EULER-LAGRANGE EQUATION FOR A MINIMIZATION
PROBLEM OVER MONOTONE TRANSPORT MAPS

MICHAEL WESTDICKENBERG

ABSTRACT. A variational time discretization for the compressible Euler equa-
tions has been introduced recently. It involves a minimization problem over the
cone of monotone transport maps in each timestep. A matrix-valued measure
field appears in the minimization as a Lagrange multiplier for the monotonicity
constraint. We show that the absolutely continuous part of this measure field
vanishes in the support of the density.
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1. INTRODUCTION

The compressible Euler equations model the dynamics of compressible fluids like
gases. They form a system of hyperbolic conservation laws

0o+ V-(ou)=0
Ot(ou) + V- (ou®@u)+ Vr =0 in [0,00) x RY. (1.1)
dhe+V-(e+mu)=0

The unknowns (g, u, €) in depend on time ¢ € [0, 00) and space » € R% and we
will assume that suitable initial data (o, u,e)(t =0,-) =: (g, u, &) is given. We think
of g as a map from [0, c0) into the space of nonnegative, finite Borel measures, which
we denote by .#, (R%). The quantity o is called the density and it represents the
distribution of mass in time and space. The first equation in (the continuity
equation) expresses the local conservation of mass, where

u(t,") € L*(R% o(t,")) forallte [0,00) (1.2)

is the Eulerian velocity field taking values in R?. The second equation in (the
momentum equation) expresses the local conservation of momentum m := pu. Note
that m(t,-) is a finite R?-valued Borel measure absolutely continuous with respect
to o(t,-) for all ¢ € [0,00), because of (1.2). The quantity ¢ is the total energy of
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the fluid and e(¢, -) is again a measure in . (R?) for all t € [0, 00). It is reasonable
to assume (¢, -) to be absolutely continuous with respect to the density o(¢,-) (no
energy in vacuum). The third equation in (the energy equation) expresses the
local conservation of energy. The pressure 7 is determined by the material and a
given function of density and energy. For the case of polytropic gases, the pressure
equals m = (v — 1)(e — 1p|u|?), with adiabatic coefficient y > 1.

As long as solutions are smooth, it is possible to reformulate equivalently
by substituting for the energy equation a transport equation

o +V-(ou)=0 in[0,00) x R? (1.3)

for the thermodynamical entropy o =: oS, where S(t,-) € Z(R4, o(t,-)) denotes
the specific entropy. The pressure is then given in the form 7 = ke, with K > 0
some constant. In the following, we will utilize this reformulation. It is well-known,
however, that solutions of hyperbolic conservation laws such as typically do not
remain smooth globally, but may develop jump discontinuities in finite time, which
are called shocks. In this case, the entropy conservation in must be relaxed to
a differential inequality, as suggested by the second law of thermodynamics.

If the specific entropy S is assumed to be constant in space and time, then
reduces to the so-called isentropic Euler equations. For smooth solution, the energy
equation is implied by the continuity and the momentum equation. For discontinuous
solution, however, energy conservation must be relaxed again. The assumption is
then that energy can only be dissipated (decreased), but not generated.

Minimizing movements are variational time discretizations generating approximate
solutions for evolution equations known as curves of maximal slope; see [14]. They
have been studied extensively in recent years in the context of optimal transport
theory for certain degenerate parabolic equations; see [3]. Motivated by this research,
a variational time discretization for the compressible Euler equations has been
introduced in [12]. Specifically, assume that for given initial data and timestep
7 > 0, the state of the fluid at time t* := k7, with k € N, is approximated by

density o € Z5(R%), velocity u € Z?(R%, o), entropy S € L' (R%,0), (1.4)

where &, (R?) is the space of Borel probability measures on R¢ with finite second
moment. Without loss of generality, we have assumed that the total mass equals one
initially and hence at any positive time. Then density, velocity, and specific entropy
at the next time t*+1 are determined by a suitable optimization problem, which
we interpret (by formal analogy with thermodynamics) as an attempt to mazimize
entropy production: The first law of thermodynamics states that AU = Q+ W, where
AU is the change in internal energy, W the work done on the system (nonnegative),
and ( is the heat applied to the system. We will aim to maximize the difference
AU — W. Since at fixed temperature, the change in heat is proportional to the
increase in entropy, this amounts to maximizing entropy production.

The work done to the system is defined as a minimal cost: Assume that a material
point is located initially at a position z € R? with velocity & € R%. After the time
7 > 0, the material point is at position z € R? with new velocity ¢ € R?%. As the
minimal work needed to effect this change, we consider the infimum

. T . 9 ) . oy . e (s o .
mf{/o | X (s)|7ds: (X, X)(0) = (z,6), (X, X)(7) = ( ,Q} oz, €, 2,0).
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The inf is attained for cubic polynomials, and the minimal cost is
2

62,0 = pgllo+ 70— 4 |c- (6= 2 (@rr9-2))[. )

If we are free to pick the optimal final velocity ¢, then we can make the second term
vanish by choosing ¢ = & — 2 ((z + 7€) — z). We now define the work as

Wit|o, u] := 4—?_2 /Rd ’(w—i— Tu(a:)) — t(l‘)‘2 o(dz),

where t € .£2 (Rd7 0) determines the transport of the material points, whose initial
distribution is given by o. The new velocity is obtained by transporting
3 1 . t—id
w = iv — Eu, with v := -
the transport velocity, along with the map ¢. Because of , we have

o [ o+ ru@) ~ ) o) =3 [ (o) - ute)l? o)

Rd

(1.6)

