)#v € Admg(v,2]pc(v)).

Using a? in (3.23)), we obtain the inequality
[ = 2ul). ~20 (0. 0)) oldo.dy) > 0 (3.25)
R

We now combine (3.24) and (3.25), and get (3.21)) and thus (3.22).
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3.5. Monotone Transport Plans. Propositions [3.7 and [3.9| apply to C,.
Proposition 3.12 (Monotone Transport Plans). Let o € Z225(IR?). Then

Co = {’y € Z,(R??): spt~y is a monotone subset of R x IRd}
(which is (3:2))) is a closed convex cone and Assumption 3.8 is satisfied.

Proof. We proceed in three steps.
Step 1. Consider first plans v* and 4 as in Definition (i.). Since

W(7ka 7) < W9(7kv 7)
we have that v* — ~ with respect to the Wasserstein distance, and thus narrowly;
see Proposition 7.1.5 in [4]. One can check that v € Z2,(IR??). Fix (z;,v;) € spt~y
with ¢ = 1..2. Since narrow convergence of probability measures implies Kuratowski
convergence of their supports (see Proposition 5.1.8 in [4]), there exist

lim (Ifa yf) = (‘Ti’ yi)
k— o0

(If,yf) € spt 'yk such that

for i = 1..2. Since spt~* is monotone for all k, we obtain that

(T1 — 22,51 —Y2) = klggo@lf - xg,yf - y§> 2 0.

Since the (z%,y") were arbitrary, we conclude that v € C,.

Step 2. Let now v',4% € C, and s € [0,1] be given. For any o € Adm (v, ~?)
we define the interpolation transport plan v, := (x, (1 — s)y! + sy?)#a € Z,(R>?).
Consider now any point (z,y) € spt~,. By the definition of support of a measure,
for all € > 0 there exists (£, 9',9%) € spt a such that

# € B.(z) and (1 —s)§" + s§® € B-(y). (3.26)

Indeed, assume there exists an e > 0 with the property that for all (£, §',9?%) € spt «
statement (3.26) is wrong. Then ~,(B:(z) x B:(y)) = 0, which is a contradiction
to our choice (z,y) € sptvy,. Now (Z,9',9?) € spt a implies that

0 < a(B.(@) x Bo(5") x Bo(%)) <" (Bol@) x B.(3"))

for all r > 0, with k = 1..2. We conclude that (&, §*) € spty*.
We can now apply the above argument to a pair of points (z;,y;) € spt~y,, with
i =1..2. For any ¢ > 0 we find (&;,9¥) € spt4*, i = 1..2, such that
#; € Bo(z;) and (1 —s)g) + s§? € Be(v:).
Since spt~4* is monotone, we obtain the estimate
(1 = 22,91 —yo) = (1= 8)(21 — &2, 01 — Do) + 5(1 — 22,07 — §3) — 4(M +e)e
> —4(M + e)e,
with M := max;{|z;|, |y:|}. Since e > 0 and (x;,y;) € spt~y, were arbitrary, we get
that spt~y, is monotone. Since o € Admy(~!,v?) was arbitrary, we obtain (3.6]).
In a similar way, one proves that if v € C,, then also sy € C, for all s > 0.
Step 3. In order to prove Assumption note that if ¢ € C,, then its support
is contained in the graph of a maximal monotone set-valued map u (we may consider
a suitable extension if necessary). For g-a.e. € R? we have spt ¢, C u(z), which is

a closed and convex set; see |1]. Then sptn, C u(z) as well because of assumption
(3-17), which implies that the support of 1 is monotone and hence n € C,. a
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Remark 3.13. Proposition [3.9|implies that whenever v € Z,(IR??) is induced by a
map, i.e., there exists a t € .Z?(R%, p) taking values in R such that

’U(dl’, dy) = 5t(m)(dy) g(dx),

then the projection pc,(v) is induced by a map as well:

pe, (v)(dz, dz) = 0, (2,4(2)) (d2) o(dzx).

Notice that if p is absolutely continuous with respect to the Lebesgue measure, then
all monotone transport plans in C, are in fact induced by maps. This follows in the
same way as for optimal transport plans (which are contained in the subdifferentials
of convex functions, thus monotone): the set of points where a (maximal) monotone
set-valued map is multi-valued is a Lebesgue null set; see [1].

4. ENERGY MINIMIZATION: PRESSURELESS (GASES

For our variational time discretization of the pressureless gas dynamics equations
, we divide the time interval [0, 7] into subintervals of length 7 > 0. For every
timestep, we minimize the work 2.7 over the cone of monotone transport plans. As
explained in Section [3.2] this reduces to a metric projection, which further simplifies
to a minimization over a closed convex cone in a Hilbert space: we may consider
monotone transport maps instead of plans because of Proposition [3.9

4.1. Configuration Manifold. Going back to our original setup, we will consider
monotone transport maps that are defined on measures pu € %, (IR??) representing
the distribution of mass and wvelocity, not representing transport plans.

Definition 4.1 (Configurations). For any o € Z,(R%) and p € Z,(R??), let
C, = {t € L2(R* u): (x,t)#u € CQ}.
Lemma 4.2 (Closed Convex Cone). C,, is a closed convex cone in £*(R?%, p).

Proof. We observe first that for any t',t? € C, we have that

(X7t15t2)#“ € Admg(,yl’,YQ) (41)
where v" 1= (x,t")#p € C, with n = 1..2. This implies the estimate
Wo(v',7%) < It" — %] 22 (m2a - (4.2)

Consider now a sequence t* — t in .Z2(IR??, u) and define v* := (x, t*)#u. Let
v 1= (x,t)#p and notice that Wo(v*,v) — 0 because of ([4.2)). If now t* € C,,
and thus v* € C, for all k, then also v € C, since C,, is closed with respect to Wo;
see Proposition This proves that t € C},. For any s € [0, 1] we have

vo = (x, (1= s)t! + st?)#p = (x, (1 — s)y' + sy?) #a' 2,

where a'? := (x,t',t?)#p with t" € C,, and n = 1..2. Using (4.1)), we conclude

that v, € (1 — s)y! @ sy? (see Definition , which is in C,, by Proposition
Hence (1 — s)t* + st? € C,,. The proof that C,, is a cone is analogous. ]

Remark 4.3. For every 7 > 0 let z, be the unique map defined in Proposition 3.9
representing the metric projection of v, := (x,x + 7v)#u onto the closed convex
cone C,. We define t,(z,€) := z,(z,x + 7&) for p-a.e. (z,€) € R?*? so that

(x,¥,2:)#vr = (X, X + 7V, b ) #4. (4.3)
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Then t, must be the uniquely determined metric projection of x +7v € Z2(IR?, )
onto the cone C}, (see |75] for more information about metric projections in Hilbert
spaces). Indeed for any s € C}, (for which v, := (x,s)#p € C,) we have

(x4 7v) = trl| g2 mea ) = Iy — 27 [ 22(R24,0,)
- WQ(UT7]ng (UT))
< We(vr,7s) < [I(x 4 7v) = sl 2 (rea p)-

The first equality follows from definition and the second one from . The
subsequent inequality is true because pc, (v;) is closest to v, in C, with respect
to Wy, by definition. Finally, we have used that (x,x + 7v,s)#p € Adme(v,, 7).
We will write t, = pc,, (x + 7v). The map t. is uniquely determined by

[ (@76 = (0., 0. 6) (o) =0, (14)

/}de«m +78) —t-(2,8),s(z,8)) p(de,df) <0 foralls e Cf. (4.5)

We just need to combine Lemma 1.1 in [75] with Remark

Remark 4.4. A map t € £?(R?4, u) is in C,, if and only if the following statement
is true: There exists a Borel set Ny C R?? with p(N;) = 0 such that

(t(z1,&1) — t(ze, &), 21 —x2) =0 for all (z,&) € R*\ N, (4.6)
with ¢ = 1..2. Indeed consider any t € C,, and =, := (x,t)#p € C,. Then

Nei={(2,€) € R*: (2,4(2,€)) & spty, ) satisfies

B(Ne) = (56, 8) TR\ sptyy) ) = 7o (R \ spt v,) = 0

since =y, is inner regular (being a finite Borel measure on a locally compact Hausdorff
space with countable basis; see [44]). As spt-~y, is monotone, follows.

Conversely, suppose t € Z?(R??, u) satisfies ([4.6)). Let v, := (x,t)#pu. For any
(z5,9;) € spty, with i =1..2 and any ¢ > 0 we have

0 <y (BE(xi) X BE(yi))
= M({(x,f) e R%: (z,t(z,€)) € Be(w;) x Ba(ﬁUz‘)})a

by definition of support. Therefore there exist (2;,&;) € R2® such that
(24,t(24,&)) € Be(w) x Be(y;) fori=1.2.
We may assume that (&;,&;) & Ny, where Ny is the null set in ([@6). Then
(Y1 — Yo, 1 — @2) > (6(21,61) — (&2, &), &1 — d2) — Me,

with M := 4max;—1_o{|zi|, |yi|} + 2. Since (x;,y;) € spt~y,; and € > 0 are arbitrary,
we conclude that spt-; is monotone, and therefore t € C,.

The cone C}, is the set of all possible configurations, with a reference configuration
determined by p € Z,(IR??). Configurations do not permit any interpenetration of
matter since the maps are monotone. They do admit, however, the concentration of
mass if the transport is not strictly monotone. The fluid element at location/velocity
(r,€) € R? x R? will never split because its final position is a function of (z,&).
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Definition 4.5 (Tangent Cone). Let o € Z25(IR?) and pu € Z,(IR?*?) be given. The
tangent cone of C}, at the configuration t € C,, is defined as

2% (R* )

Tan Cp, = {V € Z%(R%, p): there exists e > 0 with t +ev € C,L}

The set Tang C, is a closed convex cone with vertex at the origin (that is, the zero
map) containing C,, —t. We refer the reader to §2 in [75] for additional information
on tangent cones (also: support cones) to closed convex sets in Hilbert spaces.

For any w € .Z?(IR%¢, 1) there exists a unique metric projection onto the closed
convex cone Tang C),, which we will denote by pran, Cu (w). It can be characterized
by the following property: for all u € #?(R??, u) we have

U = Pran, ¢, (W) if and only if

/ (w(z, &) —u(z,8),u(z,§) —v(z, &) u(de,d) >0 for all v € Tany Cp.
R2d

Since Tang C), is a cone, the latter condition is equivalent to
[ &) = ue.€), u(e ) . ) =0
R

/ (w(z, &) —u(z,§),v(z,§)) u(dr,df) <0 for all v e Tan, Cp.
R2d

We also recall the following fact: for any t € C), we have

-1
02 g o | (P (6 ) ) = Dram e, ), 0 (@)
as u — 0 over any locally compact cone of increments; see Lemma 4.6 of |75]. The
metric projection Pran, ¢, is therefore the differential of pc, at t € C,.
Let us collect some additional properties of the tangent cone.

Proposition 4.6 (Tangent Cone). With t € Cp, and v, := (x,t)#p, assume
(y1 — Y2, 1 — x2) = alzy — 22|®  for all (x4, ;) € spty, (4.8)

and 1 = 1..2, where a > 0 is some constant. Then we have:

i.) Every u € ZL%(R%, 0) is contained in Tang C,,.
7
(ii.) For all v € Tang C,, we also have —v € Tang C,.

In particular, the tangent cone Tang Cy, is a closed subspace of £ (R, ).
Proof. We divide the proof into three steps.

Step 1. Note first that any finite Borel measure v on a locally compact Hausdorff
space 2 with countable base is inner regular. Therefore the space of all continuous
functions with compact support is dense in .Z?(£2,v). We refer the reader to [44]
for further details. If 2 is also a vector space, then the same statement is true for
smooth functions with compact support. For every u € Z?(IR%, o) there exists thus
a sequence of smooth functions 4™ with compact support with «”™ — wu strongly
in Z2(RY, ) and therefore in .£?(R??, p). We claim that t +cu™ € Cy, for € > 0
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sufficiently small. To prove this, let Ny be the null set of Remark [£.4] Then
<(t(l‘1,§1) + €’U,m(I1)) — (t(x27§2) + 6um(x2)),9:1 — $2>
= <t($1,§1) - t($2a€2),$1 - .fL'2> - 5<'u,m(x1) - um(IQ)a xr1 — l‘2>
> (a — 5||Dum|\$oo(zgd)) |z — 222 > 0

for all (z;,&;) € R24\ N with ¢ = 1.2, for ¢ > 0 small. This proves part (i.).

Step 2. We now show that for every s € C,, we also have —s € Tany C},. The
argument is a modification of the proof of Proposition 4.28 of [48]. We first define
the plan ~ := (x,s)#p € C,. Since spt~y is a monotone subset of R? x R%, there
exists a maximal monotone extension of it, which we denote by I'. Let u be the
corresponding maximal monotone set-valued map, defined as

u(z) := {y € R: (z,y) €T} for all z € R%

It is well-known that for every x € R the image u(x) is a closed and convex subset
of RY; see [1]. Consider the disintegration of the transport plan

y(dz, dy) =: 7x(dy) o(dz).
Then we have that v, = s(z, -)# . for g-a.e. x € RY, with p(dx, d€) = p,(d€) o(dz)
the disintegration of p. Let ¥, := (—s(z,-))#pu, and —y = (x, —s)#u so that
(=7)(dz, dy) = 7. (dy) e(dz).
For g-a.e. z € R? we denote by A, C u(z) the closed convex hull of spt~,. For
such an x there are two possibilities: either -y, is a Dirac measure and A, = {b(v)(z)}

(recall Definition [2.6), or A, (and therefore u(z)) contains b()(z) as an interior
point with respect to the relative topology. In the latter case, the subspace

L,:= U n( —b(y)(z) + u(z))

neN

has the property that spt~, C b(v)(z) + L., and hence spt¥, C —b(v)(z) + L.
Let p? be the metric projection of R? onto the closed convex set

— (n+ D)b(v)(z) + nu(zx) (4.9)
for p-a.e. € R? and n € N. Since projections are contractions, we have
Ip5 (y) =yl < [pi(y) — i (= b(¥)(@))] + | (= b()(2) -y
2y — (= b()(2))]
for all y € R?. We used that —b()(z) is contained in ([4.9). We have

/Rd (/R v = (= b)) %(dy)) o(dz)
< 4/}Rd </]Rd lyl? %(dy)) o(dx) = 4/]de Is(z, €)|? p(de, de),

by definition of b(v)(x) and Jensen’s inequality. We now define the maps
s"(z,€) =pl(—s(z,8) for pae. (z,) € R*.

