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Knots and Knot Energies

A knot is an embedding
v:R/Z — R".
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Knots and Knot Energies

A knot is an embedding
v:R/Z — R".
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A functional that
e is finite on all smooth knots
e approaches infinity when

the arguments uniformly
approach a curve with a
self-intersection

e is bounded below
is called a knot energy.
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Generalized Integral Menger Curvature [Blatt, Reiter
2015]

Let p,g > 0, v € AC(R/Z,R™). Then, the generalized integral
Menger curvature is defined as

intM(29) ( / / / s FPTY 2 o (200 @' () aH'(2)

where

| (z—xlly - x|z Y
APy 2) = e Ty =l
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Generalized Integral Menger Curvature [Blatt, Reiter
2015]

Let p,g > 0, v € AC(R/Z,R™). Then, the generalized integral
Menger curvature is defined as

intM(29) ( / / / s FPTY 2 o (200 @' () aH'(2)

where

| (z—xlly - x|z Y
APy 2) = e Ty =l

RUD(x,y,2)
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The Space Associated with intM(®@

Forpe (2g+1,9+2), g > 1, intM®»9 is associated with
W¥_1’q(R/Z, R™), a fractional Sobolev space.
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The Space Associated with intM(®@

Forpe (2g+1,9+2), g > 1, intM®»9 is associated with

3p—2
wrs 9(R/Z,R"), a fractional Sobolev space.
For g = 2, we have the Hilbert space H = W2P~22(R /7, R").
Set

3,
o U:= Wifp 2’2(R/Z,R”), the subset of injective and regular
(i.e. positive speed) curves and
o E,:=intMP3),
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The Problem

We want a solution to

d
E’Y(" 1) = —=VEp(~(-, 1)), (Flow)

7(-,0) =7 € U.

Such a flow would preserve the knot class.
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The Flow for E, 5
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A Picard-Lindeldf Theorem for Banach Spaces

Existence time for Picard-Lindeléf depends only on
e upper bound M for RHS,
e Lipschitz Radius R:

<I:

[Cartan 1967].
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Short Time Existence

Epis CIoc with nice constants = Flow exists at least up to time
}_‘ N
T=T(p, BiLip(70)’ [70])-
Here, BiLip(1) = inf 1) =Wl gy

xyeR/Z X =Ygy
XLy

: 2 .
:<// /€ uwsp () dwdu)
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Controlling Existence Times

For ~ parametrized by arc-length,

1 /‘
W < C(p, Ep(7))

and

, /
('] < C(p, En()).
[Blatt, Reiter 2015].
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Projected Gradients [Neuberger 1997]

‘H1, Ho Hilbert spaces, U C H4 open, E : U— R, &: U— Ho,
both Fréchet differentiable.

S (1) = ~VE(U(1) = ~Pype(uon VE((D)
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Knots and Knot Energies Short Time Existence Long Time Existence via Projected Gradients
00000 [e]e]e} @000

Projected Gradients [Neuberger 1997]

‘H1, Ho Hilbert spaces, U C H4 open, E : U— R, &: U— Ho,
both Fréchet differentiable.

S (1) = ~VE(U(1) = ~Pype(uon VE((D)

Then,

d

d
S u®) = DS(u(t) yu(®)

= —D&(u(t))Pnps(u(ry)) VE(u(t))
=0.
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Projected Gradients [Neuberger 1997]

‘H1, Ho Hilbert spaces, U C H4 open, E : U— R, &: U— Ho,
both Fréchet differentiable.

S (1) = ~VE(U(1) = ~Pype(uon VE((D)

Then,

d

d
S u®) = DS(u(t) yu(®)

= —D&(u(t))Pnps(u(ry)) VE(u(t))
=0.

Hence,

for all t where u(t) exists.
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Existence for the new RHS

Is the new RHS locally Lipschitz?
Yes, if & € CL! and D& has a right-inverse.
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Existence for the new RHS

Is the new RHS locally Lipschitz?
Yes, if & € CL! and D& has a right-inverse.

We have ||[VsE(x)|| < [[VE(x)|| < M(x) for all x close to xo.
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Existence for the new RHS

Is the new RHS locally Lipschitz?
Yes, if & € CL! and D& has a right-inverse.

We have ||[VsE(x)|| < [[VE(x)|| < M(x) for all x close to xo.

The Lipschitz radius around xo € U is

N\ N N\ v
rrRus = MRHs([|D&(x0)ll, |R(x0)ll; Los(X0), rve(X0))-

where R(Xxp) is a right-inverse to D&(xp).
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Existence for the new RHS

Is the new RHS locally Lipschitz?
Yes, if & € CL! and D& has a right-inverse.

We have ||[VsE(x)|| < [[VE(x)|| < M(x) for all x close to xo.

The Lipschitz radius around xo € U is

N\ N N\ v
rrRus = MRHs([|D&(x0)ll, |R(x0)ll; Los(X0), rve(X0))-

where R(xp) is a right-inverse to D&(xp). Thus, the existence
time at xg is at least

pY N hY h a
T(M(x0), |1DS(x0)ll; [R(x0)ll> Lo (X0), rve(X0))-
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The Logarithmic Strain as Constraint

From now on, let

& U— WePB32(R/Z R),
v (X —In (|7’(X)D),

the logarithmic strain ([Scholtes, Schumacher, Wardetzky
2019]).
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The Logarithmic Strain as Constraint

From now on, let
& U— WePB32(R/Z R),
v (X — In (|7’(X)D),

the logarithmic strain ([Scholtes, Schumacher, Wardetzky
2019]). New problem:

gtry(.’ t) = -VesEp(7(-, 1)),

7(-,0) =0 € U.

(Flowg)
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Let vy € U.
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Main Theorem

Long Time Existence via Projected Gradients
[e]e]e] ]
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Main Theorem

Let v9 € U. Then, there is a unique classical solution
v :R/Z x [0,00) — R" to

gtfy(.’ t) = -VeEp(7(:, 1)),

7(+,0) = 0.

(Flowg)
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Main Theorem

Let v9 € U. Then, there is a unique classical solution
v :R/Z x [0,00) — R" to

((7'11‘7(" t) = -VeEp(7(:, 1)),

7(-,0) = 0.
Additionally, we have that
(t=(.1) € CV([0,00), H)
and, for all x e R/Z, t € [0, ),

5 000)] = | 00
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(Flowg)
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Thank you for your time and
attention!
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