In order to compute the change AU, we compare the internal energy we would
observe if no work was done to the system (which means that all material points
travel in the direction of their initial velocity), and the internal energy obtained by
pushing o forward under the transport map t. We will assume from now on that
the density o is absolutely continuous with respect to the Lebesgue measure £¢ so
that o =: r£? for some nonnegative r € .Z!(R?). For polytropic gases and with
specific entropy S, the internal energy of t#¢ can be written (formally) as

Ult#o, to] = /R U(r(@), S(@)) det (Vi)' dr, (1.7)

with internal energy U(r, S) := ﬁesr'y for all » > 0 and S € R. We have used the
change of variables formula and the fact that the entropy ¢ = oS is transported
along with the fluid; see . The internal energy of the freely transported fluid
is obtained (formally) by the same formula, with id + 7 in place of ¢. Since this
energy is a given quantity, maximizing AU — W then amounts to minimizing

Wltlo,u] + Ult#o, tHol (L8)

over a suitable set of transport maps t € .Z?(R9, p). Unfortunately, the functional
is not coercive, does not control the growth of V¢ and blows up as det(Vt) — 0.
In particular, there is no natural function space setting (e.g., in terms of a suitable
Sobolev space) in which to search for the transport map ¢ that minimizes .
Moreover, even if the existence of a minimizer can be established, the structure of
(1.7) makes it difficult to identify the corresponding Euler-Lagrange equations. We
refer the reader to [4] for a related discussion of a similar functional.
We therefore consider two modifications. First, we replace by

1=
Ult|o,S] := / U(r(z), S(z)) det (def(t(x))) dz, (1.9)
R4
where the gradient of t is replaced by its deformation

x z)T
def (t(z)) := w
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This renders a convez functional in ¢. Notice that for small 7 > 0 the transport
map t is expected to be a perturbation of the identity map id whose derivative is
the identity matrix 1, which is indeed symmetric (so that Vid = def(id)).

Second, we require that the transport maps t be monotone; see Definition for
the precise statement. Again this can be justified by the fact that the minimizer ¢ is
a perturbation of the identity if 7 > 0 is small. The deformation def(¢(x)) in is
to be understood to involve only the absolutely continuous part of the distributional
derivative of ¢, which is a measure since t is of bounded variation locally; see below.
In particular, jumps in ¢ (cavitation) do not contribute to U[t|o, S].

Monotonicity was the crucial ingredient in the recent study of the one-dimensional
system of pressureless gas dynamics; see [10}/13,/19]. By rephrasing this system of
conservation laws in terms of monotone (optimal) transport maps, one can harness
classical results on gradient flows in Hilbert spaces to establish well-posedness und
semigroup properties. The monotonicity assumption can be linked to the assumption
of sticky particle dynamics (upon collision, particles stick together to form larger
compounds), which serves as an entropy condition. Unlike the one-dimensional
case, in several space dimensions the composition of monotone maps is typically
not a monotone map. Using a Lagrangian reformulation of and requiring
monotonicity for the global transport maps is not natural, which is why we reset
the reference configuration in each timestep of our discretization. Notice that we
could have restricted ¢ to the even smaller set of optimal transport maps in the sense
of optimal transport theory, which (for the Wasserstein distance) are gradients of
convex functions (which are monotone). The disadvantage here is that the resulting
tangent spaces (i.e., the admissible velocity fields) consist of gradient fields only.
In contrast, for monotone maps we recover all vector fields in . 2(Rd, 0). Finally,
the monotonicity of the transport map automatically ensures that matter does not
interpenetrate. The minimizing map is essentially injective. It was shown in [12]
that approximate solutions generated by this time discretization satisfy a crucial
energy inequality and converge to a measure-valued solution of .

Before proceeding, let us fix some notation.

Definition 1.1 (Matrices). In the following, we will denote by M¢% the space of
real (d x d)-matrices, and by M4 the space of matrices M € M? such that

(Mv,v) >0 forallveRY

where (-, -) denotes the Euclidean inner product in R%. We will refer to matrices in
M‘i as positive semidefinite even when not symmetric. We will denote by S? the
space of M € M® with M™ = M (symmetric) and define S¢ := M4 N &<

Given data (1.4), we aim to minimize the convex functional
U[tlo,u, S| := Wlt|o, u] + U[t[o, 5] (1.10)

over the set €, of monotone transport maps (see Definition , which is a closed
convex cone in the Hilbert space .Z?(R%, 9). Any t € %, can be extended to a max-
imal monotone map whose domain includes the convex open set ) := int conv spt o;
see Lemma A minimizing sequence of transport maps in %, for the functional
1.10) can be shown to be uniformly bounded in BV, (£2; M?). Since the functional
Z:ﬁb(with Vt representing the absolutely continuous part of the distributional
derivative of the maximal monotone extension of t) is lower semicontinuous with
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respect to weak™ convergence in BV, (2; M?), the existence of a unique minimizer
of follows, from now on denoted by t € €,; see Proposition 5.13 in [12].