Using dominated convergence, we get for n — oo that

15" = e = [ ([ 920 =P iala)) od) — 0. (410

<
<
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because pl(y) — y for all y € —b(v)(x) + L, and for p-a.e. z € R? such that ~,
is not a Dirac measure. We used again that pZ(—b(v)(x)) = —b(v)(z).

As discussed in Step 1, there exists a sequence of smooth, compactly supported
functions ™ such that t™ — b(~) in .Z?(R%, o). We now define

s"M(@,€) = 8"(2,€) + (n + 1) (b(v)(z) — t™(2)). (4.11)
for p-a.e. (x,&) € R24. We get for m — oo (with n fixed) that

I8 = Eyaqusag = 0+ D [ b)) —7@) oldn) — 0. (412)

Combining (4.10) and (4.12), we find [|s™" — (—s)|| #2(R24,,) — 0. We claim that
t +es™™ € O for € > 0 small. To prove this, we observe first that

sV (2,€) C —(n+ 1)t™(z) + nu(z) for p-ae. (z,€) € R*
by definition of p} and . With N the null set of Remark we have
<(t(m17§1) —e(n+ 1)tm(a:1)) — (t(ajg,fg) —e(n+ 1)tm(x2))7x1 — x2>
= (t(x1,&) —t(z1,&), 21 —22) —e(n+ )" (x1) — ™ (22), 1 — 22)
> (= e(n+ 1) DE" | e iy ) o1 — 2 > 0

for all (x;,&;) € R24\ Ny with i = 1..2, for ¢ > 0 small. Since u is monotone, the
support of (x,t 4 £s™™)#u is contained in a monotone subset of R? x R4,

Step 3. We prove that if v € Tang €, then also —v € Tany C),. There exists a
sequence of v € Z?(R*, p) with [|[v" — v|| g2(g2a ) — 0 as n — oo, and such
that t +¢"v"™ € C}, for €™ > 0 small. We have the following identity:

1 1
n __ ne.n
-V = —E—n(t+e v )+€—nt.
The first term on the right-hand side is in Tang C,, because of Step 2; the second
one is in €}, C Tang C},. Since the tangent cone is a closed convex cone, we conclude
that —v™ € Tang Cj,. Then we use that [|(—v") — (=V)||.g2(R24,,) — 0. O

Remark 4.7. We emphasize that, unlike the tangent cone built from optimal transport
maps/plans, which basically consists of gradient vector fields (see [4,48]), the tangent
cone derived from monotone maps contains all of .Z2(IR%, p) if t is strictly monotone
in the sense of inequality. This condition is satisfied when t = x, for example.
Generically, it can happen that the tangent cone is a proper subset of .Z2(R9, p): If
d=1and t € C,, depends only on the spatial variable z € R (so that t € (R, p)),
then a velocity v € Z?(IR, o) belongs to Tang C), only if v is non-decreasing on each
open interval on which t is constant; see Lemma 3.6 in [19] for more details.

4.2. Minimization Problem. We now introduce the main minimization problem
for . Both mass and momentum will be conserved, by construction. But since
transport maps t € C}, are not required to be strictly monotone (hence injective),
it may happen that fluid elements with distinct velocities are transported to the
same location. We will then use the barycentric projection to select an admissible
velocity that are consistent with the monotonicity constraint. This results in fluid
elements sticking together to form larger compounds.
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Definition 4.8. For any ¢ € Z5(R%) and p € FPo(R?*?), and any t € C}, let
J6,(t) = {u ot: u e LR, gt)}, 0t = t#u.
One can check that 7%, (t) is a closed subspace of Z?(IR*?, u) because

[w ot 22 rea ) = 1wl 2200

for all wot € J,(t); see Section 5.2 in [4]. Consequently, there exists an orthogonal
projection onto this subspace, which we will denote by pg, (¢)-

Definition 4.9 (Energy Minimization). Let o € Z5(R%), u € Zo(R?*?), and 7 > 0
be given. Then we consider the following three-step scheme:

(1) Compute the metric projection t, := pg, (x + 7v) and define
Wr(xv 5) = V‘r (iC, ga t‘r(l'v f)) for H-a.e. (1’7 6) € IR'2d; (413)

see Remark and (1.16) for the definition of V.
(2) Compute the orthogonal projection U, := pg, (¢, )(Wr).
(3) Define the updated fluid state

Or ‘= tT#I”’? Ky = (tT’uT)#IJ"

Notice that p, is well-defined for any choice of (g, p, 7), and that u, determines
an Eulerian velocity field u, € Z?(R%, o,) via u, =: u, ot,. We observe that u,
is just the barycentric projection of w, := (t,;, w,)#u: Indeed we have

/ [ (2,€) — (b (2, 6)) | pu(de, d€) = / ¢ — ulz, Q)2 o (dz, dC)
R2d R2d

for all u € Z2(RY, p,), and the barycentric projection b(u,) is the unique element
in Z%(R%, o;) closest to p, with respect to #,, (recall (2.2)). From Proposition
we deduce that .Z?(R%, 0,) C Tanx %, . Step (2) of Definition can therefore
be interpreted as the projection of the updated state p, onto (a subspace of) the
tangent cone at the new configuration; see also Remark [£.11] A similar combination
of transporting the vector field, then projecting it onto the tangent cone was used
in 3] to construct the parallel transport along curves in %3(IRP); see also [11].

When g, is absolutely continuous with respect to the Lebesgue measure so that
there is no concentration (no sticking together of fluid elements), then the tangent
cone at o, consists only of monokinetic states, as follows from Remark [3.13]

Remark 4.10. We emphasize that the minimization of work links the transport t.,
to the intermediate velocity w, through the optimal velocity (4.13]). This makes it
possible to express the work equivalently in different form: Defining

L tT (.13, 5) -z
Vr (.’I}, E) T T
we have the following identities, which will be used frequently:

(l‘ +T§) - tT(l‘,f) = T(§ - VT(x,f)) = 2%(5 - Wr(xvf)) (4'14)

In particular, the transport velocity can be written as a convex combination

for p-a.e. (z,€) € R*?,

(0,6 = w0+ 36 = w8 = ove@E) -2 (419)
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for p-a.e. (z,€) € R?. Inserting (4.14)) into the work functional (3.3 with z = t(z, £)
(recall that projections are non-splitting; see Section, we observe that the minimi-
zation over C, can be reformulated as a minimization over velocities.

Remark 4.11. We will be mostly interested in situations where the initial state is
monokinetic, for which p(dz, d€) = 8y (d€) o(dz) for some velocity u € £?(R%, o).
In this case, the transport maps in C,, are functions of z € R? alone because

t(z,€) == t(z,u(z)) for pae. (z,€) € R*. (4.16)
For d = 1, it was shown in [19,/65] that the family of transport maps
ts == pc,(x+sv) foralls>0,

determines a weak solution of the pressureless gas dynamics system (1.3]) with initial
data (o, u) in the following way: The density at time s is given by the push-forward
0s := ts#p. The (Lagrangian) velocity is defined by the formula

VS(ZL‘7 f) — hl_igl+ t5+h(l', g)h ts(l‘, f)
Again this is a function of z € R? alone because of . Using , we observe
that vy is, in fact, the metric projection of the initial velocity u onto the tangent
cone Tang, C,,. Here we used that £ = u(z) for p-a.e. (z,£) € R??. Moreover, since
the map s + t, is Lipschitz continuous in .#?(IR2%, u) and therefore differentiable
for a.e. s € R, we conclude for such s that v4 can also be obtained as

Vs(fﬂ,g) _ hligl+ tsfh(xagz; t5($7f)

for p-a.e. (z,€) € R*,

for p-a.e. (z,€) € R*%

and so vy € —Tang, C), as well. This implies that
v, € H,(ts) forae. seR,

and, in fact, v, is the orthogonal projection of the initial velocity onto this subspace;
see [19,/65]. Our minimization problem preserves this structure: Note that

[ (€= b9 0t 0.0 . )

= / R <§ - WT(xag)vv(t‘r(xag))> u(dm,dﬁ)
R
for all v € Z(IR). Using the identity (4.15) for w, for any a > 0 we can write

| (= wrl@.9).0(t0,)) (o, e

_ % | (@470~ t(2,8), (0 4 aid) 0 b (2, )) pad, d)
— 22 [ (w70 — 02,6, (2, ) i, )
T JR2

The last integral vanishes because of in Remark Since for large enough «
the map v+« id is strictly increasing, one can check that (id, (v+aid)ot; )#p € Cy,.
Here we used the assumption that d = 1 (since compositions of monotone maps are
again monotone in one space dimension). Using inequality , we have

/RQ (& —wr(z,8),v(t:(2,€))) u(dz,dé) <0 for all v € Z(R),
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which in particular implies equality. Since Z(IR) is dense in Z?(IR, o,) we get
/ (u(z) — u-(t-(2)),v(t(z))) o(dz) =0 for all v € Z*(R, o),
R

writing t, := t,(z,u(z)) for p-a.e. * € R As explained above, this orthogonality,
in combination with the definition of ¢, as the metric projection of id + 7w onto
monotone maps, characterizes solutions of satisfying a stickyness condition,
for a.e. 7 > 0. So our discretization already generates the ezact solution, not just
an approximations, for d = 1 and monokinetic initial state p = (id, u)#o.

Remark 4.12. In [14] the authors prove the non-existence of sticky particle solutions
to for well-designed initial data. In their construction the number of collisions
grows unboundedly the closer one gets to the initial time, and so the dynamics has
arbitrarily small time scales. Using our discretization, we can construct a sequence
of approximate solutions to starting from the initial data in [14]. We will show
below that this approximation converges to a measure-valued solution of . The
timestep 7 > 0 in our discretization introduces a minimal time scale below which the
dynamics is not completely resolved but is “smeared out.” It would be interesting
to know to which solution our discretization converges in the limit 7 — 0.

Remark 4.13. The constant map s(z, &) = +b for all (z,£) € R??, where b € R? is
some vector, is an element of C,. Using this function in (4.5)), we get

/ (b,¢) pir (dz, dC) = / (b, ur (2,€) pldr, de)
R2d

R2d

- / (b, wr (2, €)) pu(de, dE) = / (b,€) pa(de, de);
R24 R2d

see (4.15). Recall that u, is the orthogonal projection of w, onto ., (t), which
contains s. We conclude that the minimization preserves the total momentum.

Similarly, we can use the test functions s(z, &) = £ Az for all (z,¢) € R?? with
A € Skewy(R) in because these functions are monotone. It follows that

/ (W (2, €), Az) pu(de, d€) = / (€, Azypa(de, de);
de

R24

recall (4.14). We decompose the left-hand side using x = t,(x, &) — v, (z,§). The
corresponding second integral can be estimated as

1/2 1/2
[ €0, A . ) sl )| < AN 1V L

We will see below that both .#2(IR2?, u)-norms can be estimated against the kinetic
energy [poq [€]? p(dz, d€) of the initial state, uniformly in 7. Moreover, we get

/ (wr (2, €), Aty (2, €)) pa(de, d€) = / (¢, Az) . (dz, dC)
RQd

R2d
- / (ur(2), A2) 0, (d2),
Rd

where we have used that w, is the barycentric projection of p,. We conclude that
our minimization preserves total angular momentum up to order 7.
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4.3. Polar Cone. In this section, we will give a representation of the elements in
the polar cone of C},. As we will see later, such elements appear as stress tensors.
In Remark we have defined the space %, (IR%; RP) of all continuous functions
f: R4 — RP for which lim|,) o f() € RP exists. We identify %, (R%;RP) with
the space %(]Rd; RP) of continuous functions on the one-point compactification R
of R%: We adjoin to R a point oo and define a distance (see [61))

min{|z —y|, h(z) + h(y)} if z,y € RY,
d(z,y) == { h(x) if r € R? and y = oo,
0 if x,y = oo,

where h(z) := 1/(1+|z|) for all 2 € R%. Then |z — oo is equivalent to d(z,00) — 0.
To any g € €.(R% RP) we associate § € €(R% RP) defined as

, g(x) if z € RY,
@)= .
M, 00 g(z) if 2= o0.
Conversely, the restriction of any function in €(R%; RP) to R¢ induces a function
in ¢.(R%; RP). We will hence not distinguish between the two spaces. Similarly,
we define €, (R%; Mat;(R)), €.(R%; Sym,;(R)), and %,(R%; Sym,(IR, >)).
For any u € €1 (R4 R?) we refer to the symmetric part Vu(z)™ for all x € R?
as its deformation tensor, which is an element of % (R%; Sym,(RR)). Let
¢HRY:RY) = {ue 1 (R%:RY): Vu € €. (]Rd;Matd(]R))},
Mon(R%) := {uec} (R%GRY): u is monotone }.
The cone Mon(IR?) contains, in particular, all linear maps u(x) := Ax for all # € R,
with A € Maty(R, >). We will use the following result from [20]:

Theorem 4.14 (Stress Tensor). Assume that there exist a measure F € .4 (R%; RY)
with finite first moment and a measure P € .4 (R%; Symy (R, >)) with

G(u) = —/ (u(z), F(dx)) —/ tr(Vu(z)P(dz)) = 0 (4.17)
R R
for all u € Mon(R%). Then there exists R € . (R% Symy(R, >)) such that

G(u) = /Rd tr(Vu(z)R(dz)) for allu € €' (R%:RY),

/]R tr(R(dz)) = f/Rd@c,F(dx))f/Rd tr(P(dz)). (4.18)

Notice that the integral in is finite for any choice of u € €} (R%; R?) since
the first moment of F is finite, by assumption. Recall that the trace of a symmetric
matrix equals the sum of its eigenvalues, which in the case of a positive semidefinite
matrix are all non-negative. Therefore controls the size of R.

Remark 4.15. The stress tensor R does not actually assign any mass to the remainder
R \ R?, so Theorem remains true if the compactification R? is replaced by
R?. In fact, recall that R? (being a separable metric space) is a Radon space, so
that any finite Borel measure is inner regular. Consider a non-negative, radially
symmetric test function ¢ € Z(R?) with [, ¢(x)dz =1 and define

ugr :=V(dr* ), with ¢gr(z):= %max{|x|2 — R?%,0}
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for # € R? and R > 0. The map ¢ * ¢ is convex and smooth (since the convolution
preserves convexity), hence up is monotone and smooth. Notice that ur(z) = 0 for
all |z] < R — ¢, with ¢ the (finite) diameter of spt ¢. Moreover, we have

/]R,i oz —y)ly|* dy = |z|* + (/Rd |22 0(2) dz)

for all x € R?, which implies that ur(z) =  and Dug(xz) =1 for |z| > R +c. In
particular, we observe that ug € Mon(IR?) for all R > 0. Then

/|$2R+ctr(R(dx)) < C(/WR_CMHFW)' +/|$2R_Ctr(P(d:c))>, (4.19)

with C some finite constant depending on . The right-hand side of (4.19)) converges
to zero as R — oo since both measures |F| and tr(P) are inner regular and the first
moment of F is finite. We conclude that tr(R)(R?\ R%) = 0.