In order to derive the Euler-Lagrange equations we consider perturbations of
around the minimizer ¢ € €,. Because of the monotonicity constraint, we
may only consider directions in which the perturbed transport map is still in €, i.e.,
we can only consider vector fields in the tangent cone of %, at the point t. If ¢ is
uniformly monotone (see Definition 7 then this tangent cone equals .Z?(R4, g);
see Proposition 4.6 in |12]. Otherwise, all we can conclude is the inequality

| (@le).¢a) otda) (L.11)
- /QP(r(x), S(z)) det (def(t(x))) tr(cof (def(t(a;))) VC(JC)) dr >0

for sufficiently smooth, monotone vector fields ¢ and for ¢ = +t. Here a := (w—u)/7
is the acceleration and P(r,S) := U'(r,S)r — U(r,S) for all r,.S > 0 the pressure
function (where ’ denotes differentiation with respect to ). We denote by cof the
cofactor matrix. Choosing ¢ = +t in , we obtain

/Q (ax), t(x)) o(dz) — d /Q P(r(2).S(x)) det (def(t(2))) dr=0. (L12)
More generally, inequality implies (at least formally) that the residual
oa+V - (P(T‘, S) det (def(t)) ™ cof (def(t))T>
is an element of the polar cone of €,. We have the following representation:

Proposition 1.2 (Stress Tensor). Let (o,u,S) be given, with
density 0 € P2(RY), velocity u € L*(RY, 0), entropy S € L (RY, o)

nonnegative. Suppose that [, U(r(z),S(z))dz < co, where ¢ =: rL%. Fort >0, let
t € €, be the unique minimizer of (1.10) and let a € XQ(Rfl, 0) be the acceleration
as defined above. Then there exists a matriz field M € ///(Q;Si) such that

[ (M(dz), VC(2)) = / (a(z),((x)) o(de) (1.13)
Q

Q
— / P(r(z),S(x)) det (def(t(x))) tr(cof (def(t(x))) Vg(x)> dx
Q
for all ¢ € €L RY); see (2.4). Here Q := int conv spt o.
Remark 1.3. Note that by choosing ¢ = id in (|1.13)), we obtain the identity

/_ e (M(da)) = / (a(z), 2) o(dz)
Q Q
_/QP(r(a:),S(m)) det (def(t(x))) tr(cof (def(t(m))) )dx,

which controls the size of M since both the stress tensor and the pressure tensor
are positive semidefinite and all vector fields in (2.4)) are in .Z?(R4, o).

We conclude that the Euler-Lagrange equation of the constrained minimization
of (1.10)) over the closed convex cone %, of monotone transport maps is given by

oa+V - (P(r7 S) det (def(t)) ™" cof (def(t))T + M) =0
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in the distributional sense, where M is implicitly defined through the transport
map t. Additional information about the minimizing ¢ can now be gleaned from an
investigation into the properties of M, which plays the role of a Lagrange multiplier
for the monotonicity constraint (similar to how the pressure plays the role of the
Lagrange multiplier for the divergence-free condition in the incompressible Euler
equations). We expect that M should vanish wherever the transport map ¢ is strictly
monotone; see Definition 2.I] As a first step in this direction we prove here

Proposition 1.4 (Support Restriction). With (o, u,S) as in Proposz'tion and
T > 0, we consider the minimizer t € 6, of (1.10) and the measure M € .4 (; Si)
defined there, with Lebesgue-Radon-Nikodym decomposition

M= ML+ M, ML LY (1.14)
Here € := int conv spt 9. Then we have M(x) =0 for a.e. x € spt .

Remark 1.5. We observe first that the assumption [p, U(r(z), S(x)) dz < oo implies
0 € Z7(R%) with v > 1. For any S € .Z?(R?, p) it follows that
oS € ZP(RY) with p:= 2 >1
y+1

because of Holder inequality. Now we specialize to the one-dimensional case. When-
ever oS € £P(R), its primitive is a Holder continuous function, hence absolutely
continuous with respect to the Lebesgue measure. This remains true when applied
to the acceleration a as above. But the primitive of pa equals the measure

— T
H(dz) := P(r(z),S(z)) det (def(t(m))) cof (def(t(x))) dx + M(dz),

as follows from (|1.13]). As the first component is absolutely continuous with respect
to the Lebesgue measure, we obtain that M(dz) = M (z) dx and M? vanishes. From
Proposition [I.4 we conclude that the measure M vanishes in spt g, so that

0a+ V- (P(r, S) det (def(t)) " cof (def(t))T) =0

there distributionally; see (1.13]). We observe that if spt ¢ consists of disconnected
components, then the primitive of the acceleration pa will be constant in the vacuum
in between, where it must coincide with M since the pressure contribution vanishes
where the density does. This suggests that the measure M plays the role of a “virtual
pressure” that transports momentum through vaccum; see also Remark 4.6 of [12].
For a related discussion in the context of Michell trusses we refer the reader to
Remark 5.2 of [9]. While M does not contribute to the acceleration (since it vanishes
in spt ¢ and is piecewise constant outside), it does contribute to the energy balance;
see Proposition 4.17 of [12]. We do not know whether in the multi-dimensional case
M must be absolutely continuous with respect to £% as well (in which case M would
again vanish in spt p), or whether there may be singular components supported on
lower dimensional sets. This will be investigated in future work.

2. MONOTONE TRANSPORT MAPS

To any I' € R% x R¢ we associate a set-valued map ur: R? — P(R?) by

ur(x) := {y e R%: (z,9) € I‘} for all z € RY.
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Here P(RY) is the power set of RY. For any u: R? — P(R?), we denote by
dom(u) := {x e R%: u(z) # @},

graph(u) := {(x,y) ceRIxRe:ye u(m)}
its domain and graph, respectively. A subset I' ¢ R% x R is called monotone if
(x1 — x9,y1 —y2) =2 0 for any pair of (z;,y;) € I

Such a set is called maximal monotone if for any monotone set I'' C R% x R? with
I' € TV we have that I' = I'V. Equivalently, the set ' is maximal monotone if it is
impossible to enlarge I' without destroying monotonicity. We call a set-valued map
u as above (maximal) monotone if the set graph(u) is (maximal) monotone.

Definition 2.1. A subset I' € R? x R? will be called strictly monotone if
(x1 — x2,y1 —y2) >0 for any (a;,y;) € T.
The set I" will be called uniformly monotone if there exists o > 0 with
(x1 — T2, 91 — Y2) = |y — x0|®  for any (zy,y;) €T
Analogously, we will talk about strictly and uniformly monotone maps.

Remark 2.2. By Zorn’s lemma, any monotone set (any monotone set-valued map)
can be extended to a maximal monotone set (map). Typically, this extension is not
unique. A maximal monotone extension can be obtained constructively as follows:
Let I € R x R? be monotone. Then, for all (z,z*), (y,y*) € R? x R?

(1) define the Fitzpatrick function
Fr(xz,z") := sup {(z*,x} +{(z%,2) — (2%, 2): (2,2") € I‘};
(2) compute its Fenchel conjugate
Fi(y",y) i=sup {(y", @) + (2*,y) = Fr(w,2"): (2,2") € RO x R4

(3) compute the proximal average
Nr(z,z") := inf {le(ml o)+ LFE (s, x0) + Lo — 2o+ Llat — 23
’ . 2 s b1 24T \P2y L2 FRIE 2 g1 210 -

(z,2%) = $(z1,27) + ;(xg,xZ)}
The function Nt is lower semicontinuous, convex, and proper, and the set
[= {(x,x*): Nr(z,2*) = <x*,x)} (2.1)
is a maximal monotone extension of I'. We refer the reader to [5}/17] for details.

In order to construct a maximal monotone extension of a given monotone function,
one can also use the fact that the Cayley transform

1
r,2%) —» —=(x+2*,z—2*), (z,z*) e RIxRY,
(@3 = 5 ) (@)
(which amounts to a rotation of the coordinate system by 7/4) maps the graphs of
monotone functions to 1-Lipschitz functions. By Kirszbraun’s theorem, a 1-Lipschitz
function can be extended to a 1-Lipschitz function on all of R?, which by the inverse
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Cayley transform determines a maximal monotone function; see |1]. The usual proof
of Kirszbraun’s theorem relies on the axiom of choice. In contrast, the extension
procedure outlined above (built on Fitzpatrick function) is completely constructive.
It can provide an alternative proof of Kirszbraun’s extension theorem; see [6].

If o: R — R U {400} is Ls.c. and convex, then its subdifferential ' := 9 is a
maximal monotone map. Its Fitzpatrick function equals Fr(z, z*) = ¢(x) + ¢*(z*)
for all (x,2*) € R? x R?. Here ¢* is the Fenchel conjugate of ¢. Since

Fi(y*,y) = Fr(y,y*) forall (y,5%) € R x RY,

the proximal average defined above reduces to Nr(z,z*) = ¢(x) + ¢*(z*). Then
the set T" given in (2.1 coincides precisely with the subdifferential d¢.

Definition 2.3 (Monotone Transport Maps). For o € &5(R%) and t € Z?(R4, 9)
taking values in R?, we define the transport plan =, := (id, ¢)#0. Then

C, = {t € Z%(R% 0): spt+y, is a monotone subset of R? x Rd}. (2.2)

Lemma 2.4 (Closed Convex Cone). %, is a closed convex cone in £*(R?, p).

Proof. We refer the reader to Lemma 4.2 in [12]. O

Since we are not making any assumptions on g € 322(Rd), its support may be an
arbitrary Borel set. The monotonicity constraint and the extension results enable
us to work with objects that are defined on a fixed convex subset of R%:

Definition 2.5 (Associated Maps). Let o € Z5(R?) be given. For given t € %,
we will call v the maximal monotone map associated to t if u is the set-valued map
induced by the maximal monotone extension of I" := spt -y, in Remark [2.2]

Receall that the domain of a maximal monotone map u satisfies
int conv dom(u) C dom(u) C convdom(u);

see Corollary 1.3 in [1]. Here int and conv denote the interior and the closed convex
hull of a set, respectively. As a consequence, we obtain the following result:

Lemma 2.6 (Support). For o € Z5(R%) and t € %,, the domain of the maximal
monotone map u associated to t contains the set £ := int conv spt o.

Proof. We refer the reader to Lemma 3.4 of [12]. O

Remark 2.7. We pick the construction of Remark [2.2] purely for definiteness. Any
other maximal monotone extension of I' := spt v, would also work. We prefer to
use the construction based on the Fitzpatrick function because it is similar to what
is done in optimal transport theory: Here the optimal transport map is contained
in the subdifferential of the Kantorovich potential, which solves the associated dual
problem and possesses suitable convexity properties. Since the subdifferential of
the Kantorovich function is maximal, it defines a natural extension of the optimal
transport map to a larger domain; see [3] and the end of Remark

Whenever we speak about the derivative of a monotone transport map t € ¢, we
will refer to the derivative of the maximal monotone map associated to t. Notice
that a maximal monotone map u is locally bounded in the interior of dom(u) and
locally of bounded variation; see Corollary 1.3(3) and Proposition 5.1 in [1].
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Remark 2.8. For any maximal monotone set-valued function u: RY — P(R?) the
image u(x) of any € R¢ is closed and convex (possibly empty); see Proposition 1.2
of |1]. Therefore the dimension dim u(z) is well-defined. The singular sets

Sk (u) = {x e RY: dimu(z) > k} withk=1...d,

are countably H%*-rectifiable; see Theorem 2.2 of [1] for details. Here 1™ denotes
the n-dimensional Hausdorff measure. In particular, the set of points 2 € dom(u) for
which u(z) contains more than one point (that is, the set ¥!(u)) is negligible with
respect to the Lebesgue measure £¢. Outside $!(u) the function u is continuous.
We denote by m(u) the single-valued map that to € dom(u) assigns the element
of minimal norm in u(z). Note that m(u(x)) is well-defined for all 2 € dom(u).