For p € Z,(R??) and 7 > 0 let t, be given by Definition Then

_% /W«z +7E) — b0 (2, €), 8(2, €)) pulda, d€) > 0 for all s € Cl,

which is (4.5). In particular, this inequality is true for s = u with « € Mon(R%).
Functions in Mon(IR%) have at most linear growth and are therefore in .#2(R¢, o).
Applying Theorem (with P = 0), we get R, € .#(R% Sym,(R, >)) with

[ (V@R ) = =2 [ (@47 oo Ou(o) udn ), (@20
R4 T JR2d

[ @) == [ (@419 - @O utdnds @20
Rd T R2d

see Remark The representation in Theorem generalizes a similar descrip-
tion of the polar cone of monotone maps obtained in [65] in one space dimension.
Using the identity (4.15)), we obtain the following identities:

[ e(Vu@Rd0) = <5 [ (€= v (o.8),ula) lda.de)
R4 T JR2d
= [ 6= wele,9).ula) i, de),
]R2d’

-
with transport velocity v, (z,&) := (t,(x,&) — x)/7 for p-a.e. (z,¢) € R??, and
[ Rt = =5 [ (€= vi(o.€).0) mldn, )

7? R2d
1
=2 [ 6= wele,),0) udn, ),

T JR2d

Remark 4.16. In order to explore the significance of R.;, we consider
p(da, d€) = 160(d€) £Y](_1.1)(dw) + 15, (d€) So(der).
For any 7 > 0 the support of the transport plan (x,x + 7v)#pu is not monotone.
Then ~, := (x,t,)#u, with t, given by Definition can be computed as
v, (dz, dy) = i(%(r)r(dy) LMjo,8(r)71 (dz) + 82 (dy) L (—1,10\0,8(r)7] (d$)>

+ %5B(T)T(dy) 50 (diﬂ),
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where (1) € [0,1] is the minimizer of the following function:

BT
o (8) = %|1—5|272+i/ |ﬁ7’—:v|2alx7
0

which represents the .22 (IR2, u)-distance of x+7v to some map in C, parameterized
by 3. One can check that 3(7) := 2(v/T+7 —1) and B(r) — 1 as 7 — 0. The
induced velocity distribution p. := (x, (y — x)/7)#~, equals

p(dx,d§) = i(%(r)—x/f(df} L10,8(r)7] (d) + 80 (d€) LM|(—1.1)\[0,5(r)r] (dx))
+ 505(r) (d€) 8o (d).
The first £&-moments of p and . determine the corresponding momenta:
m(di) = 35o(de),
m(de) i= £ (B(r) = =) £l 50717 (d) + $8(r) do(d).

Therefore the change in momentum (which represents an acceleration) has two parts:
The velocity of the fluid element with mass 1/2 located at @ = 0 decreases, so the
momentum is getting smaller. This momentum is transfered to fluid elements in the
interval [0, 8(7)7], which pick up speed. The transfer is described by the derivative
of the non-negative measure from Theorem Let R, := R, L! with

2

(1-6(n) — (82— 5-) ifz € 0,8(r)7],

T

R, (z) =

S NI

otherwise.

Since 1(1—B(7)) = £B(7)?7 the measure R, is non-negative, supported in [0, 3(7)7],

and it satisfies m — m, = 9,R; in 2'(R). Note further that R, vanishes as 7 — 0,
in any £P(R) with 1 < p < co. Theorem suggests that a similar structure can
be found in higher space dimensions: the metric projection onto C, may cause the
transfer of momentum to neighboring fluid elements, captured by the distributional
divergence V - R of the stress tensor field R. This transfer manifests itself also in
the kinetic energy balance, which we will consider next.

Proposition 4.17 (Energy Balance). For any (o, t, 7) as in Definition[].9 consider
the quantities (t,, w,,u,, p.) specified there. Let R, € .4 (R%; Symy,(RR, >)) be the
stress tensor field satisfying (4.20) /(4.21). Then we have
lur)+ [ (iwe €2 + S, - w, ) u(do.de)
R L
+/ tr(R,(dz)) = &[pl,

R{i

with total/kinetic energy

el = [ | HePu(dn,de).

Recall that p, = (id, w,)#o0, for some u, € L*(R4, 0,) with o, = t.#u.
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Proof. Since u, := p g, (t,)(W,) (orthogonal projection), we have
[ e P plde.de) + [ (.6 - w0 ulds.de)
R2d R2d

:/ Lw, (2, )| p(d, de).
R2d
On the other hand, using definition (4.13)) of w, and (4.14]) we can write

/ %wa(x,£)|2u(dx,d§)+l/ W (@,€) - &|* p(da, d€)
R2d 6 R2d
=/ %Iﬁl%(dw,df)—f?g?/ (@ +78) = tr(2,6), tr (2, €)) p(da, dS)
R2d T R2d

+Ti2/IRQd<(UC+T§)—tT(%f),x)u(d;v,df) (4.22)

The second integral on the right-hand side of (4.22]) vanishes because of (4.4)), the
last one can be expressed in terms of the stress tensor field R;; see (4.21)). ([l

5. ENERGY MINIMIZATION: POLYTROPIC (GASES

We now modify the minimization problem of Section for polytropic gases. In
this case, the density ¢ must be absolutely continuous with respect to the Lebesgue
measure since otherwise the internal energy would be infinite (see Definition .
We need a lower semicontinuity result for the internal energy, suitably redefined as
a convex functional on the set of monotone transports.

5.1. Gradient Young Measures. We introduce Young measures to capture oscil-
lations and concentrations of weak® converging sequences of derivatives of functions
of bounded variations. They will be used in Section to establish a lower semi-
continuity result for the internal energy. We follow the presentation of [55./69].

Let © € R? be a bounded Lipschitz domain and ¢ € BV(£2; R?). Let By be the
open unit ball in Maty(R) and 0B its boundary. We associate to the derivative
Dt (which is a measure) a triple v = (v, 0, u) with

ve L (Q; @(Matd(JR))), oeMi(Q), peLF (o POBs) (5.1)

as follows: Consider the Lebesgue-Radon-Nikodym decomposition
Dt =VtL?+ Dt, Dt L LY, (5.2)

and define v, := dyy(,) for a.e. x € Q and o := [D*t|. Let further
dD*t dD*t
= Dt =——
apeg P P gy
be the polar decomposition of Dt and define i, = dy(5) for |[D*t|-a.e. x € 2. Here
L2 (Q; Z(Mata(R))) is the space of weakly measurable maps from €2 into the space
of probability measures on Matq(RR) (similar definition for .Z5°(Q, o; 2(0By))). We

call v = (v, 0, 1) an elementary Young measure associated to Du.
Consider now a sequence of uniformly bounded maps t* € BV(Q; R¢). Extracting
a subsequence, we may assume that t* — ¢ in .2 (Q; R?) and Dt* — Dt weak*
in . (Q; Matg(RR)), for some ¢ € BV(€;1R%). In this case, we say that t* converges
weak® to ¢t in BV(;RY). We denote by v = (v*, 0%, u¥) the elementary Young
measure associated to Dt* as above. Since the spaces in (5.1) are contained in the

D5t € £1(Q,|D%t|;0By).
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dual spaces to Z(Q; y(Maty(R))), €(Q), and ZL(Q, 0; € (0B,)) respectively, one
can show that there exists a subsequence (which we do not relabel, for simplicity)
and a triple v = (v, 0, u) as in (5.1)) with the property that the

k.= z,-), vF] dx <(x, ), pF o* (dx .
[[f,v]]-—/Q[f( )k d +/Q[f (2, ), 1] o* (d) (5.3)
= / / f(x, M) vE(dn) do + / o (x, M) pk (M) o (dx)
Matg(R) Q0 JoBy

converge to [f,v] (defined analogously) as k — oo, for f € Z(€Q; Maty(R)) with
f:Q xMaty(R) — R :
the map f is a Carathéodory function
Z(Q; Mata(R)) == {  with ;
linear growth at infinity, and there exists
fe e %(Q X Matd(lR))

see Corollary 2 and Proposition 2 in [55]. Recall that the map f: Q — R% is called
a Carathéodory function if it is £¢ x B(Mat4(RR))-measurable and if M ~ f(z, M)
is continuous for a.e. x € Q. It is enough to check the measurability of z — f(z, M)
for all M € Maty(IR) fixed; see Proposition 5.6 in [2]. The map f has linear growth
at infinity if there exists ¢ > 0 such that |f(z, M)| < ¢(1 + ||[M])) for a.e. x € Q and
all M € Maty(IR). We denote by f°° the recession function of f, defined as
/ !
oz, M) := lim fa, tM')
z' =z t

M'—M
t—o00

for a.e. z € Q and all M € Matg(R).  (5.4)

Note that the recession function is positively 1-homogeneous in M, if it exists. We
call a triple v = (v, o, ) obtained as a limit as above a gradient Young measure and
denote the space of gradient Young measures by ¢(; Mat4(IR)). Then

Dt = [id,v] £ + [id, p] o
by construction (cf. ( @ ). Moreover, we have
dDst
d| Dst*|
weak™® in . (Q) as k — oo, which implies that [|| - ||, 7] € £ (Q). We used the fact

that the recession function of f(z, M) := ¢(z)|| M| with ¢ € € (Q) coincides with f.
We refer the reader to [55] for further information.

|Vek) £+ H D) — (- v 22+ ) - |

We apply this framework to sequences of monotone functions t* € BV(Q;R?) (see
Remark [3.1)), in which case the derivatives Dt" are positive (that is, matrix-valued
and locally finite) measures; see Theorem 5.3 in [1]. Since the map (M, v) — v-(Mv)
is continuous, the set Matq (R, >) is open and convex; the set Maty(IR, >) is a closed
convex cone. Recall that a matrix M is an element of Mat4(IR, >) (resp. Maty (IR, >))
if and only if its symmetric part M®™ € Sym (R, >) (resp. Symy,(R, >)).

Proposition 5.1 (Gradient Young Measures). Let Q C R? be a bounded Lipschitz
domain and suppose that t* — t weak* in BV(Q;R?) with t*,t € BV(Q;R%)
monotone. For all k € N we denote by v* the elementary gradient Young measure
associated to Dt*, as introduced above. Then there exists a subsequence (which we
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do not relabel, for simplicity) and a gradient Young measure v € 4(Q; Maty(IR))
with the property that [f,v*] — [f,v] for all f € Z.(2; Matq(R)), where

f:Qx Matyg(R) — R :

R (Q'Matd(]R)) — the map f is a Carathéodory function with
LA linear growth at infinity, and there exists
f>*e %(Q x Maty(IR, 2))

Proof. Tt suffices to check continuity of the recession function f°° on the smaller set
Matq (R, >) because all gradient Young measures considered above vanish outside of
Q x Matg(R, ). Indeed, consider any test function f € 2(; Maty(IR)) of the form
flz, M) = p(x)h(M), with ¢ € €.(Q) non-negative, h(M) := dist(M, Maty4(R, >))
for all M € Maty(IR). Then the map h is positively 1-homogeneous. This follows
immediately from the fact that Maty(RR, >) is a cone. It can also be derived from
the following observation: Notice first that symmetric and antisymmetric matrices in
Mat4(R) are orthogonal to each other with respect to the Frobenius inner product.
For given M € Maty(R) let M*¥™ = QP be a polar decomposition of its symmetric
part (so that QTQ =1 and P = PT > 0). Then

Xor o= M0 4 (M™™ + P) /2
is the unique element in Maty(R, >) closest to M in the Frobenius norm, and
diSt(M, Matd(lR, 2))2 = Z )\i(]\4sym)27
Xi(M=ym)<0

with A\;(M®™) the (real) eigenvalues of M*™; see [50]. Then the claim follows.

Since h is positively 1-homogeneous it is sufficient to consider the limits 2’ — =
and M’ — M in to define the recession function of f. But ¢, h are continuous,
and hence f*° coincides with f. In particular, this proves that f € Z(2; Matq(IR)).
Note that h(M) = 0 if and only if M € Maty(IR, >). If t* is monotone, then

Vit (z) € Maty(R,>) and p*(z) € Maty(RR, >)
for a.e. x € Q and |D*tF|-a.e. x € (, respectively, where

dDstF dDstF
Stk . |Dstk‘| k .

= , ph= e 210, |D*t"|;0B
d| DstF| d| DstF| (2, |D7¢7]; 054)

is the polar decomposition of D*t*. If v* is the elementary gradient Young measure
associated to Dt*, then [f,v*] = 0 for all k € N and f as above. Then the gradient
Young measure v generated by {v*}; satisfies [f,v] = 0 because [f,v*] — [f, ]
for all f € 2(Q2;Maty(R)). Since ¢ € %.(2) non-negative was arbitrary, we get
that the gradient Young measure v vanishes outside of Q0 x Maty(IR,>). A careful
inspection of the proof of Proposition 2 in [55] now yields the result: Convergence
of the gradient Young measures follows from the weak* convergence of

Ll pbot — vt o

on (a suitable compactification of) 2 x Matg(RR), which reduces to weak* convergence
on Q x Matg (R, >) whenever t* and ¢ are monotone. O
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5.2. Internal Energy. We introduce a functional on the space of monotone BV-
vector fields that represents the internal energy. This functional will be convex and
lower semicontinuous with respect to weak* convergence in BVi,.(Q; R?).

Let us start with two auxiliary results.

Lemma 5.2. For any v > 1, the map h: Maty(IR) — [0, 00] defined by

det(M=™) =7 if M € Maty(R, >),
h(M) = { et (M) if M € Mata(R, >) (5.5)
o0 otherwise,
is lower semicontinuous, proper, and convex. For all M € Matg(R), we have
h(1 +tM)— h(1 0 if M € Maty(IR, >),
hOO(M) — lim ( + ) ( ) _ Zf 6' a d( ’ ) (56)
t—o0 t oo otherwise.

Proof. Since M — det(M®™) is continuous, the function h is lower semicontinuous.
It is proper because h(1) = 1. In order to prove the convexity of h, we observe that
S+ det(S)'/? is concave for all symmetric, positive definite S € Matq(IR). Indeed,
pick any two such matrices S° and S. For all ¢ € [0,1] we can write

det ((1—#)8° +51)/? = (det(S°) det(1 + tB)) ",
where B := C71(S! — S%)C~! and C := v/S°. The matrix C exists and is invertible
since SY is symmetric and positive definite, by assumption. Then we compute

%det(l +tB)Y4 = det(1 + tB)l/d{:ltr(D)},

dt? d? d
where D := B(1 +tB)~!. The matrix D is symmetric. Therefore
tr(D)? = (M + -+ Xa)? <A + -+ + A7) = dix(D?),

where A1,...,\g are the real eigenvalues of D. Hence is non-positive for every
s € [0,1]. The composition of a concave function with a convex, non-increasing map
is convex. Therefore the map S + det(S)!~7 is convex for all symmetric, positive
definite S € Maty(R). Finally, the composition of any convex function with the
linear map M — M®™ is again convex. Then the result follows.

To prove (5.6), we use that the map t — (h(1 +¢tM) — h(1))/t is non-decreasing
(hence lim¢_,oc = sup,~), by convexity of h. If M ¢ Matq(IR,>), then there exists
v € RY, ||v|| = 1, such that (v, Mv) < 0. For sufficiently large ¢t > 0, we get

(v, (T+tM)v) =1+ t{v, Mv) <0,

and thus h(1 4+ tM) = oco. This proves (5.6) for M ¢ Maty(IR, >).
If M € Maty(R, =), then 1 +¢tM € Maty(IR, >) for all ¢ > 0, because

(v, (L+tM)v) =1+ t{v, Mv) > 1
for all v € RY, ||v|| = 1. By convavity of M + det(M*™)'/4  we obtain

@ det(1 + tB)Y/? = det(1 + tB)l/d{ltr(D)2 - 1tr(D2)}7 (5.7)

1/d
i 1 t .

= e (“ (gt mM”m»

o

det (1)1 + T

>(1+t><11

det(Msym)l/d) >1
+t
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for t > 0. Notice that det(MY™) > 0. This implies det(1 + tM=¥Y™)1=7 < 1 (recall
that v > 1, by assumption), and so (5.6]) follows for M € Maty(R, >) as well. O

Lemma 5.3. For any n € N, we define the inf-convolution

(M) = | _inf {n||M — Bl + h(B)} (5.8)

for all M € Maty(R), which has the following properties:
(1) The map h,, is lower semicontinuous, proper, and convez.
(2) For all M € Maty(R), we have hy,(M) — h(M) monotonically from below.
(3) The map hy, is Lipschitz continuous with Lipschitz constant n.
(4) The map h, has linear growth at infinity:
hn(M) < 1+nVd+n||M| for all M € Maty(R). (5.9)
(5) For all M € Maty(R), we have that
hp (1 +tM) — h,(1
he°(M) := lim (1 +tM) (1)

t—00 t

= ndist(M, Mat4(R, >)). (5.10)

Proof. Statement (1) follows from Corollary 9.2.2 in [70]: Notice first that the norm
and h are lower semicontinuous, convex, and proper; see Lemma The recession
function of the norm is the norm itself, and it holds

n||M|| +h><(—M) >0 for all M € Maty(RR), M # 0.

Statements (2) and (3) follow from Lemma 1.61 in [2].

To prove , we just choose B =1 in and use the triangle inequality.

Finally, statement (5) follows from Corollary 9.2.1 in [70]. We must prove that
for all pairs of matrices M;, My € Maty(IR) with the property that

n|| M| +h>® (M) <0 and n| — M|+ h*>®(=Ms) > 0, (5.11)
it holds M; + Ms # 0. The first condition in (5.11)) is only satisfied if
M; =0 and Ms € Maty(R,>),

because of . Then the second condition requires —Ms ¢ Maty(IR, >), and thus
there exists v € R%, v # 0, with (v, —Myv) < 0 (consistent with My € Maty (IR, =)).
This is only possible if My # 0, so the claim follows. We then obtain that the
recession function of the inf-convolution is given by

cmy= it fallM - B +n(B)}
nen = it Lot - B+ 0(B)
for all M € Maty(IR), which implies the result because of (5.6). O

We can now prove the following lower semicontinuity result.

Proposition 5.4 (Internal Energy). Let Q C R be open and convex, and h given
by (5.5). For U € £1(Q) non-negative and t € BVy,.(Q; R?) we define

Uft) = /QU(x)h(Vt(I)) dz if t monotone,

+00 otherwise,

(5.12)

using again the decomposition (5.2)). Then the following is true:

(1) The functional U is convew.



VARIATIONAL TIME DISCRETIZATION a1
(2) For any t* — t weak™* in BV, (Q; R?) with t*, t € BVioc(Q; RY) monotone,
there exists a subsequence (not relabeled) such that
UTt] < lim inf U[tF].
k—oc0
Remark 5.5. Notice that in (5.12) we only consider the part of Dt that is absolutely
continuous with respect to L% and disregard the singular component. The intuition

is that (for each direction) only increasing jumps are allowed in the transport map
t, which correspond to the formation of vacuum, which is admissible.

Proof of Proposition[5.]} We proceed in two steps.

Step 1. Consider t* € BV,.(€;R?) with k = 0..1. For any s € (0,1) we define
t* = (1 — 5)t° + st! € BVioo(RY). If U[tF] = 400 for k =0 or k = 1, then there
is nothing to prove, so we may assume that both terms are finite. This requires that
both ¢* are monotone and Vt*(z) € Maty(R, >) for UL%a.e. € Q. Tt follows that
t* is monotone as well and Vt*(x) € Maty(IR, >) for UL%a.e. x € . Then

h(Vt*(z)) < (1= 5)h(VE2(x)) + sh(Vt' (z));
see Lemma Multiplying by U(z) and integrating in €2, we obtain
U] < (1 — s)U[t] + sUU[t!]
for all s € [0,1]. This proves the convexity of the functional.

Step 2. We first introduce a sequence of bounded open convex sets
Q, = {x € B,(0): dist(z, R\ Q) > 1/n},

which are bounded Lipschitz domains. We have €, 1 C Q,, for all n € N.
We then choose a sequence of cut-off functions ¢, € €.(2;[0,1]) with ¢, (x) =1
for all x € Q,,_1 and ¢, (x) =0 for all z & Q,,. For all n € N we define

fal@, M) := (U(z) An)gn(z)hn (M) for all (z, M) € Q x Matg(R),  (5.13)

where h,, is given by (5.8)). Because of Lemma the map f, is a Carathéodory
function with linear growth at infinity. In fact, we can estimate

0 < falz, M) < n(l+nVd-+n|M|) forall (z, M) € Q x Matq(RR).
We prove that f°(x, M) =0 for all (z, M) € Q x Matq(R, >): Note first that

fu(a' tM")
t

-0

< nhn(tM') )t < n{hn(tM)/t M - MH},

uniformly in 2’ € Q. Recall that h,, is Lipschitz continuous with Lipschitz constant

n. Since h,(M) < oo for all M € Mat4(R), by Theorem 8.5 in [70] we have
ho(tM)/t — h° (M)  ast — oo,

which vanishes for M € Maty(RR, >); see Lemmal5.3] Then f2° € %' (Q2xMatq(R, >)),
and so f, € Z+(Qn; Maty(R)) for all n € N. By construction, it holds

falx, M) < frni1(x, M) and U(z)h(M)= sup fn(x, M) (5.14)

for all (x, M) € Q x Maty(IR). We used again Lemma
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Let us fix n € N for a moment. Extracting a subsequence if necessary, we may
assume that the sequence of elementary gradient Young measures v* generated by
Dt*|Q,, converges to v = (v, 0, 1) € 4(Q,; Maty(R)) in the sense that

[f,0"] — [f.v] for all f € %4 (Qn; Matq(R)); (5.15)
see Proposition It holds Dt = [id,v] £L? + [id, u] 0. Comparing this identity
with the Lebesgue-Radon-Nikodym decomposition (5.2), we find

. . do s .
Vt = [id,v] + [1d,u]w ae. and D°u=][id,ulo

where 0* | £% is the singular part of 0. Note that [id, u,] € Mat,(IR) may not have
unit length for o®-a.e. € Q. The polar decomposition of D?u is given by

. dD%u [id, p]
Dfu| = |[id, p]| 0® and — = = D?ul-a.e.
Dl =l aDwul = Tid 7
We now apply the convergence (5.15)) to the function f,, defined in (5.13]), whose
restriction to 2, belongs to Z.(,,; Maty(R)). We observe that

et = 2 (o ) v

because the map M +— f5°(x, M) is positively 1-homogeneous for = € ),,. Then the
following Jensen-type inequalities hold (see Theorem 9 in [55]):

Fals V) < ot 4 [0l e

fso("[idvu}) < [ r?o’ﬂ] o°-a.e.

because the map M — f,(z, M) is convex for x € 2. We can then estimate

: 9] dDSk s,k
pi 5+ [, 55 () 10

/Qn[fn,,uH/Q 2 h)o

n

:/Qn ([fn,z/]+[ o ,u]ddgd> +/m[ < o
>/Qn fn(-,Vu)Jr/ f“( jﬁiu)D%

Clearly the integrals can be extended to all of €2 because f,, vanishes outside of €2,,.
Moreover, we have shown that the recession function f;° vanishes. Hence

/fn ,Vu(z))dx < hmlnf/U(z)h(Vuk(x))dx, (5.16)

where we also used (| - By a standard diagonal argument (successively extracting
subsequences if necessary), we may assume that (5.16)) holds for all n € N. We then
use (5.14]) and the monotone convergence theorem to obtain the result. (]

We finish the section with an estimate on determinants of square matrices.

Lemma 5.6. Suppose S is a real, positive semidefinite, symmetric (d x d)-matriz.
For any real skew-symmetric (d x d)-matriz A we have

det(S+ A) > detS >0
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Proof. We divide the proof into two steps.

Step 1. We will first prove that if det S = 0, then det(S 4+ A) > 0. Recall that
the determinants of square matrices equal the product of their eigenvalues. Non-real
eigenvalues of S + A can only occur in complex conjugate pairs because S, A are
real matrices. Since the product of two complex conjugate numbers is non-negative,
it remains to prove that every real eigenvalue of S + A must be non-negative. Let
A € R be an eigenvalue with corresponding eigenvector v. Note that if v is complex,
then its complex conjugate v is another eigenvector to the same eigenvalue \. Taking
the sum v + ¥ if necessary, we may therefore assume that v € R%. We have

(S+Av=2x, |v]>0.
We take the inner product with v and obtain (since A is skew-symmetric)
Alol® = (S + A)v,v) = (Sv, ).

The right-hand side is non-negative because S is positive semidefinite. Hence A > 0.
From this, we conclude that det(S + A) > det S whenever det S = 0.

Step 2. Consider now det S # 0. Since S is positive semidefinite and symmetric,
all eigenvalues of S (which are real) are positive. Therefore det S > 0 and (Sv,v) >0
for every v € R? with v # 0. We claim that det(S + tA) > 0 for every t € R. In
fact, assume this is false. Then zero is an eigenvalue of S + tA, with corresponding
eigenvector v € R? (see above). We have (S +tA)v =0 and v # 0. We get

0 < (Sv,v) = ((S+tA)v,v) =0,
using again that A is skew-symmetric. This contradiction proves the claim.
For all t € R, we can now define f(t) := logdet(S + tA). We compute
/@) =tr((S+tA)~1A).

Notice that (S +tA)"1A=1—(S+tA)~1S. Since S is symmetric, there exists an
orthogonal matrix @ such that Q=1SQ = A, where A := diag(\1,. .., \q) contains
the eigenvalues A\; > 0 of S, i =1...d. Let e; denote the ith standard basis vector
of R%. Since the trace is invariant under changes of basis, we obtain

ttr((S +tA)"TA) = tr(1 — Q71(S +tA)"1SQ)

d
= (1-(Q 71 (5 +t4)7'5Qes,er)).

i=1

We denote by v; the ith column vector of @ (hence v; = Qe;), which is a normalized
eigenvector of S corresponding to the eigenvalue ;. As Q7' = QT, we have

d
tr((S+tA)TA) =D (1= Ai(wi, ), w; = (S +tA) o (5.17)
i=1
Since the eigenvectors vy, . .., vq form an orthonormal basis of IR?, there is a unique

k

. d . . . .
expansion w; = >, _; afvg with of := (w;,vg). Using this expansion, we get

ap = (w;, (S + tA)w;) = (w;, Swi) = > Ap(af)? (5.18)

7

=~
Il &
—
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fori =1...d. Recall that the eigenvalues A\ are all positive and A is skew-symmetric.
We conclude that a! > 0. Moreover, rewriting (5.18)) in the form

(1 — N\al) = Zx\k(af)z >0,
ki

we obtain that 1—X;(w;, v;) > 0 for each . Using this estimate in ((5.17)), we conclude
that f/(t) > 0 for all ¢ > 0, and so the map ¢ — f(t) is non-decreasing for such ¢.
In particular, we have that det(S + A) = exp f(1) > exp f(0) = det S > 0. O

Remark 5.7. Lemma [5.6] can be made more precise if det(S) > 0: We first write

1
det(S + A)? — det(S)? = / % det(S +tA)”? dt
0

— 5/1 det(S + tA)? tr((S +tA)~'A) dt
0

for 5 € R. Notice that all terms are well-defined, and the integrand on the right-hand
side is non-negative. Since S is positive definite and symmetric, we can compute its
root, which is the unique R € Sym,(IR, >) such that R? = S. Then

det(S +tA) = det(S) det(1 + tC),
tr((S+tA)"'A) = tr((L+tC)~'C),
with C := R"'AR™! skew-symmetric. We obtain the following identity:
(det(S + A)
det(S)

where the integral on the right-hand side is non-negative.

B 1
) —1= /5/ det(1 +tC)? tr((1 +tC)~1C) dt,
0

5.3. Minimization Problem. We now introduce the main minimization problem
for (T.I)). We represent the state of the fluid by (o, , o), with o € Z5(IR?) the den-
sity, u € Po(R?9) the velocity distribution, and o € .4, (R?) the thermodynamic
entropy. We assume that U[p, o] < oo, which implies that ¢ = r£? and o = oS for
suitable Borel functions r, S; see Definition In the isentropic case, S will be
constant in time and space. We want to minimize the sum of the internal energy of
the transported fluid and the acceleration cost of the transport, over the cone C,, of
monotone maps; see Definition [} The following observation will be useful:

Lemma 5.8. Let o € P5(R%) and p € P,(R??), where o < L. To every t € C,,
we can associate a function t € L?(R%, o) defined on all of R that satisfies

t(z,€) =t(x) for p-a.e. (z,€) € R*. (5.19)
The map t is monotone on € := intconvspt o (hence t € BVio.(;RY)) so that
(t(x1) — t(x2), 21 —x2) 20 for all x1,29 € Q.