Proof of Proposition[1. The existence of a stress tensor field M has already been
established in Proposition 5.19 in [12]. Here we only explain the necessary modifica-
tions needed to obtain the present result, which is slightly more precise. Let

Go(v) ::/Q<a(x),u(gc)) o(dx) (2.3)
_ /Q P(r(x), S(x)) det (def(t(x)))”tr<cof (def(t(ac)))Tv(x)) dz

for all v = def(u) and u € €} (; R?), where

CHORY) = {u € €' (RERY): Vu € 6, (Q; M)} (2.4)
Notice that since the integrands in (2.3)) are absolutely continuous with respect to
the Lebesgue measure, the integration over the boundary Q \ € is negligible. The

functional Gy is well-defined: Indeed assume that there exists another € CLHOQ; RY)
with def(@(x)) = v(zx) for all z € Q. We define u(x) := u(x) — a(x) and

a(z) — Va(z)T
rot(ﬂ(x)) ::v () 2V (2)

We now observe that def(u(x));; = 0 and O (rot(i(z)); ;) = 0 for all z € Q and
indices i, j, k. Since Vi = def(u) 4 rot(u) and since Q is convex (hence connected),
we conclude that Vu is a constant matrix-valued function with vanishing symmetric
part, and so 4 is a rigid deformation: There exist an antisymmetric matrix B € M?
and ¢ € R% such that @(z) = Bz +c for every x € Q. The integrands in vanish
outside of Q, therefore the behavior of u and @ outside of € is irrelevant for the
evaluation of Gy. We may assume that 4 is a rigid motion defined on all of R so
that w € €} (; R?). Notice now that both % and —u are monotone maps. Testing
the right-hand side of with +u, we therefore obtain that Go(a) = 0. Since Gg

is linear, we conclude that Gy is indeed well-defined on
L := {def(u): u € €}(Q;RY)},
which is a subspace of the space ;(€2; S%) of bounded and continuous functions.
The functional is positive in the following sense: for all v € L N C, with
C =6 8Y),

we have that Go(v) > 0. Indeed if v = def(u) € C, then v must be a monotone map;
see Theorem 5.3 in [1]. Therefore Go(v) defined by the right-hand side of (2.3)) is
nonnegative. We apply a result by Riedl [20] to conclude that Gy can be extended

for all z € Q.
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to a continuous linear map G: 6,(Q;S) — R, which moreover is nonnegative
when tested against functions in C; see Proposition 2.2 in [11].

We consider now the Stone-Cech compactification S of Q, which has the property
that every map u € 63(€; S%) has a continuous extension in the space € (3€; S%) of
continuous functions on the compact set 3. We refer the reader to [15] Section 4.8
for details. By the Riesz representation theorem, there exists a finite Radon measure
M € .#(B9Q; S?) that represents the functional G in the sense that

Gv) = //39<v(ac),M(dx)> for all v € €(8Q; SY).

Since G(v) > 0 for any v € €,(8Q; S¢) we conclude that M takes in fact values in
Si. Since G is an extension of Gy, we can test the measure M against a suitable,

compactly supported approximation of u = id and find that M does not assign any
mass to the boundary 5\ . We refer the reader to Remark 4.15 in [12]. O

3. SUPPORT RESTRICTION

In this section, we will establish Proposition[I.4] We will need an approximation of
the transport map ¢ € %, that minimizes (1.10) by Lipschitz continuous, monotone
maps. This approximation will be provided by the following result.

Lemma 3.1 (Approximation of Monotone Maps). For every o € Po(R%) absolutely
continuous with respect to the Lebesgue measure and for allt € 6, there is a sequence
of Lipschitz continuous, monotone maps t;, defined on all of R%, such that

leH;o ||tk — tHé,”Q(Rd,g) =0.
The same statement remains true with t, € € (R4 RY) monotone; see ([2.4)).

Proof. Let u be the maximal monotone map associated to ¢; see Definition 2.5 The
domain of u contains the open convex set €2 := int conv spt o, which has Lipschitz
boundary. The map wu is single-valued outside of a codimension-one rectifiable, hence
Lebesgue negligible set. Moreover, for all € dom(u), the image u(z) is nonempty,
closed, and convex. Since u is maximal, the map id 4+ u is surjective (so is id + eu
for all £ > 0); see Proposition 1.2 in [1]. We proceed in five steps.

Step 1. In order to construct the approximating map ¢; we consider the resolvent
of u and the Yosida approximation. Their definition and properties are well-known,
but we include here the relevant arguments for the reader’s convenience. For y; € R?,
i=1.2, and € > 0 there exist 2; € R? solving the set-valued equation

Yi € z; +eu(x;)
because id + eu is surjective. We write y; =: x; + ev; with v; € u(z;). Then
lyi — yal” = |21 — @2 + £(v1 — v2)]?
= |z — xo|> + €2|v1 — vo|? + 26(v1 — vo, Ty — T3).

The last term on the right-hand side is nonnegative, which implies that

1
|z1 — 22| < |y1 —y2| and |v17v2|<g\y17y2|. (3.1)

Taking y; = y» in the first inequality, we conclude that for any y there exists exactly
one z with y € z + eu(x). It follows that both the resolvent map J. := (id + eu) ™!
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and the Yosida approximation u. := (id — J;)/e are single-valued, defined on all of
R4, and Lipschitz continuous with Lipschitz constant 1 and 1/e, respectively.