Proof. For t € C}, let u be any maximal monotone map associated to v := (x, t)#pu,
which is in Cy; see Definition [3.3] As shown in Lemma [3.4} the domain of u contains
the convex open set Q. As o < L%, the set 2 must be non-empty and o(R%\ ) =0
(since the boundary of conv spt ¢ is a Lipschitz manifold of codimension one, which
is a Lebesgue null set and hence g-negligible). Consequently, the maximal monotone
map u associated to v is defined g-a.e. The map u is single-valued for all z € Q\ X! (u)
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(see Remark , and Y!(u) is a Lebesgue null set and hence g-negligible. We now
define a (single-valued) function ¢ on all of R? as follows:

z ifxeQ\XHu) and u(z) =: {z},
t(z) =<z ifxeQnNX(u)and 7 is the center of mass of u(x),
0 ifzeRI\Q

Then ¢ is monotone on {2 because t(x) € u(x) for every z € Q. Recall that u(z) is a
closed convex set (possibly empty) for all 2 € R?; see Proposition 1.2 in [1].

As shown in Remark there exists a Borel set Ny C R?? such that u(Ny) =0
and (z,t(x,€)) € spt for all (z,£) € R??\ N;. This implies that t(x, &) € u(z) for
such (x,&), since graph(u) is an extension of spt~. Therefore

{(x,f) € R t(z,£) £ t(x)} C Ny U (E x RY),
where F:= (R%\ Q) U QN ().
Since p(Ng) = 0 and p(E x R?) = o(E) = 0, statement (5.19) follows. Now

[ e o) = [ )P utdnag) = | o) e de),

which is finite. The BVio¢(Q; RY)-regularity of ¢ follows from Theorem 5.3 in [1]. O

Lemma shows that instead of minimizing over C}, it is sufficient to consider a
minimization over the following convex cone in .Z?(IR%, g) (we refer the reader to
the proof of Proposition for topological properties):

Definition 5.9 (Configurations). Let o € Z2,(IR%) satisfy o < £L?. We denote by
C, the set of all Borel maps t: R — R? with the following properties:

(1) ¢ is monotone on (2 := int conv spt o (hence t € BVi,.(Q; RY)),
(2) t e L%(R4, o).

If p€ Po(R*) and t € C\, are given, and 7 > 0, then

[ a6 = 4o ) (. ) (520)

= [ e @) ulde,dg) + [ [+ rul) - ) ofdo),
R2d Rd

for every map t € C, satisfying . Here w is the barycentric projection b(g)
of p (equivalently, the orthogonal projection of pu onto the space of functions in
£?(R??, ) that depend only on the spatial variable x € R?). Notice that the first
term on the right-hand side of does not depend on t or t.

For any smooth, strictly monotone map t: R¢ — R?, the internal energy of the
fluid transported by ¢ is given (after a change of variables) by

Ult#o, t#o] = /R U((W) ot-l(z),sot—l(z)> dz

_ /RdU(detz(v%,S(x)> det (Vt(2)) da

_ /RdU(r(x),S(x)) det (Vt(2))' ™ da. (5.21)
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Since the matrix V¢ may not be symmetric, the functional t — U[t#o, t#0o] is not
convex if d > 2. In order to obtain a conver minimization problem, we modify the
functional by replacing Vt by the deformation, i.e., its symmetric part.

Definition 5.10 (Internal Energy). Suppose that (g,0) € #5(R?) x ., (R?) with
0=rL% o= S, and U[p,0] < co. For any t € C, let

Dt =VtL?+ Dt, D%t L L¢ (5.22)
be the Lebesgue-Radon-Nikodym decomposition of its derivative. Then

U[t|g, o] := /]Rd U(r(z),S(z)) h(Vi(z))dz fort e C,. (5.23)

Recall that h(Vt) only depends on the symmetric part of V¢; see (5.5)).

Remark 5.11. We have U(r, S) € Z*(R%) as U[p, 0] < co. In (5.23) we may restrict
the integration to €2 := int conv spt ¢ because the measures v := U(r, S)L? and o
are mutually absolutely continuous, and o(R? \ ) = 0 if o < L%

Remark 5.12. Using only the symmetric part of V¢ can be justified by the expectation
that the map ¢t will be a perturbation of the identity, whose derivative is the identity
matrix everywhere, which is symmetric. Using only Vt instead of the derivative Dt
means that the formation of vacuum does not cost any energy.

The following lemma allows us to control (5.21)) in terms of (5.23)).

Lemma 5.13. Suppose that density/entropy (0,0) € Po(RY) x A (R?) are given
with o =: rL%, o =: 0S, and U[p, o] < co. For any t € C, with U[t|o,d] < oo there
exists a Borel set ¥ C R* with o(X) = 0 and t|ga\s, injective. Then

U[t#o,t#0] < U[t|o, o). (5.24)

Proof. We have o(R?\ Q) = 0 with  := int conv spt ¢. Choose a maximal monotone
set-valued map u whose graph is an extension of I' := (id, ¢)#0. Then u(x) = {t(z)}
for a.e. x € Q and w is differentiable a.e.: there is a (d X d)-matrix A(z) with

p— p— . /_
Ly @) — Aw) - (@ 2)
z —ax |.T/—.’IZ‘|
y€u(z')

=0; (5.25)

see Theorem 3.2 in [1]. It follows that the function ¢ is approximately differentiable
a.e. in Q (see Definition 3.70 in [2]) and A coincides with the absolutely continuous
part V¢ of the derivative Dt; see Theorem 3.83 in [2] and (5.22).

Let D be the set of 2 € Q for which u(z) is single-valued and u is differentiable
at z in the sense of (5.25). Then £4(Q\ D) = 0. We define

N = {x € D: there exists 2’ € Q, 2’ # z, with t(z) € u(ac’)}

For given 2 € N consider any 2’ € Q, 2’ # x, such that t(z) € u(a’). By choice of
u, we get ¥, € u~!(y) with y := (). Since the inverse map u~! is also maximal
monotone, the set u~1(y) is closed and convex, containing with = and 2’ also the
segment connecting the two points. Since t is differentiable at x, we obtain

D U HE) = VH@) - (-

t—0 |gst — JL‘|
yEu(we)
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where x; := (1 —t)x +ta’ for t € [0,1] and £ := (' — x) /|2’ — z|. Indeed notice that
t(x) € u(xy) for all t € [0,1]. Hence & # 0 is an eigenvector of the (d x d)-matrix
Vit(z), to the eigenvalue zero. Since x € N was arbitrary, we obtain

N ¢ {w € Ds det (VE(x)) =0} = M,

Let v := U(r, S)L%. Since v < o, we have that v(R%\ Q) = 0. Since U[o, 0] < 0
implies that U(r, S) € Z*(R?), we obtain v(2\ D) = 0. Finally, the assumption
U[t|o, 0] < oo requires that v(M) = 0. We conclude that the set

Y= (RN\NQUQ\D)UM
is v-negligible, hence o(3) = 0; see Remark Then t|ga\y, is injective, which
implies in particular that t#c = (S ot~ !)t#0. Applying Lemma 5.5.3 in [4] we
conclude that the equality (5.21]) is true for ¢ (with suitable modifications on sets of
measure zero). We now use Lemma [5.6] to obtain the estimate

0 < det (VEY™(2)) < det (Vt(z)) for v-a.e. z € R%

Then inequality (5.24)) follows from the definition ([5.23)). O
Remark 5.14. Using Remark we can give a more precise version of ([5.24):

1
_ / P(r,S) (<;1et(v7tsym)1—7 / det(1 + tC) 7 T(t, O) dt) dr,
R4 0

where C(z) := R(x) "1Vt (z)R(z)~! with R(z) € Sym, (IR, >) such that
R(z)* = Vt9¥™(z) for p-a.e. x € R™
For suitable M € Maty(R) we defined
T(t,M) :=tr((1+tM)""M) forallt>0. (5.27)

Note that the difference ([5.26)) vanishes if and only if V#*"(z) = 0 for g-a.e. z € R,
i.e., if ¢ is not only monotone, but optimal in the sense of Remark 2.2

Proposition 5.15 (Existence of Minimizers). Consider some triple (o, u, o), with
density 0 € P5(RY), velocity distribution p € Po(R>?), and entropy o € M, (R?).
Assume that o =: L%, o =: 0S, and U|p, o] < 0o. Given any timestep T > 0, there
exists a unique t. € C, that minimizes the functional

Wltlp o) = /R (w4 76) — ()] (e, d€) + Uftlo, o] (5.28)

with t € Cy. This minimum is finite, which implies in particular that U[t;|e, o] < oo.
For all Borel maps v: R — R with the property that t, + v € C, for some
e > 0, we have the following inequality: let P(r,S) :=U'(r,S)r—U(r,S) forr,S >0
(where ' denotes differentiation with respect to r). Then

5 / (@ + 7€) — tr (), 0(2)) pu(dar, dE) (5.29)
R?d

T
- /R P(r(x),S(x)) det (Vtiym(x))I*Vtr((wiym(x))*lvmx)) d > 0.

In particular, inequality (5.29) is true for v € C, since C, is a convex cone.
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Proof. We proceed in three steps.

Step 1. We observe first that the infimum § := inficc, ¥, [t|p, o] is non-negative.
Furthermore §3 is finite because we may choose t = id € C, to obtain

0<p<’ / €2 pu(dr, dE) + Ulg, o] < oo,
R2d

We consider a sequence of t* € C, such that ¥, [t*|u, o] — B as k — co. Without
loss of generality, we may assume that W, [t*|u, 0] < 8+ 1 for all k € N. Then

| @) o)
<2/ |(:c+T§)ftk(x)|2 u(dx,d§)+2/ |x+7§|2u(dm,d§)
R2d R2d
& LAERR) +4{ / ]2 o(dx) + 72 / |£|2u<dw,df)} <0
Rd de

Therefore the sequence {t*}, is precompact with respect to weak convergence in
ZL%(RY, 0): there exists a subsequence (still denoted by {t*}) and t € Z?(R%, )
such that t* — t weakly. By Mazur’s lemma, there exists a map K: N — N
with K(n) > n for all n € N, and a sequence of non-negative numbers

{Ap:k=n...K(n)}

with ZK(n) A} =1, with the property that
K(n)
= Z Ath — t strongly in Z?(RY, o)
k=n
as n — oo. Notice that s € (|, since C,, is a convex cone. We apply Proposition
(the convexity of the quadratic term in is easy to check) to estimate

K(n)

B < U.[s"|p, 0] ZA” (|1, 0] — B.

Consequently, we obtain a strongly convergent minimizing sequence. Without loss
of generality, we may assume that U, [s"|u,0] < 8+ 1 for all n € N. Extracting
another subsequence if necessary, we may even assume the existence of a Borel set
N C R? with o(R?\ N) = 0 such that s"(x) — ¢(z) for all z € R¢\ N.

Step 2. It remains to establish the lower semicontinuity of the functional .
The quadratic part is clearly lower semicontinuous with respect to weak convergence
in Z2(R%, o). For the internal energy part, we will prove that the sequence {s"},
is weak™ precompact in BVi,.(€2; RY). Then we apply Proposition

For all m € N, we define the convex compact sets

Q= {m € R%: |z| < m and dist(z, R?\ Q) > 1/m}

Then UmeN = Q. Let us fix m for the moment. For each x € Q,,,1 there exist
finitely many pomts in Q with the property that z is in the interior of the convex
hull of these points. Therefore we can even find an open ball centered at = that is
contained in the convex hull of these points. The collection of balls obtained in this
way form an open covering of €,,11. By compactness of €,,,11, we may choose a
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finite subcovering. This proves the following statement: there exist finitely many
points x7, € Q, 7 =1...1,, for some I,,, € N, with the property that

Qi1 Cconv X,,, where X, :={z! :i=1...1,}.

By adapting the argument in the proof of Lemma we can write each z¢, € X,,
as a convex combination of points 2%/ € O\ N with j =1...J. for some J € N.
Recall that o(R?\ N) = 0 and s"(z) — t(z) for all z € R?\ N. Thus

Qi1 Cconv Z,,, where Zp, :={zbl:j=1...J i=1...I,}.  (5.30)
Since the sequence {s"(z%7)},, converges, it must be bounded. Let

"= ma ma. s™(259)].
P i:l...}I(,,,szl...)}fn " (=)l

Then {37}, is uniformly bounded for every m € N. We now observe that

B diam(Z,,)
n < m ,
S 1570 S G R Q)

which is bounded uniformly in n; see Proposition 1.2 in 1] and (5.30). We conclude
that {s"},, is uniformly bounded in £°(€2,,; R¢) for all m € N. Since

/ |Ds"| < cqdiam(Q,,)% " osc(s™, ), (5.31)

where ¢4 > 0 is a constant depending only on the space dimenension, and where
osc(s™, A):= sup |s"(x1) —s"(x2)| forall AC R?
z1,22€A

denotes the oscillation of s™ over A, we obtain that the sequence {s"},, is uniformly
bounded in BV(Q,,; R?) for all m € N, thus precompact in BVi,.(€2; RY). We refer
the reader to Proposition 5.1 and Remark 5.2 in [1] for a proof of (5.31).

Extracting another subsequence if necessary (not relabeled), we find that s — s
weak™ in BVio.(€; R?) for a suitable function s € BViec(€2; RY). One can now check
that s is again a monotone map on 2 (possibly after redefining s on a set of measure
zero). Moreover, we have s(x) = t(x) for g-a.e. x € Q, by construction. Defining
t.(z) = s(x) for z € Q, and t,(z) := 0 for x € R?\ €, we have that

t- €C, and VU, [t |, 0] <liminf U, [s"|u,o].
n—oo
In particular, we get . [t,;|u, o] = B, thus ¢, is a minimizer. Its uniqueness follows
from the strict convexity of the first term in ((5.28)), which is quadratic in ¢.

Step 3. Consider v € £?(R%, p) such that ¢, + v € C, for € > 0 small. Since
t. € C,, we have that v € BV, (€ IRd) as well; see Deﬁnition Then

\I/T[tT + €’U|l1,70'] - \I/T[t‘r“"‘a O'] 2 0.
We divide by € > 0 and consider the limit € — 0. We obtain that

e—=0+ €

lim 1{4; /Rz@; |(z 4+ 7¢) — (t-(2) +5v(x))|2u(d:v,d§)

_ 3
47'2 R2d

@+ 7€) — £ (2)]? u(dad@}
s [ (4 7€) ~ b 0),0(e) (. d).
R2d

272
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Since U[t,|p, o] < 0o, we can further write

. U[t; +ev]o, 0] —U[t,|o, 0]
lim
e—0+ g

= El_i}&_ " Ul(r(z),S(z)) %{ det (VE2™ (z) + EVUSym(m))lfv

— det (Vtiym(x))lfw} dz.