Step 2. By the very definition of J. and u. we have that

y—J(y)
u:(y) = e

Therefore, since y; = J-(y;) + euc(y;), we obtain
(ue(y1) — ue(y2), y1 — y2)

= (ue(y1) —ue(yn), Jo(y1) = Je(y2)) + elu=(y1) — ue(yz)* > 0.

We conclude that u. is monotone. Since u. is also Lipschitz continuous, single-valued,
and defined on R, it is in fact maximal monotone; see Corollary 1.4 in [1].

For any x € dom(u) let m(u(z)) be the unique element of minimal norm in wu(zx).
Recall that u(z) is nonempty, closed, and convex. Then we compute

|uc(z) — m(u(ac))‘2 = —|uc(2)]* + |m(u(z)) ’2 — 2{ue(z), m(u(z)) — us(z)).
But since v is monotone, m(u(z)) € u(x), and u.(x) € u(J-(x)), we get
(ue(x), m(u(x)) — us(z)) = %(x — Je(z),m(u(z)) — uc(x)) > 0.
Therefore, we have proved the inequality
|ue(z) — m(u(ac))|2 < ’m(u(gc))’2 — Jue(z)? (3.2)

for all x € dom(u), which implies in particular that |u.(x)| < |m(u(z))| for such x.
Since |z — J.(z)| = e|u:(z)], it follows that lir% Je(x) =z for x € dom(u).
e—

€ u(J-(y)) forallye R

Step 3. Since J.(z) = z—eu.(x) and us(z) € u(J:(x)), we observe that y = u.(x)
is a solution to the inclusion y € u(xz — ey). Conversely, any such solution y equals
ue(x). Indeed let z := z — ey. Then the equation becomes x € z 4 eu(z), thus

x — Jo(x)

z=Je(z) and y= = uc();

see the argument in Step 1. This fact implies that for ,0 > 0 we have
Ueto(7) = (U)o ().
Indeed y = u.4,(z) is a solution to the equation
ycu(z—(e+0)y) =u((z—oy) —ey),
hence y = u.(xz — oy). By applying the above remark again to the Yosida approxi-

mation u., which is maximal monotone, we deduce that y = (u.),(x).
Now we use (3.2)) with u replaced by u,. Since u, is single-valued, we get

[teto () = ue (2)|* < Jug (2)]* — [teso (2)]*.

Therefore the map € + |u.()|? is nonincreasing and bounded above by |m(u(z))|?,

thus converges to some nonnegative number « as € — 0. This implies that
lim |u ) —u ()P <a—a=0.
6,U_>0| s+d( ) 6( )|
For any e, — 0, the sequence u,, (x) is therefore a Cauchy sequence, thus converges

to some v € R? as k — oco. Since u, (x) belongs to u(J., (x)) and the graph of u is
closed (see Proposition 1.2 in [1]), we get v € u(z). Moreover, we have that

ol = lim_Jue, ()] < m(u(x))].
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Since u(x) is closed and convex, the projection of 0 onto w(z) is unique, which forces
v = m(u(z)). In particular, we obtain the same limit for any sequence ¢, — oo.
Therefore u.(x) converges to m(u(z)) as € — 0, for all x € dom(u).

Step 4. We fix a sequence €, — 0 and define ¢;, := u,,, where u, is the Yosida
approximation of u for € > 0. Then t;, is defined on R?, single-valued, monotone,
and Lipschitz continuous with Lipschitz constant 1/e;. We also have that

[tr(x)] < |t(x)] and klim ti(z) = t(x) for p-a.e. z € R% (3.3)
hde el

We used Steps 2 and 3, and the fact that the maximal monotone extension u of £
is single-valued £%-a.e. (see Remark , hence m(u(z)) = t(z) for p-a.e. z € R%
For any R > 0 we now define the set Er := {x € Q: |t(x)| < R}. Then

1) = 0o < [ (fatol + b)) ofda)
< 4/ [t(z)|? o(dz) — 0 as R — oo.
2R

Indeed, by definition of Er and since t € Z?(R%, 9), we can write
| @ ein) = [ P on - [ (t@f AR oldn). (3a)
E R4 R4

The integrand [¢(x)|? A R? converges monotonically to [t(z)|? for g-a.e. x € R?, thus
the right-hand side of vanishes for R — oo, because of monotone convergence.
On the other hand, we have |t;(z) — t(z)| < 2R for g-a.e. x € Er. Since constants
are contained in .Z*(R<, p), we conclude using dominated convergence that

c
R

l|ti(z) — t(x)||=2g;2(ER}g) — 0 as k — oo, for any R > 0.
Therefore Lipschitz continuous maps are dense in %, in the £?(R¢, g)-norm.

Step 5. We consider a sequence of §; > 0 with d; = o(ey) as k — oo and define
Sy := t * @5, , where tj, is the Yosida approximation of Step 4 and s is a standard,
nonnegative mollifier with compact support, for § > 0. Since t;, is defined on R¢
and Lipschitz continuous, we have S;, € 1 (R¢; R%) with bounded derivative. The
Lipschitz constant of ¢ is 1/¢y for k € N, which implies the estimate

e = o)l = | [ on (8t~ )

<(/ gol<y>|y|dy)5k—>o a8 ks — 0o,
R €k

for all 2 € R%. Using (3.3), we obtain (with C' > 0 some constant) that
|Sk(z)| < [t(x)| + C  and klim Si(z) = t(z) for g-a.e. z € RL
el