We can restrict the integration to Q where V¢, Vv are well-defined; see Remark [5.11]
Since A s det(AY™)1=7 is convex (see Proposition , the term in curly brackets
is non-decreasing for a.e. z € R?. By monotone convergence, it follows that
li Z/[[t-,—‘i‘é"l)lg,o'] _u[tT‘Q7o—]
im
e—0+ 9

S / P(r(z), S(z)) det (Vtiym(x))Mtr((wiym(x))*lwsym(x)) dz.
Rd

We now can replace Vo®™(z) by Vu(x) since the antisymmetric part of the deriva-
tive cancels in the inner product with a symmetric matrix. (I

Remark 5.16. Instead of using Mazur’s lemma to get strong .Z?(IR?, p)-convergence
(and thus convergence pointwise a.e., up to a subsequence), in Step 2 we can also
use narrow convergence of the transport plans (id, t* )#0 together with Kuratowski
convergence of their supports; see Proposition 5.1.8 in [4].

Remark 5.17. Since U[t,|p, 0] < oo, we can apply Lemma to conclude that ¢,
is essentially injective and U[gp,,0,] < oo, where (o,,0,) := t;#(0,0). It follows
that o, must be absolutely continuous with respect to the Lebesgue measure and
o, = 0,5, with transported entropy S, := S ot 1; recall Definition

Remark 5.18. Using the test functions v = £¢, in (5.29)), we obtain

3
272

[ (a6 = (o). o) . ) (532)
+/]RdP(r(:v),S’(x)) det (VE2™(z)) tr((Vtiym(:v))_ VtT(m)) dr = 0.

This is the analogue of equality (4.4]) from the pressureless case. As a consequence,
we can rewrite (5.29) in the following form (cf. (4.5)): for all s € C, we have

3
272

[ 7€) = tola).a(a) (e, e (53)
+ / P(r(z), S(x)) det (Vtivm(x))1’”tr((Vtiym(x))’1vs(x)) dz < 0.
Rd

Using in the constant maps s(x) = +b for all z € R?, where b € R is some
vector, we conclude that the minimization in Proposition [5.15] again preserves the
total momentum; see Remark for more details. Similarly, using s(z) := +Ax
with A € Skewy(IR), we obtain global conservation of angular momentum. Notice
that in this case, the trace in vanishes since (V£Y™(x))~! is symmetric.
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Remark 5.19. In (5.32) we can replace Vi, (z) by the deformation VE¥™ (z) since
the antisymmetric part cancels in the trace. By Cramer’s rule, we obtain

3

oor [ U 7E) — (), e a) uldir, ) (5:34)
RZd

—d » P(r(x), S(z)) det (VE¥™(2))' " dz = d(y — 1) Ult, |0, o).

Definition 5.20. For (o, u,0,7) as in Proposition let t, denote the unique
minimizer considered there. We define t,, w,,u, € Z2(R??, u) as follows:
to(2,8) ==t (2), ur(2,8):=wr(2,8) = V(2,6 t(2)) (5.35)
for p-a.e. (z,£) € R*, with V; given by (1.16)). Then
(0r,07) ==t #(0,0), pr = (tr,ur)#p.

Remark 5.21. The definition of t, in (5.35) is natural in view of Proposition If
p = (id, w)#o for some u € L%(R%, o) and p, = (t,, w,)#pu, then

/ 0(2,C) o (dz, dC) = / o (b2 (2), W () o(dz)
R2d Rd

for all ¢ € €,(R??), with W := 3V — Ju and V := (¢, —id)/7. Let
u,(2) = W(t;'(2)) for pr-ae. z € R% (5.36)

T

The velocity u, is well-defined because ¢, is essentially injective; see Remark
It follows that p, = (id, uw,)#o, and u, € Z?(R%, p,). We would like to emphasize
the fact that the minimization preserves the monokinetic structure of the fluid
(recall that the velocity update in is a consequence of the minimization of
the work functional). Since the tangent cone over the cone of monotone maps at o,
equals .Z2(RR%, o, ), no additional projection is necessary (unlike in the pressureless
gas case; see Step (2) in Definition . We can therefore put u, = w,.

Proposition 5.22 (Stress Tensor). Suppose that T > 0 and (o, p, o) are given, with
density 0 € P5(RY), velocity distribution p € Po(R>?), and entropy o € M (R?).
Assume that o =: L%, o =: 0S, and U[g, ] < co. Consider the unique minimizer
t. € C, from Proposition . There exists R, € .4 (R%; Symy(R, >)) with

/ tr(Vu(:r)RT(dm)) = —2%/ ((x +78) — t (z),u(z)) u(dz, d§)
R4 T R2d

- / P(r(z), S(x)) det (Vt:ym(x))“”u((vgym(x))*lvu(x)) dz  (5.37)
Rd
for all u € € (R4 RY). In particular, we have the control

3
[ Rt = =575 | (@ e) — tola). o) udn )

- / P(r(z), S(x)) det (Vtiym(a;))1*%1«((Vt§ym(x))*1)dx. (5.38)
Rd

Proof. Since every u € Mon(IR?) has at most linear growth, we have u € Z?(R%, o).
Thus Mon(R%) C C, and v := u € Mon(R?) is admissible in (5.29). Let

P(dz) := P(r(z), S(z)) det (VE¥™(2))' 7 (VE2™(2)) " da.
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The inverse matrix (VY™ (z))~! is symmetric and positive definite for a.e. z €
because ¢, is monotone there. Consequently, its norm can be controlled by the trace.
Using v = id (which is an element of C,) in , we obtain the estimate

3

7@ <(Q§+T€) 7t7($),1'> H(d$7d€)7
R2d

0< / tr(P(dx)) <
R4
which is finite. Thus P € . (R%; Sym,(RR, >)). If we define
F(dz) := fi((:r + Tu(z)) — ¢ (3:)) o(dx)
272 T ’

where u := b(u) denotes the barycentric projection of p (which is in .Z?(R¢, o)),
then F € .#(R% RY) has finite first moment because o € Z5(IR%). We then apply

Theorem to obtain the representation ([5.37)/(5.38); see also Remark O

Proposition 5.23 (Energy Balance). Let 7 > 0 and (o, u, o) are given, with density
0 € P5(RY), Eulerian velocity u € £*(R%, 0), and entropy o € M (R?). Suppose
that o =: 7L, 0 =: 0S, and U|p,0] < co. Let t, € C, denote the unique minimizer
from Proposition (where p = (id,u)#0) and R, € .4 (R%; Sym, (R, >)) the
stress tensor field in Proposition . Consider (0r,ur,0,) and w, as defined in
the Remarks . Then the following energy equality holds:

Elor, Ur,04] +/ Lolw, — uf? (5.39)
Rd
+/ (P(r, S) DQ(VtT — ]l)) dx + tr(RT(da:))> = Elo,u, 0],
R4
with total energy (recall Deﬁm’tz’on
Elo,u, 0] ::/ Lolul® +Ulp, o].
R4
For all matrices 14+ S € Symy(R, >) and A € Skewq(R) we have
1
D?(S + A) = / det(1 +tS)'™7 ((7 —1)T(t,5)? + Tat, S))tdt
0
1
+ det(1 + 5)1—7/ det(1 + tC)T(¢, C) dt > 0.
0

Here C := R"YAR™! and R € Sym (IR, >) is uniquely determined by 1+ S =: R2.
Recall (5.27)) for the definition of T. For suitable M € Maty(IR) we define

To(t, M) = tr(((]l + tM)—lM)2) for allt > 0.
Notice that all terms in curly brackets in (5.39)) are non-negative.
Proof. Let us first consider the kinetic energy. Because of (4.14))/(5.36]), we have

2 1 2
[ Hur@P o) + 5 [ @)~ u@) otda)
= [ el otde) = 3% [ (76 b)) — a) el

27'2 R2d
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Combining ([5.32)) with the representation (5.38)), we find that

3
272

= 7'/ P(r(z),S(z)) det (Vtiym(x))177‘51‘((Vtiym(a:))flvq)T(a:)) dx
Rd

- /R tr(Ro(da)).

Let t(s,z) := x + sTv,(x) for s € [0,1]. Taylor expanding around s = 1, we get

[ (@76 = (o). tole) = a) o, de) (5.40)

det (Vtiym(ar))k7 =1
— r(y = 1) det (VEY™(2))' 7 tr((Vtiym(x))_1VvT(x)> (5.41)

— /01 det (VE™ (s, x))l_w{(’y —1)2 <tr((Vtsym(s, x))_lTV'uiym(x)))

2

+(y—-1) tr(((Vtsym(&x))lTijym(x)>2> }sds

for a.e. x € Q. We now multiply by U(r(z), S(x)) and integrate in x € R?. Then
the integral of (5.41)) equals the negative of the first term on the right-hand side of
(5.40). Combining all terms and using Remark we conclude the proof. |

Remark 5.24 (Bregman Divergence). We observe that the function

Dy(S) == (1 — det(1 + S)M) ~ (y—1)det(1 + S)Htr((n + S)*ls) (5.42)

1
_ / det(1 + tS)l—W((y —1)T(t, S)? + Tyt S))tdt >0,
0

defined for every S € Sym,(IR) with 1+5 positive definite, is the Bregman divergence
for 0 and S associated to the convex function S ~ det(1 + S)*=7.

The following result will be useful to control the momentum equation of (|1.1)).

Lemma 5.25. For every € > 0 there exists a constant C; > 0 with the following
property: For all S € Sym,(R) with 1 + S positive definite, we have

sup  |(z, (1 —det(1 4+ S)'" (14 S)")z)| < e+ CDy(S), (5.43)

z€R?,|z|=1

where Dy is defined in (5.42)).

Similar, for any € > 0 there exists C; > 0 such that

sup  |(z, (w® (v —w))z)| < elw|’ + C.Dg|w — uf? (5.44)
z€R?,|z|=1

for allv,w € R? and u := 3v — 2w.

Proof. Notice first that the map S — 1 —det(1+5)=7(1+.S)~! vanishes for S = 0
and is continuous there. Consequently, for any € > 0 there exists a § > 0 such that
the left-hand side of (5.43) is less than ¢ for all S € Sym,(R) with ||.S]| < 4.
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For any S € Sym,(R) with 1 + .S positive definite, we rewrite
1 —det(1+45)"7(1+9)™*
- (1 — det(1 + 5)1*7)11 +det(1 + §)L7 (]1 (14 S)’1>
Because of the spectral theorem, there exist real eigenvalues \; and a corresponding

system of orthonormal eigenvalues e; € R¢ i=1...d, such that S = 2?21 i€ ®e;.
We also have the identity ijl e; ® e; = 1. We can then write

1 —det(1+S)'7(1+5)!
d

:(1—ﬁ(1+x)1 7>IL+H1+/\ Z

i=1 i=1 i=1

el®ez

Multiplying from left and right by a vector z € R¢ with |z| = 1, we obtain
(z,(1—det(1+9)"7(1+5)"")z)

d d d

s
=(1-TTa+x) (LX) =

( [0+ n) BDE [[0+3) ;czlw

where ¢; := z - ¢; and EZ 1 z = 1. Similarly, we can rewrite as
d d d

Dy(S) = (1—H(1+Ai)1‘7> DIJa+x)> 1+ZA4.

3

i=1 i=1
d

/ H (1+1tA)'" v{( )<;1j\it)\i>2+i<1jﬂ )2}tdt,

from which we conclude that Dy, (S) = 0 if and only if all eigenvalues A; vanish, thus
S = 0. Recall that v — 1 > 0, by assumption. In particular, we have D;(S) > 0 for
all S € Symy,(R) such that ||S|| > 6. By continuity and compactness, for any v < 1
there exists a constant ¢, > 0 with Dy(S) > ¢, for all v > ||S]| > 0.

To simplify the notation, we will write

d

1—v J— )\1
d(\) = H(l + )T Se(A) = ch T+ N

i=1 i=1

for all A:=(A1,...,Aq) with \; > —1 and c¢:= (¢1,...,cq). We claim that

1—d)(1-5.00)
1—d(\) (1 +(vy—=1)Sq,.., 1)()\))

is uniformly bounded away from A = 0. Then the estimate follows.

In order to prove the claim, we first observe that the level sets of d(\) generate a
partition of the orthant (—1, 00)? into hyperboloids. For simplicity, we only consider
the case d = 2. The general case can be handled similarly. We introduce a coordinate
system adapted to (—1,00)? as follows: For all (a, 8) € (0,7/2)? let

M(a, B) := y/tan(a) cot(B) — 1, Aa(aq, B) := /tan(a) tan(B) — 1.

F(\) =

(5.45)
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Notice that with this choice 3 parameterizes the level curves of d(\) = tan(a)!=7.
Expressed in these coordinates, the function ([5.45) takes the form

1 tonte (b + )
1 — tan(a)l=7 ((2’7 —1)—(v-1 (\/532(3 + \/:;)rtlgfv))>

where we have used that ¢? + ¢3 = 1. For any « € (0,7/2) fixed, we find that

2 2

C C
lim F =_2 lim F =1
Jim Fa, ) T (a, ) T

F(Oé,ﬂ) =

(5.46)

(5.47)

Similarly, for any 8 € (0,7/2) fixed, we have

hn}JF(a )= civ/tan(B) + ¢34/ cot(B)  lim Fla
o (1 =) (vian(B) + Veot(B)) o2

Notice that lim,_0 F'(a, 5) converges to the limits in (5.47) as 5§ — 0 or 7/2.
We now consider the limit « — 0 with S(«) := ka for k£ > 0. We find that

2
lim F(o, ko) = 1 2 for any k > 0,

a—0 -

hence F(a,3) can be continuously extended to (a, ) = (0,0) by c3/(1 — ). Recall
that tan() ~ 6 for small 6. Similarly, we compute the limit

lim F(n/2—kpB,B) =1 for any k > 0.
B—0

B)=1.

We used that tan(m/2 — kB) = cot(kB). The behavior of the map («, ) — F(«, 5)
at the other corners of the domain (0, 7/2)? can be studied analogously. We conclude
that F(a, ) remains bounded for (a, 3) near the boundary of (0,7/2)?2, uniformly
in ¢ = (¢1,c¢2). It is continuous up to the boundary expect for the points (0, 7/2)
and (7/2,7/2). As long as we stay away from the unique root of the denominator
in , the function F' is uniformly bounded as claimed, by continuity.

The estimate follows from Young inequality. O

6. MEASURE-VALUED SOLUTIONS

In this section, we use the minimizations in Sections to define approximate
solutions to the compressible gas dynamics equations ([1.1)), for suitable initial data
and timestep 7 > 0. We establish uniform bounds and prove that a subsequence
converges to a measure-valued solution of in the limit 7 — 0. We will cover
the pressureless case and the Euler case simultaneously, with the understanding that
for the pressureless case the internal energy is set to zero. Similarly, the specific
entropy is considered constant in all cases other than the full Euler case.

6.1. Approximate Solutions. We will construct approximate solutions to
on time intervals [0, 00) by successively applying the variational minimization step
introduced in the previous sections and then utilizing a suitable interpolation between
discrete times. Consider initial density, velocity distribution, and entropy

o€ QQ(Rd)a ITHS ‘@E(de)a o€ %+(]Rd)
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Suppose U[o, 5] < oo so that p =: 7L and & =: S for suitable Borel functions 7, S;
see Definition Assume further that p =: (id, v)#0 with

ve Z*(R%,0) satisfying / v(x) o(dz) = 0. (6.1)
R4

Notice that since the hyperbolic conservation law (|1.3]) is invariant under transfor-
mations to a moving reference frame, the assumption (6.1)) is not restrictive.
For later use, let us introduce the initial total energy

3 ::/ 1olvf* + U, 5] < . (6.2)
Rd

In order to simplify the notation, in this section we will not indicate the depen-
dence of various quantities on the timestep 7 > 0, which will be arbitrary, but fixed
for the following construction. Let s* := kr for all k € Ny. We define

=0 wi=p, o =0

Then we proceed recursively: For any k € Ny we define

tk+1 =t Wk+1:: W, uk+1 = ur,,

Qk+1 = 0Or; “k-‘rl =M, 0k+1 =0,
with (t,,w,,u;) and (o, ., 0;) taken from Definitions for the choice
0:=0" p=pt o=o"

By induction in k, we observe first that u* is monokinetic for every k € Ny. For
k = 0 this follows from our assumption on the initial data. For k > 1 we refer the
reader to Definition [£.9) and Remark [5.21] respectively. Thus

ub € Z2(R%, 0%) such that p* =: (id, u®)#o".
is well-defined. Similarly, from Propositions and ([6.2)), we obtain that

£lok, uk, o¥] :/ L2 1 Uk, ok < &
Rd

for every k € INy. Therefore the following maps are all well-defined as well:

For ¢*-a.e. z € R? and k € Ny, we now define
(L WL Uk (1) = (tk+1,wk+1,uk+1)(m,uk(m)),

which are in .Z?(R%, o*). Rewriting Propositions 4.17 we obtain
k41 o k1 _k+1 k+1 k|2 k41 k4112 K
5[9+,u+70+]+4d<élW+ — ub? 4 JURT - W) o (dx)
+/ (P(rk,Sk) D? (Vt]CJrl - ]1)) dx + tr(RkH(dx)))
Rd
= E[p", u”, 0% for all k € Ny. (6.3)

Here R**! is the residual tensor corresponding to the minimizer ¢**1.
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6.2. Interpolation in Time. In the previous section, we introduced approximate
solutions of at discrete times s := k7 for any timestep 7 > 0. Here we want
to interpolate in time to define functions/measures of time and space.

For this, we could use the path of minimal acceleration

v - 52 3\ 3
(@ =ot st (- 75 ) 7 (w470 - 1 0.)
for location 2 € RY, velocity ¢ € R, and s € [0, 7], suitably shifted in s. This would
be the natural choice in view of the derivation of the work functional, which featured
in our minimization problem. Instead we prefer to apply the convex interpolation
that we have already utilized to derive the displacement convexity of the internal
energy and hence the energy inequality in Proposition One can show that the
differences between both the positions and velocities of the minimal acceleration
paths and the convex interpolations remain bounded and vanish as 7 — 0. Let
E+1
to(z) =x+ (s —s") V), VFl(z).= G

T

for oF-a.e. v € R and s € [s*, s**1). Notice that t, is strictly monotone, therefore
invertible for any s € [s¥, s#1) since #**1 is monotone. Moreover, in the cases with
pressure the map t**! is essentially injective; see Lemma We can therefore track
the path of each fluid element starting from a generic position Z € R%. By composing
the transport maps of successive timesteps, we define the transport/velocity

Whtlotho...ot! ifse (sF, skt
k

b

X, i=t,otfFo---ot! Es::{ (6.4)

ubotho. ..ot ifs=s
where k := |s/7] (the largest integer not bigger than s/7). Since #/*! is defined
only o'-a.e., we may have to discard a o!-null set, for every | € Ny. The preimages
of these null sets under the preceding transport maps, however, can be traced back
to a p-negligible set, hence X and Z; are well-defined p-a.e. The map s — X, (Z)
is Lipschitz continuous for g-a.e. # € R? because V**! is finite o*-a.e. To simplify
the notation, let X, := (X, Z;) for all s > 0. We now define

t,, WEtO 4ok if s € (s, sk,
(03,05) i= tath(d*,0®),  p1, = {(k ) (s, 57)

) (6.5)
n if s = s".

Using the transport/velocity (6.4]), we can express p, by following the characteristic
lines back to the initial data. More precisely, we have pu, = X ;#0 for s > 0.
It follows from the proof of Proposition [5.23] that in the cases with pressure

Ulos, 05] <UL 0", 0™ < (1= 7(s)) U", o] + €7 (s) UEFH 0", o]
for every s € [s*, sT1] and k € Ny. Here ¢*(s) := (s—s*)/7. Applying this estimate
recursively, we conclude that U[gs, 05| remains finite for all s > 0, thus
0s = 1sL%, 05 =0s9s with Ss:=5%o0 t;1

for s € [s¥, s5*1). The specific entropy S, is simply transported along with the flow.
The velocity distribution g, is monokinetic for all s > 0, which defines

w, € L%(RY, 0,) such that p, =: (id, ws)#0s.

The case s = s* has been discussed above. For s € (s*, s**1) the claim follows from
¥ monokinetic and the invertibility of ¢,. In the transition from u* to W**1 the
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kinetic energy may increase; it remains bounded by £[p*, u*, o*]. Over the course of
the time interval, the total energy then decreases so that (6.3)) holds. This explains
the additional factor 2 on the right-hand side of the following energy bound:

Elos, ws,04] = / %gs|ws\2 +U[gs,05] <2E  for all s > 0. (6.6)
Rd

For any s € [s*,s"*1), we define the transport velocity
vg =Vl o ts_1 so that X, = vs0 X,. (6.7)

Because of (4.15)), we have

2 2 1 2 1 2
| o aan) <5 [ @ )+ 5 [ @R o), (69

which can be bounded in terms of £ for all s > 0; see .

The momentum my := g,w, has zero mean: We can write

/ va(2) 0a(dz) = / WA (2) o (dar) = / b (z) o* (dx)
R4 R4 R4
for all s € (s*,s11); see Remarks |4.13//5.18| and (4.15). Similarly, we have
/ v4(2) 0s(d2) = / UR () o* (dz) = / WL () ot (da)
Rd Rd

Rd
:/zﬂmmm>
Rd

for s = s**1. We have used that the barycentric projection preserves the momentum

and that U*+1 = W**1 in the cases with pressure. Applying this identity recursively
and using assumption (6.1]), we obtain the result.

6.3. Regularity in Time. In the following, we will use the subscript 7 to indicate
explicitly the dependence of various quantities on the timestep 7 > 0.

Lemma 6.1. For suitable initial data (9,v,5) and T > 0, consider approzimate
solutions (0r, V-, w,,0.) as defined in Section . For any T > 0 it holds

Sup 07 || Lip(j0.77: 2 (ra)) < (2E)12.

The second moments remain finite: for all s € [0,T] we have

SW(A#wwAmes(AJWaQO+A%W? (6.9)

For any sequence 1, — 0, there exist a subsequence (not relabeled, for simplicity of
notation) and a map o € Lip([0, T]; Po(R%)) such that

0r,.s — 0s narrowly as n — oo, for all s € [0,T). (6.10)

An analogous statement holds for the entropy density o.. Moreover, for the limit
map o € Lip([0, T); Mn:(RY)) we can write o5 =: 0S5 with

Ss € ZX(R%, 05) for all s €[0,T].
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Proof. We divide the proof into three steps.

k+1

Step 1. Consider first s; < sy with s1,s2 € [s¥, s5T1) for some k € Ny. Since

t, (7)) =+ (s — sF)VFH(2) for gF-ae. v € R? and s € [s¥, sFH1), we get

T)ST

Wa(grens0rer* < [ [trea(o) = by @0 db(do)
R

— (52— 51)° /R VAR @) o (). (6.11)

For every s € (¥, t*+1), we have

T T

[ VE@P dhda) = [ forn(@) 0rc(d)
R R
(see (6.5))/(6.7)), which is bounded uniformly in 7, ¥ because of and (6.6). The

estimate ([6.11)) remains true also for s, = s*1 by continuity.

Step 2. Consider now 0 < s; < s with the property that there exists at least
one k € N with s; < s* < s5. We use the triangle inequality to estimate
ka—1

Wa(0r,s5, 0r,51) < Wa(0r,s, o) + Z Wa(oht, o) + Waleft ™, 0r,51)5
k=ki+1

where k; := |s;/7] for i = 1..2. For each term, we can now apply the estimate from
Step 1. Summing up all contributions, we obtain the inequality

W (07,555 0r,51) < |82 — 51|(2<S'7)1/2 for all 0 < 51 < s9.

To control the second moments, we write

</R |Z|2QT’82(dz)>l/2 = (/R |Z|2’Y(dx,dz)>1/2
< (/R |a?|2’7(da:,dz)>l/2 + (/R z—x|27(dx,dz)>

1/2
= (/l;d ‘.I‘|2 07,51 (dx)> + WQ(QT,SQa QT,S])?

with v € Z3(R?*?) an optimal transport plan connecting o, 5, and o, s,.

The uniform bound implies that the family {o- s}, is tight, thus precompact
with respect to narrow convergence, for any s € [0,T]. We can then apply Arzela-
Ascoli theorem to conclude; see Proposition 3.3.1 in [4], for example.

1/2

Step 3. The statement for o, follows analogously. Note that the specific entropy
S s is simply transported along the flow and hence bounded in .Z*(R%, o, ). This
implies, in particular, that os must be absolutely continuous with respect to os. [

Lemma 6.2. For suitable initial data (0,v,0) and T > 0, consider approximate
solutions (0r,vr,wr,0.) as defined in Section . Let T > 0 be given. For any
sequence T, — 0, there exist a subsequence (not relabeled, for simplicity of notation)
and a map m € Lip([0, T]; #x (R%; RY)) with the property that

M, s — Ml g mey — 0 asn — oo, for a.e. s € [0,T7. (6.12)

Here m; s := or swr s for all 7,s. If the subsequence T, — 0 is such that statement

(610) of Lemma[6.1] holds as well, then we have, for a.e. s € [0,T), that
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m, =: 0,V with vg € .,2”2(]Rd, 0s)- (6.13)
Proof. We divide the proof into three steps.

Step 1. Consider first s; < sy with s1,s2 € [s¥, s5T1) for some k € Ny. Since

t, (7)) =z + (s — sk)VFH(2) for oF-ae. v € R? and s € [s¥, sFH1), we get
() (Mrsa(d2) = mrs, (d2))
R4

= [ (€tra@) = Cltr)) - WE @) ()
<t vnwpatan) ([ e )

for any ¢ € BL;(IR%; RY). We have used that the Lipschitz constant of ¢ is bounded
by 1; see Deﬁnition Consider now ¢ € €}(R?) with n(R%) C [0, 1] and

plx)=1if |z| <1, @(x)=0if |z| > 2.
For any R,e > 0 we define the rescaled cut-off function/mollifier

nr(@) = @(x/R), ¢e(x) :=c""p(a/e)

for all z € RY. Then we can decompose

(@) (WE (@) - ub(2) ) ok (da)
Rd
= [ (1= @)@ (W) - ubta) ebd) (6.14)
Rd
+ [ (@) = Cael)) - (WE (@) - k(o)) ()
+ [ o) (WEH @) — wb(a)) o)
with (r . = (Wr() * pe. The first term on the right-hand side of satisfies

‘ /]Rd (1 — UR(Z‘))C(QT) . (Wf+1(x) — u’j(gy)) )

<S( [ |x2g’:<dx>)l/2
x {( /. Wf“m’:(dx))m ([ |u¢|2g’:<dx>)1/2}

with constant C' depending on the sup-norm of (. Recall that the second moment
of g’ﬁ is bounded uniformly in 7, k, as shown in Lemma Moreover, the terms in
curly brackets are uniformly bounded because of and . We conclude that
(6.15)) vanishes as R — oo, uniformly in 7, k. We observe that

(6.15)

Mr¢ — Crell g mey — 0 ase =0,

by standard properties of mollication. Notice that nr¢ has compact support in R
Arguing as above, we find that the second term in (6.14) also converges to zero,
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uniformly in 7,k and R, as ¢ — 0. Finally, we have the identity
[ Greta) - (W @) - ub(a)) k() (6.16)
R4

= | Vipelz): (Pﬁ(;p) dz + R’:H(dz)),
Rd

with R**+1 is the residual tensor corresponding to tf"”l and pressure term
Pk (de) i= P(rf(z), 55 (x)) det (V£ () 77 (VEEH1 (7)) ™ da.
We use (5.38) (with = t¥+1(z) — 7VF*1(2)) and (5.34) to get
/ (tr(P’;(x)) dx + tr(R’:H(dx))) <d(y — 1) Ut o, o]
R4

(L ImE ) ko dhgan)) /</R VI @ o)) .

which can be bounded in terms of £, thus uniformly in 7, k, because of the energy
balance (6.3)). The sup-norm of V(g in can be bounded uniformly in R > 1
and € > 0, by choice of 7z and because ¢ € BL;(R%; R%).

Collecting all terms and letting first R — oo, then € — 0, we conclude that

[mr s — M, | may < C(ls2 — 51|+ 7)  for all 51,5 € [0,T7, (6.17)

for some constant C' that can bounded in terms of £, hence uniformly in 7. The
additional 7 on the right-hand side of (6.17)) occurs since the jumps in m., at discrete
times t* are always of order 7, not fractions of timesteps.