Hence Sy — t in Z?(R4, ) because of dominated convergence. O

The formal proof of Proposition requires multiplying the two matrix-valued
measures M and Dt, which is not defined rigorously. Recall that monotone maps
are locally of bounded variation. We will use a suitable approximation. For a similar
argument in the context of convex functions we refer the reader to |18].
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Lemma 3.2 (Lower Semicontinuity). For o € Z5(RY) absolutely continuous with
respect to the Lebesque measure, let Q := int convspt o. Fiz some ¢ € P(R?) with
sptp C B1(0), o(R?) C [0,1], and [q.¢(z)dz =1, and define p-(z) := £~ %p(z/e)
for all z € R% and € > 0. Let u be the mazimal monotone map associated to t € C,
and u. the corresponding Yosida approzimation introduced in Lemma[3.1l Finally,
let H e .#(R%8%) be given and set H. L% := ¢. x H. Then

lim inf /Rd tr(H(y)Vuc(y)) dy > /Qtr(H(x)Vu(x)) dz. (3.5)

e—0
Here H and Vu are defined by the Lebesgue-Radon-Nikodym decompositions
H=H,'+H, H° L/,
Du=:VuLl®+ D%u, D%u L L% (3.6)

Proof. Recall that u. is Lipschitz continuous, thus Vu, exists almost everywhere. By
assumption, we have H, € £! (Rd‘;Si) and Vu, € .Zoo(Rd;Mi). Consequently,
the map y +— tr(H:(y)Vue(y)) = 0 is integrable and the integrals on the left-hand
side of exist for all ¢ > 0. Consider the map fs: dom(u) — R defined
by fs(x) == x + om(u(x)) for all x € dom(u) and 6 > 0, where m(u(z)) is the
unique element of minimal norm in u(z). Recall that the maximal monotone map u
takes values in the subsets of R¢ and u(z) is nonempty, closed, and convex for all
x € dom(u), so that m(u(x)) exists and is finite. Since m(u(x)) = limg_ oo ue, ()
for any sequence e — 0 and all z € dom(u) (see the proof of Lemma , the map
f5 (being the pointwise limit of a sequence of Lipschitz continuous, therefore Borel
measurable maps) is a Borel measurable map. Consider now

Y= {m € Q: u is approximately differentiable at x}

By Proposition 3.71 in [2], the set ¥ is Borel measurable. Moreover, the approximate
gradient of u coincides with the absolutely continuous part Vu in . Then f5 is
approximately differentiable as well, with approximate gradient V f5(z) = 1+dVu(z)
for all x € ¥. Let {U, }nen be a countable base for the topology of RY. Then

graph(fs|s) = (S x R\ {(z,y): y # f5(z)}
= (2xRY)\ |J £ (Un) x U
neN

is Borel measurable in R? x R%; see also Proposition 3.1.21 in [22]. Since f5(3) is
the image of the Borel set graph(fs|s) under an orthogonal projection (which is
continuous), it is a Souslin set and hence Lebesgue measurable; see Corollary 1.10.9
in |7]. Since the integrand in is nonnegative, we can then estimate

/ tr(He(y)Vue(y)) dy > / tr(H:(y)Vue(y)) dy for all § > 0.
R4 f5(2)

The map fs is single-valued and uniformly monotone, and hence a bijection from X
onto f5(X). After a change of variables (see e.g. (5.5.2) in [3]), we obtain

/ tr(He(y)vue(y)) dy = / tr<HE (fﬁ(‘r))vue (fg(l’))) det (Vf(;(-'lf)) de.
fs(2) p)
We now set § = . For all € ¥, we have u(z) = {m(u(z))} and

Ve (fe(z)) det (Vfe(z)) = 1- (1+eVu(@) det (1 4+ eVu(z))

3
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(see the proof of Lemma [3.1)), which converges to Vu(z) as € — 0.
We claim that H.(f.(x)) — H(x) as € — 0, for a.e. x € ¥. The sets
E.(z) := B:(f-(z)) foralle >0
are shrinking nicely to  as € — 0 (see Section 7.9 in [21]), which means that
E.() € Boelw) and |E.(x)| > alBye(a)|
for € > 0, for constants 8 := 1 + |m(u(x))| and o := 1/8% > 0. Recall that m(u(z))
is finite for all € ¥. By definition of H., we then have

/Rd Pe (fe(ﬁﬂ) - Z) (H”(dz) — Hij(l‘) dz)

< Wd(]ia(w) [Hij(2) — Hij(x)| dz + ]{Ea(z) [H; (d2)> (3.7)

for all i,j = 1...d. Here {f, := |A|~! [, is the average over measurable A C R?
with |A| > 0 and wy is the volume of the d-dimensional unit ball. Both integrals on
the right-hand side of converge to zero as € — 0, for all € ¥ outside a null
set N;j; see Theorems 7.10 and 7.13 in [21]. Since U” N;j is negligible, the claim
follows. As all integrands are nonnegative, Fatou’s lemma implies

liminf [ tr (Hg (f(x))Vue (fe(x))> det (Vf-(z)) dx

e—=0 >

>/Etr(H(:v)Vu(m)) dx.

We may substitute 2 for ¥ because |2\ 3| = 0; see Theorem 3.2 in [1]. O

|Hs,ij (fe(x)) — sz(x)| =

Lemma 3.3 (Complementarity). Let A and B be symmetric, positive semidefinite,
real (d x d)-matrices such that tr(AB) = 0. Let Sy be the subspace of R spanned
by those eigenvectors of A whose corresponding eigenvalues are strictly positive, and
let St be its orthogonal complement. Then there exists an orthonormal basis {wy}
of eigenvectors of B and a natural number n < d such that the eigenvectors wy, with
k > n form a basis of S+ and the corresponding eigenvalues all vanish.

Proof. We proceed by induction over the space dimension. Since the real matrices
A and B are symmetric and positive semidefinite, there exist numbers A;,7; > 0
and orthonormal systems of eigenvectors {v;}, {w;} such that

d d
A= Z)‘ivi ®v; and B = anwj ® wj. (3.8)
i=1 j=1

Assume now that there exists an index ¢ such that A; > 0. Without loss of generality,
we may assume that ¢ = d and that (rotate the coordinate system if necessary) the
eigenvector vy is the dth standard basis vector in R?. Since vy is not the zero vector
and since the eigenvectors {w;} form an orthonormal basis of R?, there exists a
least one j such that vq - w; # 0. If there is only one such j, then vy and w; are
collinear. Now notice that from representation we obtain that

d
0=tr(AB) = Y Aim;(v; - w;)*. (3.9)

,j=1
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Each term in the sum is nonnegative, and hence for each j such that vq - w; # 0 we
must have that n; = 0. Relabeling if necessary, we may assume that there exists
a natural number m < d such that vq - w; # 0 for all j > m. Let Sq be the linear
subspace of R generated by the eigenvectors w; with j > m. Since n; = 0 for such
4, we conclude that Sy is contained in the kernel of B. We also have vy € S;. We
can then find an orthonormal basis w;, j > m, of Sg such that wgs = v4. Adding
the vectors w; := w; with j < m we obtain an orthonormal basis of R? and

d
B =Y ;1.
j=1
Recall that n; = 0 for all j > m. Since wq = v4 and by orthogonality, we have
vj-Wg =vq-W; =0 forallj<d. (3.10)
We can then rewrite in the form

d
= § 177j U - w]

7,7=1

d—1
— Z Ainj (v - wy) 24 de% (va - ;) 24 Z)\md (vj - wd) + Al
i,j=1 j=1 i=1

The last three terms vanish because of and since 1g = 0. The first sum can
be reinterpreted as tr(AB) for symmetrlc poswlve semidefinite, real matrices

d—1 d—1
A~ = Z)\ﬂ)z X v; and B = Zﬁj@j X ﬁ}j,
i=1 j=1
mapping R4~! x {0} = R4 to itself. For these we argue analogously. O

Proof of Proposition[I.]} Using the notation of Proposition [[.2] we define

H(dz) := P(r(z),S(z)) det (def(t(m)))7 cof (def(t(x))) dx + M(dz),

where t € 6, is the unique minimizer of (1.10)). Let u. be the Yosida approximation
of the maximal monotone map u associated to ¢, as discussed in Lemma [3.2] and
e the mollifier defined there. By (1.13]) and Lemma we have

lim inf <a ,pe xus(z)) o(dx) > /Qtr(M(a:)Vu(x)) dz (3.11)

e—0

+/9P(?"(:E),S(x)) det (def(t(m)))_ﬂytr<cof (def(t(m)))TVu(m)) dx.

In the last integral we may replace Vu(z) by Vt(z); see Remark We claim now
that the integral on the left-hand side of (3.11]) converges to [g.(a(x),t(x)) o(dx).
Let us assume for the moment that this is the case. Using (1.12]), we obtain

/Q tr (M (x)Vu(z)) dz = 0. (3.12)

Since the integrand in (3.12) is nonnegative a.e. (since both M (z) and Vu(zx) are
positive definite, with M (z) being symmetric as well), we have

tr(M(z)Vu(z)) =0 for a.e. z € Q.
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Again we may replace Vu(x) by Vi(z) for a.e. x € spt g; see Remark Moreover,
we may replace Vi(x) by its symmetric part def(¢(z)). Then Lemma #mplies that
there exists an orthonormal basis of R? consisting of joint eigenvectors of M () and
def(t(z)), with the property that each product of corresponding eigenvalues vanishes.
But all eigenvalues of def(¢(x)) must be strictly positive: The inf of is finite
(just use t = id together with our assumption that [;,U(r(z),S(x))dz < o0).
Consequently, the internal energy must be finite if ¢ € €, is the minimizer of
(T.10), which implies that det(def(t(z))) > 0 for a.e. 2 € spt p. We conclude that
for such z all eigenvalues of M (x) vanish, and so M (z) is the zero matrix.

It only remains to prove the convergence of the left-hand side of . Arguing
as in Steps 4 and 5 of the proof of Lemma we obtain the estimates

ue(2)] < [t(2)] and e xuc(z)| < [t(z)] + C (3.13)
for p-a.e. z € R? and all € > 0, where C' > 0 is some constant. We define
Q, := {x € B.(0): dist(z, R*\ Q > 1/r}
with r > 0. For any § > 0 there exists an r > 0 such that

\ / a(), t(x)) oldz) / ' {a(e), g % uc(a)) o(dz)
RI\Qy, R4\ Q2
<

<[ la@](2lt@)]+C) elds) < 572,
RIN\Qa,

because |a|(2[t| + C)o € ZL(R?). On the compact set Q. the maximal monotone
map u is bounded; see Remark [2.7 Shifting the mollifier, we obtain

[ (t(x), a(z)) o(dz) — / (a(2), ¢ * u.()) o(dz)

r

(3.14)

< sup () [|oa — ge * (00) 1 (o) + /Q e * (t — u2) (2)]a(2)] o(dz).

T

Since pa € Z1(RY), we find that the first term on the right-hand side converges to
zero as € — 0. On the other hand, we have . x (¢ — u.)(x) — 0 pointwise for a.e.
x € Q, since u.(x) — t(x) by Lemma with

|‘PE * (t - Us)(x)l < 2SUPU(QT) +C;

see (3.13]). It follows that the second term on the right-hand of (3.14) vanishes too,
by dominated convergence. This proves the claim. ([l
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