Step 2. Using (6.17)), we conclude that for any choice of times tg < t1 < ... <ty
contained in [0, 7], we can bound the variation uniformly in 7 as

m

Z ||m7;ti—1 — My,
i=1

Therefore the map t — m.,, € .4k (R%R?) is of uniform bounded variation.
By Cauchy-Schwarz inequality, for each s > 0 we can estimate

Jumstami< ([ oo gmux))”ﬂ

which is uniformly bounded because of . The Monge-Kantorovich norm can be
controled by the total variation, which implies that {m, s} is precompact in the
dual space BL(IR?; R%)*, for all s > 0. On the other hand, a sequence of R%-valued
measures with uniformly bounded total variation, converging in Monge-Kantorovich
norm, has as limit again a measure; see Theorem 3.2 in [51]. We now apply Helly’s
theorem in the form of Theorem 2.3 in [43] to obtain (6.12).

Step 3. The limit map s — m, € .#x (R RY) satisfies the inequality

ey < O((tm —t0) + 7).

M, — M, s (may < Cls2 — 51| for all 51,55 € [0,7]

(recall with 7 — 0) and is therefore Lipschitz continuous, as claimed. Moreover,
if p and m are obtained from the same sequence 7,, — 0, then by lower semicontinuity
of the kinetic energy functional with respect to narrow convergence of density and
momentum, we conclude that mg must be absolutely continuous with respect to g,

which proves the decomposition (6.13)) for all s € [0, T]. O
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6.4. Compactification. We will need compactifications of the state space.

Lemma 6.3. Let X be a completely reqular space and F C € (X, I), with I := [0, 1],
a set of continuous functions that separates points and closed sets: for every closed
set E C X and every x € X \ E, there exists ® € .F with ®(u) € ®(E). Then there
exist a compact Hausdorff space X and an embedding e: X — X such that e(X) is
dense in X. Moreover, for any ® € .F, the composition ®oe 1: e(X) — R has a
continuous extension to all of X. If & is countable, then X is metrizable.

Proof. Consider the product space I, which is compact in the product topology,
by Tykhonov’s theorem. Let the map e: X — IZ be defined by

To(e(u)) := ®(u) forallu € X and ® € 7,

where 7g: I7 — I denotes the projection onto the ®-component. Since .# sepa-
rates points and closed sets, the map e is in fact an embedding (a homeomorphism
between X and its image, with e(X) given the relative topology of I7). We refer
the reader to Proposition 4.53 of [44] for a proof. We now define X to be the closure
ofe(X)in I 7 Being a closed subset of a compact Hausdorff space, the set X is itself
compact and Hausdorff. The set e(X) is dense in X, by construction. We denote by
o/ the smallest closed subalgebra in %;,(X) containing .%. For any ® € 7, there
exists a continuous extension of ® o e~! to all of X; see Proposition 4.56 in [44]. If
Z is countable, then the set I7 is metrizable. Therefore, since every subset of a
metrizable space is metrizable, we obtain that X is metrizable. We refer the reader
to Section 4.8 of |44] for additional information on compactifications. O

For simplicity of notation, we will identify X with its image e(X). Then every
function ® € & can be extended as a continuous function on X. Notice that such an
extension is uniquely determined because e(X) is dense in X. We denote by €(X)
the space of all extensions obtained this way, and we will use the same symbols to
indicate functions in &7 and their extensions in € (%).

6.5. Young Measures. We will use Young measures to capture the behavior of
weakly convergent sequences of approximate solutions of the compressible Euler
equations (L.1). Recall that we assumed the specific entropy S to be non-negative
and bounded at initial time. Since S is simply transported along with the flow, the
same is true for all times, thus S € [0, Spax] for some Syax = 0. The state space for
density, velocity, and specific entropy (g, v, S) is therefore given by

X :=[0,00) x R x [0, Spax)- (6.18)

Equipped with the usual topology, it is a completely regular space.

Our goal is to define a suitable compactification of the state space. Equivalently,
we must specify the set of continuous and bounded functions on X, for which we
need to be able to describe weak limits of compositions with approximate solutions.
Let us first consider a function that represents the total energy and mass. In slight
abuse of notation, we use the same symbols (g, v, S) for elements in X. Let

h(o,v,8) =0+ (%Q|’U|2 + U(o, S)); (6.19)
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see Definition [[.I] We now introduce the set

oS
+ e, +co- +cxov@v+cplU(o,S) | /h:
w(x) =47 (CQ (9v> (9'05) acievgutertle ))/
© € 6o(X), ¢y, o € R i € Symy(R), cy € R

One can check that the functions in #'(X) are continuous and bounded. For this,
it is convenient to introduce a parameterization of the state space X, similarly to
the construction in the the proof of Lemma [5.25] One possible choice is

u

o(a) :=tan(a), wv(u):= \/TW

for a« € [0,7/2) and u € B := {u € R%: |u| < 1}. For any ® € #/(X), the map
(o, u,8) = ®(o(ar),v(u),S)

can be extended to a bounded function on the compact set [0,7/2] x B x [0, Smax)-
This extension may be discontinuous at parts of the boundary. One can also check
that the set #/(X) is a closed separable vector space with respect to the sup-norm.
To this end, notice that % (X) is a finite-dimensional augmentation of the vector
space 6o(X), which is known to be separable; see also Lemma 2 in [7].

There exists a countable set .# that is dense in #(X)N%(X,I), I =[0,1], and
separates points and closed sets. Indeed consider any closed set ¥ C X and any point
uw € X \ E. One can find a ¥ € (X, I) with ¥(u) =1 and U|E = 0, and since &
is dense there exists ® € . with [|® — WUl¢(x) < ¢ for some 0 < ¢ < 1/2. Applying
Lemma @ we obtain a compactification X (a compact, metrizable Hausdorff space)
of (]E The closed subalgebra o7 in Lemma contains the set # (X

Recall that R¢ is the one-point compactlﬁcatlon of RY; see Section |4 Then

E :=.2'([0,00),¢(R* x X))

is the space of (equivalence classes of) measurable maps ¢: [0,00) — € (R? x %)
(i.e., pointwise limits of sequences of simple functions) with finite norm:

9l = [ 180 Mo ds < .

Notice that X is compact and metrizable, hence separable. One can then show that
[E is a separable Banach space. Its topological dual is given by

= 2°([0,00), A+ (R x X)),

the space of (equivalence classes of) v: [0,00) — ., (R x %) with

s é(x, 1) vs(dz, dr) measurable for all ¢ € €(R? x %), and
R xX

[Vl = esssup [[Vs]]_g(gaxz) < o0

s€[0,00)

(we write s — v and ¢ := (p,v,5) € X). The duality is induced by the pairing

(v, Py : / / (s,z, 1) vs(de,dr)ds (6.20)
]R”xx

for ¢ € E and v € E*. Bounded closed balls in IE* endowed with the weak* topology
are metrizable and (sequentially) compact, by Banach-Alaoglu theorem.
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For any timestep 7 > 0, we now define v} € E* by
[ oot o) (6.21)
RidxXx
= /Iad qb(x, rrs(2), wr s (x), ST,S(x)) h(TT,S(a'J), w; s(), ST,S(Z‘)) dx

for all ¢ € (R x X) and s > 0; see (6.19). As usual, we have

_. d _.
Or,s =: rr,s‘c y Ors = Qr,ssr,sa

with approximate solutions (., v,,0,) constructed in Section Because of ,
the family {v1},~0 is uniformly bounded in IE*: We have

L = [ haldnde) = 1t Eloneswra o
RexX

for 7 > 0 and s > 0. Notice that V,,l_vs is non-negative. From this, we get the relative

(sequential) compactness of {v1},~¢ with respect to the weak* topology.

In summary, we have the following result:

Proposition 6.4 (Young Measure). Consider a sequence 7, — 0 for n — oo and
let vl = I/}.n € E* be defined by (6.21). Then there exist v* € E* and a subsequence
(still denoted by {v}}, for simplicity) with the property that

lim /0 /Rd (5,2, 7p,5(2), Wn s (), Sn,s(2)) A(rn,s (), W s (2), Sn,s()) dz ds

n—o0
= / / o(s,2,1) vl(dr,dx)ds  for all ¢ € E.
0 JRIxx
To simplify the notation, we have used the subscript n instead of T,,. We write

[f(0,v, S)]s(dz) := /3€ FO)/hE) v (do,di) forae. s>0  (6.22)

and for any f: X — R such that f/h € &/ ; see Lemma .

Remark 6.5. In the same way, we define a second Young measure 2, using piecewise

constant instead of piecewise linear interpolation in time. More precisely, for any
7 > 0, using the same notation as above, we define v? € E* by

/ ¢(x’ x) sz',s (dCU, d?)
RaxX
= /]Rd ¢(I, Tr.s: (x)a Wr s, (m), ST,sT (JC)) h(rT,sT (x), Wr s, (m), SﬂsT (m)) dx

for all ¢ € €(R? x X) and s > 0, where s, := |s/7|7 denotes the largest integer
multiple of 7 less than or equal to s. Passing to the limit along a suitable sequence
T, — 0, we obtain the Young measure v? € [E*, which again can be used to capture
concentrations/oscillations in weakly convergent sequences of approximate solutions
of ; see Proposition Similar to , we use double brackets [-] to indicate
the pairing of v with suitable functions of (g, v, S).
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6.6. Global Existence. In this section, we establish the global existence of measure-
valued solutions to (L.1)), using the results of Sections and

Proof of Theorem[I.8 We consider a sequence of timesteps 7, — 0 as n — oo with
the property that the pointwise in time convergence in Lemmas holds and
that the approximate Young measures in Proposition and Remark converge
to v! and v? along {7, },. We will use the notation introduced in Sections and
[6-5] but with subscript n in place of 7, for simplicity.

By construction, it holds that

9son +V - (0nvn) =0 .
in (€2([0,7)) @A) .
65071 +V- (O'n’vn) =0 } n ( c ([ ’ )) ® )

Recall that density g, s and entropy o, s have finite second moments for all s > 0.
Passing to the limit n — oo, we get the first and third equations in ([1.13)).
It remains to prove the momentum equation. We observe that

— [ 00¢(e) o) o) = / ([ A ) el )
-3 / [T e 2) ) (6.23)

keNg
+ kezl\; / / (2): ('wms(z) ® vn,s(z)) On,s(dz) ds
P Y / (P’C( ) do + RAH (d)

kEN

for any n € €1([0,7)) and ¢ € 2. We proceed in four steps.

Step 1. In the first term of the right-hand side of (6.23)), we directly apply (6.21)
and pass to the limit. Using the definition of v in Lemma we get that

k+1

lim / ! / wn,s(z) Qn,s(dz) ds
n—)oo Rd

:/0 /Rd 1'(s)¢(2) - vs(2) 05(dz) ds.

Recall that the momentum m,, s := 95, svy, s has finite first moment for all s > 0.

Step 2. In the second term on the right-hand side of ([6.23]), we need to replace the
transport velocity v,, s by the transported velocity w,, s because the approximative
Young measure (6.21]) only captures the latter. We first rewrite

/ V.((2) : 'wn s(2) ® (vn,S(Z) - w"ys(z))> Q"vs(dz)
_ /R Vel(tns(@)) 5 (W) © (VI (@) = WH(2))) (o)
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for all s € (sF, sh™!) and k € Ny. Then we apply (5.44) to estimate

/ [ HTE) (1002 (00s(2) — 0))) ) 5

keN
SC{&T max/ |WhHL(2)|2 oF (dx) (6.24)
k€No JRd
wOn 5 [ ) - w0 s |

keNg

for any € > 0 and suitable constant C.. Here C' depends on the sup-norm of nV.(,
which is finite; recall - Both the max and sum on the rlght hand side of | -
are bounded by &€ uniformly in n, because of energy equahty and - Since
€ was arbitrary, we find that the left-hand side of Vamshes as n — oo.

We can now write

> / /]Rdn(squ): (0(2) © 00(2)) ns(d2) ds = (. 9)

(recall definition (6.20)) of the dual pairing), with test function
d(s,x,1) :=n(s)V¢(z) : o(w @ w)/h(o,w,S)
forall s >0, z € R% and r = (0,w,S) € X. From Proposition we get

lim Z / W/ :(wn,s(2)®’wn,s(2)) On,s(dz) ds

- / /R n()VE() ¢ lov @ ] () ds.

We refer the reader to (6.22) for notation.
Step 3. In the pressure term in (6.23)), we want to replace
det (thLJrl’Sym (x)) 1—v (thfLJrl’Sym (SC)) -1

by 1. Using (5.43)), we obtain the estimate

T Z/ v): (Ph(a) ~ P(ri(x), SE())1) da

< C{ET max/ U(rﬁ(m),Sﬁ(w)) dx (6.25)
+ C.1y, Z /d P(rfl(x), Sﬁ(m))Du (thl-lrl,sym(x) _ ]l) dm}

for any € > 0 and suitable constant C.. Here C depends on the sup-norm of nV(,
which is bounded. Both max and sum on the right-hand side of are bounded
by £ uniformly in n, because of the energy equality . Since € was arbitrary, we
conclude that the left-hand side of vanishes as n — co.
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Similarly, we can estimate

k+1

S [ (b= [ noyas) 9w (Pt st ) e

k€ENg

< CTw(7,,n) max /Rd U(rﬁ(m),Sﬁ(m)) dz, (6.26)

keNg

with C depending on the sup-norm of V{ and modulus of continuity

w(tp,m) == sup  [|n(s2) —n(s1)l.
s1,82€[0,T]
|S2_31|<7'n

The max on the right-hand side of (6.26]) is bounded by & uniformly in n, because
of the energy balance ([6.3). The left-hand side therefore vanishes as n — oo.
We can now Write

2 / / 2): (Prh(2). SE(2)1) dzds = (7. 9)

k€N
(recall definition (6.20)) of the dual pairing), with test function

$(s,.1) == n(s)VC(@) : (Ple,)1) /hle,w, )
forall s > 0, z € R% and ¢ = (0,w,S) € X. From Remark we get

k+1

JLH;OZ/% /]R n(sVC(:) + (P(rh(2), SE(2))1) dz ds

/ / $)VC() : [Plo, S)1],(d2) ds
Rd
We refer the reader to ) for notation.

Step 4. The residual term in (6.23)) can be estimated as
Tn Z / (z) : RF(dz)| < Oy Z / tr Rkﬂ(dx))

kelNg
with the sum on the right-hand side bounded by £ uniformly in n, because of the
energy balance . Here C' is some constant depending on the sup-norm of nV(.
The left-hand side therefore vanishes as n — co; see also Remark
Combining Steps 1-4, we have proved the momentum equation. [
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